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ON  THE  LIMIT  OF  PLANETAR  Y  SI  ABILITY. 


BY  PROPE8SOR  DANrEL  KIRKWOOD, 

Lapi^CG,  in  his  SysW'me  dv.  Monde,  pointed  out  the  limit  at  which,  ac- 
tjordiog  to  his  eatiitiate,  the  moon's  attrai^tion  coald  liave  retained  an  elastic 
atmoephere.*  The  question  of  a  satellite's  stability  waa  also  considered  by 
the  late  Prolessor  Vaitghau,  i>f  Cincinnati, t  I  have  seen  no  attempt,  how- 
ever, to  obtain  for  the  different  members  of  our  system  any  definite  numer- 
ical results.  In  the  present  paper  it  is  proposed  to  find  the  approximate 
limits  of  stability  iu  the  cases  of  the  eight  major  planets  and  certain  of  tlie 
aatellites,  on  the, hypothesis  that  their  primitive  condition  was  either  liquid  ' 
or  gaseous. 

Let  JIf  ^  the  mass  of  the  larger  or  central  body, 
m  ^  that  of  the  dependent  planet  or  satellite, 
X   =  the  distance  from  the  centre  of  the  former  to  the  limit  of  sta- 
bility of  the  latter, 
a   =  the  distance  lietween  their  centres;  theo,  since  the  disturbing   . 
or  aepuating  force  of  the  larger  upon  the  smaller  mass  is  the  difference  be- 
tween the  attraction  of  the  former  on  the  nearest  point  of  the  surface  of  the 
btter  and  that  on  its  centw  of  gravity,  we  have 

M       M_      n  (J, 


or,  putting  a 


md  reducing, 

x*—2x'-\---, 


(a- 


-x'+'2x=l. 


(2)1 


•Bjn.  ia  Monde,  a  IV.,  Ch.  X. 

trop.  fid.  Muotlil;  for  8e[it,  1879.    Sec  alim  tliu  Proc  (if  Ihe  A.  A.  A.  S,  for  IS5(I. 
I W*  n«|>Iet.*t  ill*  cenlririigol  force  due  lo  llie  planet's  rolalioD,  u  tlie  modification  WuuJil 
■U|^l  Biul  wp  prupun'  Iu  iibuin  merelv  mpproiimate  results. 
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If  we  adopt  the  masses  and  distances  given  in  Newoomb's  Popular 
Astronomy  and  solve  equation  (2)  for  each  of  the  eight  principal  planets  we 
shall  obtain  the  distance  from  the  centre  of  each  to  its  limit  of  stability,  as 
given  in  the  second  column  of  the  following  table.  If,  moreover,  the  plan- 
ets, with  f  their  present  masses,  be  reduced  to  the  sun's  mean  density  their 
radii  as  stated  in  the  third  column  are  found  by  the  formula 


=  430,000  (J)*, 


and  the  respective  ratios  of  tlie  limits  of  stability  to  these  radii  are  seen   in 
column  fourth. 

Table. 


1 

,  Planet. 

1 

R, 

»•. 

R. 

Mercury 

165,1 65  ms 

2,614.6  ms 

65.7 

Veliufl 

701,746 

5,719.2 

122.7 

Earth 

1,059,386 

6,242.7 

169.7      ! 

Mars 

764,900 

2,951.1 

269.2      : 

Jupiter 

37,354,287 

42,335 

882.36 

Saturn 

45,859,381 

28,317 

1619.48 

Urauus 

49,512,900 

15,209 

3265.51 

Neptune 

81,663,510 

16,009 

5101.10    i 

On  the  assumption  that  in  each  case  the  mean  density  of  the  separated 
mass  was  equal  to  that  of  the  central  body,  the  sun's  present  radius  multi- 
plied by  the  respective  numbers  in  column  fourth  will  give  the  radii  of  the 
solar  nebula  when  the  planets  extended  to  their  respective  limits  of  stability. 
These  radii  are  less  than  the  mean  distances  of  the  planets  in  the  ratio  of  1 
to  1.265.  This  fact  may  have  some  significance  in  r^ard  to  the  former 
oblateness  of  the  solar  nebula  or  the  law  of  its  density. 

The  Earth  and  the  Moon. — For  the  moon,  which  in  perigee  approaches 
within  221500  miles  of  the  earth,  the  limit  of  stability  is  about  38000  miles. 
Were  the  moon's  density  reduced  to  that  of  the  earth  its  radius  would  be 
916  miles,  the  ratio  of  which  to  the  limit  of  stability  is  1  :  41.6.  The 
moon's  least  distance  diminished  by  38000  miles  is  183500  miles.  If  our 
satellite  originally  extended  to  the  limit,  and  if  the  moon  and  the  earth  had 
the  same  form  and  density,  the  radius  of  the  latter  was  165000  miles. 

The  Martian  System. — The  diameter  of  Phobos,  according  to  Prof  Pick- 
ering, is  5.57  miles.  If  its  density,  therefore,  be  equal  to  that  of  Mars  the 
limit  of  stability  is  about  two  miles  exterior  to  the  surface;  or,  if  the  density 
be  to  that  of  the  primary  in  the  same  ratio  as  the  density  of  the  moon  to  that 
of  the  earth,  the  limit  is  less  than  a  mile  from  the  surface  of  the  satellite; 


td  finally  if  the  denaity  were  no  greater  tlian  that  of  water  the  6atellit«,  if 

ltd,  would  be  uustable,  the  limit  being  actually  within  the  surfaoe.    Sincx, 

lereJbre.  the  natellite  t<outd  never  have  existed  at  ite  present  distanix  in  a 

(bular  state,  it  must  tbllow,  if  any  form  of  the  oebular  hypothesis  is  to  be 

x^pted,  that  iU  original  distance  wa»  much  greater  than  the  present.    Can 

«  find  a  probable  cause  for  this  ancient  disturbance? 

If  we  suppose  the  former  period  of  Mars  to  have  been  very  nearly  one- 

rixlh  that  of  Jupiter  the  close  commensurability  would  render  the  orbit  of 

iimn  more  and  more  eccentric.     The  planet  in  perihelion  would  thus  pass 

tbrongb  the  sun's  atmosphere,  or  rather  through  the  outermost  equatorial 

of  the  solar  nebula.     This  reai«ting  medium  would  not  only  accelerate 

Ibe  motion  of  Mars  but  also  in  a  much  greater  degree  that  of  his  extremely 

II  satellite.     The  solar  mass  contracting  more  rapidly  than  the  orbit  of 

Marv  would   finally  leave  the  latter  movibg  in  an  exceutric  path  without 

Bnuible  resistance. 

Otiur  Samidary  St/stema. — For  the  firet  satellite  of  Jupiter  the  limit  is 
6250  miles,  or  4J  times  the  radius  of  the  satellite.  For  Mimas,  the  inner- 
most satellite  of  Saturn,  it  is  leas  than  twicK  the  radius.  The  rings  of 
Saturn,  in  all  probability,  could  not  exist  as  three  satellites,  the  limits  of  sta- 
bility being  interior  to  the  surface.* 

Thti  effect  of  perturbation  in  the  dismemberment  of  comets  is  known  to 
all  tttnmomei^.  The  nucleus  of  the  great  comet  of  1880,  which  approach- 
ed within  less  than  100,000  miles  of  the  sun's  surface,  must  have  had  a 
denMly  greater  than  that  of  granite,  as  well  iw  a  strong  cohesive  force  betw'o 
its  pirts,  in  order  to  withstand  the  tendency  to  disintegration  during  its  pe- 
rihelion passa^.  Had  the  nucleus  been  either  liquid  or  gaseous,  or  even  a 
of  Bolid  meteorites,  the  difference  between  the  sun's  attraction  on  the 
ud  tlie  superficial  parts  would  have  pulled  the  comet  asunder, 
oot  the  fragments  into  somewhat  different  orbits,  like  the  meteoric 
of  August  and  November. 


U  IC  OF  FACILITY  OF  ERRORS  IN  TWO  mMENSIONS. 


BY  E.   L.  DE  FOKEST,  WATERTOWN,  fON.V. 

'  Ik  a  rwent  paper  (Analyht,  Nov.,  1880)  I  gave  some  account  of  what 
IkDowo  as  Ijfigrangc's  theorem  in  probability,  and  showed  how  it  can  be 
••■  rrwDtlj  diown  tku  BeaieI'd  tnnra  of  the  ring  is  imivh  greater  than  the  true 


applied  to  the  determinatioDy  in  the  most  general  manner,  of  the  law  of  hr 
cility  of  errors  in  one  dimension,  such  as  errors  in  the  measured  length  of  a 
line  for  example.  The  elementary  errors  to  which  any  measurement  is  lia- 
ble, give  rise  by  their  combinations  to  all  the  errors  possible  in  the  sum  or 
the  mean  of  several  measurements.  The  sum  of  k  observations  is  always  k 
times  their  arithmetical  mean,  so  that  the  sum  and  the  mean  follow  the 
same  law  of  facility  of  deviation  from  their  most  probable  values.  The 
probability  of  a  deviation  x  in  the  sum  is  equal  to  the  probability  of  a  devi- 
ation x-^k  in  the  mean.  Denoting  the  quadratic  mean  error  of  a  single  ob- 
servation by  r,  it  was  noticed  (p.  172)  that  the  quadratic  mean  error  of  the 
sum  of  k  observations  is  ry/k.  This  is  true  whether  k  be  finite  or  infinite, 
being  a  consequence  of  my  theorem  respecting  the  radius  of  gyration  of  the 
coefficients  in  the  expansion  of  a  polynomial  to  the  k  power.  (Analyst, 
May,  1880, « p.  75.)  Hence  the^quadratic  mean  error  of  the  arithmetical 
mean,  for  any  value  of  ib,  is  strictly  equal  to 

ri/k-T-k  =  r-i-i/k. 

It  will  be  borne  in  mind  that  r  here  is  in  strictness  the  square  root  of  the 
mean  of  the  squares  of  the  deviations  of  all  the  possible  values  of  a  single 
observation,  from  their  arithmetical  mean,  and  that  in  forming  this  arith- 
metical mean,  and  the  mean  of  the  squares  of  the  deviations,  each  possible 
value,  and  its  squared  deviation,  is  taken  with  a  weight  proportional  to  the 
probability  of  its  occurrence. 

If  the  number  of  observations  is  large,  the  determination  of  the  law  of 
facility  of  error  reduces  itself  to  finding  the  limiting  form  of  the  series  of 
coefficients  in  the  expansion  of  a  polynomial  to  an  infinitely  high  power. 
This,  as  I  had  before  shown,  is  the  probability  curve 

y  =   ^^.  (1) 

We  will  now  consider  the  somewhat  analogous  case  of  errors  in  two  di- 
mensions, or  errors  in  the  position  of  a  point  in  a  plane.  Taking  the  true  po- 
sition of  the  point  as  an  origin,  and  drawing  through  it  any  rect.  axes,  we 
refer  to  these  axes  the  positions  of  the  other  points  corresponding  to  the  sev- 
eral elementary  errors  to  which  the  observations  are  subject.  Let  Jx  and 
Jy  denote  the  units  of  measure  in  the  x  and  y  directions.  If  one  elementary 
error  acting  alone  would  place  the  observed  point  at  the  position  x  =s  2 Jx, 
y  =  3^,  for  example,  we  will  say  that  Jl,,  s  ^®  ^^  probability  of  the  occur- 
rence of  that  error ;  and  so  on  for  the  other  errors.  Now  write  the  proba- 
bilities X  as  ooefBcients,  and  their  sub-indices  as  exponents  of  f  and  7,  in  the 
polynomial, 
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For  convenience,  only  the  four  corner  lerms  are  written  here,  as  in  a  pre- 
rioas  article  of  mine  (Vol.  VII,  p.  41).  The  omitted  terms  can  be  readily 
ronslrticted  from  these,  since  all  sub-indices,  exponents  and  coeffic'ts  which 
vary  from  term  to  term,  are  understood  to  vary  by  differences  equal  to  nni- 
Ijr,  ITie  greatest  elementary  error,  positive  or  n^atlve,  which  can  occur, 
»  Bupposed  not  to  exceed  m  units  in  either  the  x  or  j/  directions.  The  poly- 
^—Aomi^,  if  written  in  full,  would  form  a  square,  with  2vi  +  1  rows  and  2m 
^kf  1  wlntnDs,  containing  (2ni+ 1)*  terms  in  all. 

^H.  If  Miy  particular  elementary  error  cannot  occur,  its  probability  X  is  of 
^"  eoiuie  tero;  and  any  polynomial  can  be  put  in  the  sqnare  form  by  adding 
temtf,  if  necessary,  with  zero  coeffieients.  By  an  extension  of  the  principle 
of  Lagrauge'e  theorem,  which  a  little  consideration  will  render  obvious,  it 
^p«Bre  that  when  k  observations  are  made,  the  probability  that  the  gum  of 
the  MTors  in  the  x  direction  will  be  (Jar,  and  that  at  the  same  time  the  sum 
orihoM)  iu  the  y  direction  will  beuJy,  is  the  coefficient  ofS'ij'  in  the  expan- 
sion of  the  polynomial  (2)  to  the  k  power.  The  same  coefficient  Is  also  the 
pmbability  tjiat  the  mean  of  the  ar-errors  will  be  t-i-k  units  and  the  mean  of 
tilt!  y-errors  i^-^Jt  units.  The  units  of  measure  Jx  and  Jy  can  be  taken  aa 
rhII  is  we  please,  and  the  exponents  in  the  polynomial  will  be  r^rded 
u  whole  numbers 

In  i  observations,  the  most  prolwible  total  efiecl.in  the  a- and  y  directions, 
oTtJie  elementary  error  2Jx  and  3J^  for  example,  will  be 

i;.,,,C2Jx),  i^,.,(3Jy), 

iBdnon  for  other  errort;.    The  most  probable  algebraic  sums  of  the  x  and 
y  •rron  then  will  be 

»  that  these  are  approximately  the  exponents  of;  and  ^  in  that  term  in  the 
expansion  of  (2)  whose  coefficient  is  a  maximum.  Hence  the  most  probable 
BTor  in  the  mean  of  the  k  observations,  in  the  x  and  y  directions  respect- 
ively, Lh  found  by  dividing  the  expressions  (3)  by  k.  It  will  be  seen  that 
the  qaotieota  thus  obtained  are  the  statical  moments  of  the  coefficient*  i 
about  the  axes  of  Y  and  X,  these  coefficients  Iwing  regarded  as  masses  in  a 
avstem  of  material  points.  The  same  quotients  also  represent  the  lever  arms 
ttf  th«!  systera  about  those  axes,  since  the  sum  of  all  the  masses  X  is  unity. 
From  (hv  principle  eslablished  in  my  article  of  March  '80,  p.  46,  it  follows 
thailheleverarmsof  the  system  of  coefficients  in  the  expansion  of  (2)  to  the 
i  power,  about  the  axes  of  X  and  Y  respectively,  are  k  times  what  they  ar€ 
in  the  first  power.  Acoordiug  to  (3)  therefore,  the  maximum  coefficient  in 
tbo  expansion  will  coincide  approximately  with  the  centre  of  forces,  or  oen- 


(3) 


tre  of  gravity,  of  the  whole  expanded  series  of  coefficients,  whether  i  be  fi- 
nite or  infinite.  We  shall  hereafter  get  in  another  way  a  proof  that  this  is 
true  at  the  limit,  when  k  becomes  infinite. 

Now  to  find  the  probability  of  a  given  error  in  the  mean  result  of  k 
observations,  we  must  be  able  to  find,  approximately  at  least,  the  coefficient 
of  any  term  V>f  given  position  in  the  expansion  of  the  polynomial  (2)  to  the 
k  power.  To  this  end,  we  shall  proceed  to  demonstrate  a  relation  which 
exists  between  the  coefficients  in  any  square  group  of  (2m+l)*  terms  in  the 
expansion,  and  the  co-ordinates  which  fix  the  position  of  the  group. 
This  is  equivalent  to  finding  a  ^'multinomial  formula"  for  two  variables, 
analogous  to  the  known  formula  for  one  variable  which  was  employed  by 
me  in  Analyst,  Sept.,  1879,  p.  141.  That  formula  is  demonstrated  most 
easily  by  the  method  of  indeterminate  coefficients.  (See  for  instance  Ber- 
trand's  Calctd  Differeniiel,  p.  330.)  A  similar  process  will  be  followed  here, 
and  we  shall  then  pass  tb  the  differential  equations  of  the  surface  which  is 
the  limiting  form  of  the  coefficients  in  the  expansion  of  (2),  in  a  manner 
somewhat  analogous  to  that  by  which,  in  my  own  article  just  oited,  the  dif- 
ferential equation  of  the  limiting  curve  was  reached. 

The  coefficients  in  the  expansion  of  a  polynomial  such  as  (2)  to  the  k 
power  are  not  altered  by  adding  a  constant  number  to  all  the  exponents  of 
.f ,  or  to  all  those  of  37,  or  to  both  together.     If  then  we  write 

and  make  n  =:  2m,  the  whole  number  of  terms  will  be  the  same  as  in  (2), 
and  if  we  also  make  all  the  coefficients  a  equal  to  the  coefficients  X  which 
are  in  the  corresponding  positions^  the  coefficients  in  the  expansion  of  (4)  to 
the  k  power  will  be  the  same  as  those  in  the  expansion  of  (2).  Denoting 
them  by  JS,  the  expanded  polynomial  may  be  written 


B^^^^^^'' 


(5) 


the  number  of  terms  in  it  being  (fcn+l)*.     We  now  have 

u^  =   U.  (6) 

Differentiation  with  respect  to  f  and  tj  gives 

and  dividing  these  by  (6)  and  clearing  of  fractions,  we  get 

By  differentiation  of  (4)  and  (5)  with  respect  to  f ,  we  find 


and  bjr  sabstitution  iu  the  first  of  Mie 
1  «        -0  .,n   I   R 


3?         lS].„fo^ti    I  jb„£^^p»-li 


enuatinns  (8), 


0.(9) 


(10) 


Also  diilcrentiatiDg  (4)  and  (5)  with  respect  to  /i,  and  substituting  in  the 
eeomdnf  the  equfttious  (8),  we  get  a  secood  equation  analogous  to  flO), 
which  I  omit,  to  save  siiaoe.  The  reader  can  easily  iwiistruct  it  for  himself. 
Each  member  ot*(10)  cx>ntaiiis  the  product  of  two  rectangular  polynomials. 
If  we  multiply  t<^ther  any  two  such  polynomials,  lor  instance 

tiieir  product  will  also  be  a  rectangular  potyuomial,  and  any  term  in  it  will 
Uw  lor  its  tK)eflicient  the  sum  of  products  of  a  and  c,  such  tliat  this  sum 
out  If  cxpretised  in  the  rectangular  form.  For  example,  tho  coefficient  of 
,V  in  Ui*  product  of  (11)  is 


Xow  forming  in  this  way  the  coefficient  of  C^'/**  in  the  product  in 
member  of  (10),  and  equating  the  two  to  each  other  by  the  principle  ol 
(Ipterminatc  coefficients,  we  get 


(12) 

each 


:  la 


L^f^ 


^  ra^.B,_^\  la,,,, ,,.5, ,  ^ 


(13) 


Ijkewice  forming  the  coefficienta  of  ^^'~'  in  the  products  in  the  omitted 

t  nation  similar  to  (10),  and  equating  them  to  each  other,  we  have 
Theie  two  equations  express  a  relation  between  the  coefficients  a  and  }i 
the  rertangular  groups 
a,.,    o,,.  B^.    B,,. 


(16) 


the  ooe  group  containing  coefficients  in  the  first  iwwer  of  the  given  poly- 
nomial, while  the  other  group  conlatus  an  equal  uumber  of  coefficienw  In 
ite  expansion  to  the  k  power.  Since  r  and  n  are  arbitrary,  suppose  each  of 
tiwm  to  be  greater  than  n.  This  will  not  alter  the  value  ol  the  given  poly- 
omnial.  Dor  that  of  its  expansion,  provided  we  suppose  the  coefficients  a  to 
I     he  eqQ«l  to  zen)  whenever  either  of  the  sub-indices  of  a  is  greater  than  n. 


Omitting  therefore  in  (13)  and  (14)  all  terms  which  contain  stich  valaes  of 
a  as  ftctorSy  we  shall  have  remaining 

(t=«-ii).  (16) 
These  two  equations  express  a  relation  between  the  coefficients  a  and  B  in 
the  square  groups 

:"""">  p" ;'  i> f  \^') 

"0.0  :  "*,0  -0(r_»),(,-H.);  -Or,  (#-*) 

the  first  group  containing  the  (n  +  1  )*  coefficients  of  the  given  polynomial 
(4),  while  the  second  contains  an  equal  number  of  coefficients  in  its  expan- 
sion CO  the  k  power^  these  last  being  situated  so  as  to  form  any  square  group, 
such  that  the  highest  sub-index  of  B  in  the  x  direction  is  r,  and  the  high- 
est in  the  y  direction  is  s.  The  equations  (16)  can  be  advantageously  mod- 
ified as  follows;  in  the  first  members  add  a  column  or  a  row,  with  coeffic'ts 
zero;  and  reverse  the  positions  of  the  terms  in  the  second  members,  as  if 'by 
turning  the  two  rectangular  tables  round  through  180^  in  their  own  plane. 
We  thus  get  * 


^  na^^  ^^(r-*).(.-*)  I  Oao,  ^^r,  (.-«>  /       (r-»)a».  n-B^r-n^*^)   (r-0)ao^-B^,(— ») 
while  the  second  equation,  being  formed  in  a  similar  way,  may  be  omitted 
here.     In  the  second  member  of  (18),  let  that  portion  which  does  not  have 
the  coefficient  r  be  transferred  to  the  first  member,  and  we  get 


the  second  equation  being  omitted  as  before.  Since  the  coefficients  in  the 
polynomial  (2)  are  represented  by  those  in  (4),  and  we  have  n=2m,the  num- 
ber of  terms  in  each  row  or  column  is  2t7i  -j- 1  in  the  first  power  of  (4),  and 
2km  +  1  ii^  ^6  expansion  to  the  k  power,  so  that  one  coefficient  in  the  ex- 
pansion will  be  in  the  middle  of  the  square.  This  construction  does  not 
••affect  the  generality  of  our  proof  of  the  limiting  form  of  the  expansion  of  a 
polynomial,  for  any  given  polynomial  can  be  made  to  take  this  square  form 
witii  one  term  in  the  centre,  by  adding  terms  on  one  or  more  sides,  if  need 
be,  with  coefficients  zero.  Now  let  us  fix  the  position  of  the  square  group 
(17)  of  coefficients  B,  not  by  the  extreme  ranks  r  and  a  reckoned  from  the 
place  of  the  first  coefficient  B^^  but  by  the  ranks  i  and  j  of  the  middle  term 
of  the  group,  reckoned  from  the  place  of  the  middle  coefficient  in  the  whole 
expansion,  in  the  x  and  y  directions  respectively.    This  gives 
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r  =  ™(4+l)+i,  .  =  m(t+l)+j  (20) 

Subetituting  these  values  for  r  and  «  in  (19)  and  it£  companion  equation, 
and  tniD^^posiDg  from  the  second  members  to  the  first  ones  those  portions 
which  hiive  the  coefficient  m(t-|-l),  the  former  equation  becomes 


and  I  omit  the  second  one  as  before.    Let  ub  now  change  the  notation  ed  that 
instead  of  the  coeff's  a  and  £  as  in  (17),  we  shall  write  X  and  I,  as  follows, 

SabitHatiiig  these  for  the  a  and  £  in  (21)  and  its  companion  equation,  and 
viag  Fas  an  auxiliary  letter,  we  get  the  following  results. 


(22) 


m-i-. 


. ',.+ 


=  G^)-- 


-m).U+'l)_    ==    / 


I 


J 


(23) 


Thtse  two  equations,  like  (16),  express  the  general  relation  between  the 
(Sn+l)' coefficients  in  any  polynomial  of  square  form,  and  an  equal  num- 
bff  of  coefficients  forming  a  square  group  in  any  part  of  the  expansion  of 
•I*  polynomial  to  the  it  power.  It  amounts  to  a  "multinomial  formula" 
liv  two  variables.  Its  analogy  to  the  formula  for  one  variable,  as  given  by 
MID  ANALTi^t,  Sept.,  1879,  p.  1 12,  is  apparent.  The  position  of  the  eq're 
pwp  of  coefficients  I  in  the  expansion  is  fixed  by  the  ranks  i  and  j  of  ita 
middle  term  reckoned  from  the  middle  coefficient  of  the  whole  expansion, 
so  that,  referring  the  jralynomial  and  its  expansion  to  the  same  axes,  the  co- 
onliuiee  of  the  middle  coefficient  of  the  group  will  be 

iJ:.,  y  =^jJi/.  (24) 

II  will  be  seen  that  the  terms  in  (23)  are  made  up  of  products  of  X  into  /, 
id  the  particular  ones  to  be  multiplied  together  are  readily  found  by  rota- 
agthc i  table  in  (22)  through  ISO",  in  its  own  plane,  and  then  applying 
Co  the  /  table,  and  multiplying  together  the  terms  which  coincide.  The 
m  of  all  the  products  thus  formed  is  1'  And  it  will  be  seen  that  if  these 
odocts  are  regarded  as  parallel  forces  acting  perpendicularly  to  the  plane 
XY,  and  the  intervals  between  them  are  talieii  as  unity  of  distance,  their 
MoniiB  about  vertical  and  horizontal  axes  tlirough  the  middle  of  the  group, 
istilute  the  first  members  of  the  two  final  equations  in  (23).  The  rela- 
o  here  proved  is  a  general  one,  holding  true  for  any  given  polynomial, 
rthlT  ita  ooefticients  i  are  positive  or  negative. 

[To  be  continued.] 
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REPLY  TO  ''CRITICISMS''. 


BY  PROF.  DE  VOLSON  WOOD,  HOIIOKEN,  N.  J. 

It  18  fortunate  that  writers  differ  in  their  manner  of  presenting  a  subject. 
Some  amplify  to  diffuseness^  others  condense  to  abruptness,  while  a  few  hit 
the  happy  mean.  I  am  pleased  to  see  Sec.  9  of  pp.  36  and  127,  of  the  pre- 
ceding volume  of  the  Analyst,  in  Mr.  Christie's  own  clear  and  adequately 
emphatic  style;  and  although  that  topic  might  be  further  amplified|  it  is 
deemed  unnecessary  to  do  so  for  present  purposes. 

In  regard  to  the  definition  given  to  U^,  we  might  have  taken  refuge  un- 
der the  plea  that  it  was  a  new  meaning  applied  to  U;  but  as  I  considered 
it  in  conflict  with  that  given  by  Hamilton,*  I  at  once  abandoned  it.  Were 
it  simply  worthless,  it  would  be  harmless.  The  critic's  remark  in  regard  to 
the  term  implieSy  is  attacking  a  mode  of  expression  rather  than  the  subject 
matter  under  consideration. 

On  p.  67  we  wrote 

k  —  ^  _A  =  1 . 

I  J 

from  which  it  was  inferred  that  "the  reciprocal  of  the  fraction  changes  the 
sign  of  the  vector  axis  instead  of  producing  its  reciprocal.''  Although  this 
was  criticised,  we  observe  that  no  other  conolasion  can  be  drawn  from  the 
principles  stated  up  to  that  point.  Positive  rotation  only  had  been  consid- 
ered. Hamilton  says  [Elements,  p.  121)  "It  is  evident  that  the  angle  of  the 
reciprocal  remains  unchanged,  but  that  the  axis  is  reversed  in  direction", 
which  agrees  exactly  with  our  statement.  But  afterwards — pp.  68  and  69 
of  our  article — the  notation  for  and  effect  of  n^ativ^  rotation  was  consider- 
ed, and  it  was  shown  that  k"^^  =  —  k  and,  following  Hamilton's  notation 

we  write  A"^=~,  and  call  the  expression  *the  reciprocal  of  a  vector*.     It 

was  shown  that  k"^  implies  (or  expresses)  a  n^ative  quadrantal  rotation 
about  a  positive  axis;  so  that  we  have 

h  —  J  L  L-1  —   *  . 

»  J 

hence,  as  stated  at  p.  128,  "When  the  direction  of  rotation  of  the  fraction 
and  its  reciprocal  are  in  opposite  stmses,  the  reciprocal  of  the  axis  i&the  axis 
of  the  reciprocal."     7his  is  correct.    The  remark  of  the  critic  that  "It  is  a 

matter  of  easy  and  direct  perception"  makes  it  none  the  less  correct. 

.       ^ 

*Prior  to  writing  my  articles,  my  efforts  at  getting  even  a  Bight  of  Hamilton's  ElementB' 
had  been  unsucoessful,  but  later  X  had  aocesB  to  a  copy.    It  is  clear,  concise,  comprehensive. 
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^  Having  failed  to  draw  this  infereace  after  negative  rotation  had  been 
sideml  — which  fact  was  called  to  mind  by  rciading  Mr.  Christie's  oom- 

^imkalion — the  "emendation"  referred  lo  was  made  expressly  for  the  piir- 
e  of  cnlling  the  atteDtion  of  the  reader,  by  the  contrast,  to  the  fact  that 

n^ative  rotation  had  not  previously  been  considered,     Tait  says  "The  ver- 

SOT  of  the  reciprocal  differs  from  the  versor  of  the  quaternion  merely  by  the 
l^mttVKiml  of  its  representative  angle"  (Tail's  Qualemwns,  p.  28),  which  agrees 
^Bvitli  the  concltmion  above.  Hamilton  calls  these  Conjugate  veraora  [Lect'a, 
^■p.  871,  As  a  res^Ut,  it  is  true  that  the  axis  of  the  reciprocal  is  the  reciprocal 
^K«f  th«  axis,  but  in  the  operation  of  producing  the  reciprocal  one  or  the  other 
^B  of  U»  ^ve  processes  will  necessarily  be  used.  (Lectures,  p.  123.) 
^P     la  regard  to  the  expression 

ttie  critic  states  that  it  should  be  written  • 

j    '  i        i    ~ 

Both  are  correct  in  this  caae,  and  the  matter  might  be  passed  with  the 

nogli  remark  that  the  quaternions  are  complanar  and  hence  commutative. 

Tbisisa  case,  strictly  speaking,  of  the  multiplication  of  quuternions,  but  it 

I  (lioald  be  observed  that  no  rules  have  thus  far  been   given  for  this  opera- 

I  tion;  that  was  reserved  for  a  future  article.     The  expression  wa!  not  de- 

I  Kgoed  to  teach  multiplication,  but  was  simply  an  expedient  fur  accomplis'ng 

J  ft  Wtain  end,  and  it  only  remains  to  be  shown  that  the  manner  in  which  it 

I  nt  used  is  admissible. 

While  the  non-com  mutative  principle  is  a  characteristic  of  this  scienoe, 

E  Jtl  tbere  are  exceptions  to  it.    Thus,  if  a  and  ^  be  two  parallel  vectors,  we 

Ikive  0^=  +^a,  or  they  are  commutative  (Analyst,  Vol.  VII,  p.  125); 

'  but  in  DO  other  case  (p.  124).    Now,  considering  division  in  the  sense  given 

hf  the  critic  (p.  187),  where  we  have  k  =  i  -i-  j,  k  =  — j  -^i,  it  is  evident 

that  in  Ihe  expression  kk  it  is  immaterial  which  k  is  written  first  in  order. 

The  same  result  becomes  apparent  in  regard  to  the  second  member  of  the 

iqnatioa,  for  by  b^inning  with  the  second  quadrant,  instead  of  the  first  we 


kk  = 


ZZl  = 


-1, 


t  the  order  of  the  factors  in  the  second  member  have  become  prsctic'Iy 
1,  and  stand  in  the  proper  order  for  cancellation  in  the  general  case 
lultiplication.     But  these  are  right  quaternions,  and  although  they  in- 


clude all  that  was  involved  in  the  case  under  consideration,  yet  v 


will 
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show  that  the  principle  is  true  for  all  complanar  quaternions.  We  have  for 
unit  vectors  (Analyst,  Vol.  VII,  p.  124), 

a  =  ^  =i  cos  /?  +  i  sin  d, 
a 


5'=-  =cos^  +  isind; 

where  the  axip  i  of  these  quaternions  will  be  common,  since  they  are  com- 
planar. An'  inspection  of  the  second  members  of  these  equations  shows  that 
the  first  multiplied  by  the  second  will  give  the  same  result  as  the  second 
multiplied  by  the  first,  and  we  have 

??'  =  q'q  =  cos  {d+f)  +  isin  {0+(p); 
hence  they  are  commiUaiive.    It  is  unnecessary,  for  present  purposes,  to  con- 
sider the  general  case  of  the  multiplication  of  diplanar  quaternions. 

We  observe  that  ^n-a  is  not,  by  definition^  equal  to  ^ar'^ ;  but  that  it  is 
a  remit  flowing  from  previous  definitions.  That  it  might  have  been  so  de- 
fined we  admit,  but  for  the  same  reason  it  might  have  been  defined  to  equal 
flT^jff,  a  form  which  would  have  changed  in  an  important  particular  the  ex- 
isting relation  between  multiplication  and  division.  Hamilton  nor  Kelland 
so  treat  it.  (LectureSy  p.  124;  Kelland  and  Tait^s  Introduction  to  Quater- 
numa,  p.  45.    See  also  Analyst,  Vol.  VII,  p.  124.) 

We  have  now  reached  the  point  where  I  am  charged  with  giving  credit 
to  Hamilton  which  does  not  belong  to  him. 

We  quote  the  following  from  the  criticism  (see  p.  187):  "Prof.  W.  says, 
*In  division,  the  versor  operating  on  the  divisor  line  is  conceived  to  turn  it^ 
positively  about  the  axis  of  the  versor  (-f-t)  through  an  angle  equal  to  that 
of  the  versor  {d)  to  coincide  in  direction  with  the  dividend  line.  In  multi- 
plication the  versor  operating  on  the  multiplier  line  [as  a,  eq.  (27)]  is  con- 
ceived to  turn  it  in  a  positive  direction  about  the  axis  of  the  versor  (  +  ») 
through  an  angle  equal  to  the  supplement  of  the  angle  of  the  versor  [;r — {n 
— /?)=/?],  making  it  coincide  in  direction  with  the  multiplicand  line  (asjS).'' 
Prof.  W.  cites  p.  85  of  the  Lectures  for  the  above,  but  I  can  assure  the 
readers  of  the  Analyst  that  Hamilton  does  not  deserve  the  credit  of  it. 
In  the  division' 

.  ^  =  cos  <?  +  tsin  0, 
a 

the  versor  oobO  +  isind,  so  far  from  'operating  upon  the  divisor  line'  (a), 
in  reality  does  not  operate  upon  any  line  whatever,  does  not  act  at  all,  bat 
simply  constitutes  the  conception  fi-i-a.  So  soon  as  the  equivalency  of  the 
vector  and  the  right  part  of  the    quaternion    is    established  we  may 

change  the  'quotient'  ^  into  the  'product'  )9.  -  =    —  ^a,    and    then  we 


na  fide  'operatiou',  viz.,  ^  and  tlie  inversor  (  —  )  operate  on  a;" 
i  OQ  p,  188,  "To  recapitulate  results:  It  18  seen  that  in  the  divmon 
-  a  the  versor  cos  fl  -}-  i  sin  tf,  does  not  operate  at  all ;  in  the  equivalent 

UipUcGtion  ^ .-,  fi  and  the  inversor  (  — )  operate  upon  a  to  produce  the 

nr  CG8  &+i  sin  6.  Let  this  be  Compared  with  the  first  part  of  prof.  W.'s 
tstement. 

In  tlie  multiplication  a^,  the  versor  —cob  tf  +  t  ain  ^,  so  far  from  opera- 
tog  upon  the  multiplier  line  «,  is  the  result  of  a  operating  upon  ^  —  the 
maltiplier  line  upon  the  multiplicand  line,  as  it  should  be. 

The  ueertioQ  of  the  critic  that  "in  the  division  ^-^a,  the  versor  doea  not 

optruU  upon  any  lin^'  is  general,  applying  to  right  as  well  as  oblique 

I  vectors;  and  strikes  directly  —  as  it  was  doubth^ss  intended  to  do—  at  the 

knlslsiice  of  what  we  have  said  upon  this  operation.    We  will  see  what  the 

Utbor  of  the  system  teaches.     Of  right  quaternions,  Hamilton  in  his  Lee- 

m/km,  pp.  61,  62,  says  "In  ci^rd  to  the  right  quaternion  /9-^«,  if  i  (that 

Muthnr  uses  j  in  the  same  sense,  while  we  retain  i  to  correspond  with  our 

HtvD  notation)  he  joined  (mechanically)  perpendicularly  to  a,  and  one  tak» 

I  IwiJ  of  the  axis  (t)  and  turns  a  positively  through  a  quadrant  to  coincide 

*ilh  ^,  the  required  act  of  version  will  be  performed.     And  since  the  (me- 

ehuical)  ageni  in  producing  this  (mechanical)  rotation,  has  been  an  axis,  I 

ir  jKopoee  to  denote  the  vfraor  itself,  or  the  conceived  agent  of  the 

I  Mutioed  version,  or  the  purely  geometrical  rotation  from  a  to  ^  by  t 

I  Ihc  line  turned  being  a  subject  of  operation,  and  the  turning  line  being  a 
IT  or  operator".     This  is  not  a  literal  extract,  some  phrases  not  essential 
lolho  meaning  being  omitted.    If  space  permitte*!,  we  would  be  pleased  to 
atke  extended  extracts  from  the  context ;  but  if  wo  read  Hamilton  correct- 
ly W  asserts  that  the  versor  (t)  operates  upon  a,  the  divisor  Hue,  turning  it 
nically  through  a  quadrant. 
Stsi,  in  regard  to  the  versor  in  general,  we  have  {Lectures,  p.  83)  "The 
mbol  i*  denotes  a  versor  which  would  cause  any  right  line  in  a  plane  per- 

tdicalar  to  it,  to  revolve  in  that  plane  through  (  quadrants in 

idncing  which  rotation  the  versor  is  concaved  to  be  the  agent".  If  there 
t  any  doubt  whether  this  versor  or  agent  were  an  operator,  it  would 
s  removed  by  the  preceding  extract.  On  page  128  of  Lectures  we  have 
=  i*,  where  "rotation  round  the  Iwise-line  i  from  the  divisor -line  a  to 
Uiedividead-liue  fi,  is  positive".  We  understand  that  these  two  extracts 
(lo  imply  (or  express)  that  t'  as  a  versor  operates  on  a  turning  it  mechanically 
to  Oiiiacide  with  ^.  This  conception  is  fundamental  and  will  not  be  called 
ID  qootioo.     (Elemettts,  p.  364,  Tait's  Quaternions,  p.  3&,  t&c.) 
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The  critic  says  "cos  0  +i  sin  d  simply  constUtUes  the  concq[>tion  ^  -j-  a." 
Grant  it ;  the  conception  is  one  of  rotation  through  an  angle  d  about  the  ax- 
is i.  Kelland  says  "cos  0  +  isind  iasn  operator  of  the  same  character  as 
t;  with  this  difference  only,  that  whereas  t  as  an  operator  would  turn  a 
through  a  right  angle,  cos  tf  +  t  sin  fl  turns  it  in  the  same  direction  only 
through  the  angle  0  (Kelland  and  Taits  Quat^  p.  45).  The  fact  that  ^-i-a 
constitutes  a  vector-division  does  not  prevent  its  being  a  versor,  nor  a  qua- 
ternion ;  nor  does  the  fact  that  f  expresses  a  vector  quotient  prev^t  it  from 
being  a  versor  or  a  quaternion  (Lectures,  pp.  85,  124,  127,  128). 

The  critic,  apparently  willing  to  provide  a  way  of  escape,  remarks,  p.  188, 
that  ^'It  is  possible  that  Prof.  W.  had  in  mind  that 

^  .a:=z(co&0'\-isin0)a  =  a." 

But  this  is  not  the  case  we  had  in  mind,  and  it  differs  essentially  from 
the  one  criticised.  Here  the  multiplying  factor  is  a  versor,  and  the  opera- 
tion is  among  the  first  described  by  Hamilton,  It  is  essentially  the  same 
as  j9-*-a  =  t*.  Hamilton  says,  in  regard  to  the  two  forms  qa=.  fi  and  q  = 
j8  -*-  a,  "they  are  indeed,  intrinsically,  the  same,  but  present  themselves  un- 
der different  forms  {Lectures,  pp.  90,  91).  % 

Again,  the  critic  says,  p.  188,  that  in  the  multiplication  afi,  a  operates 
upon  j9  producing  —  cos  <^  + 1  sin  tf.  If  this  be  true  a  must  operate  either 
on  the  length  or  directioji  of  )9  [Lectures,  p.  75).  It  does  not  operate  on 
the  length," for  its  length  is  unity;  neither  does  it  operate  on  the  direction, 
for  it  would  produce  a  quadrantal  rotation,  whereas  the  actual  rotation  is  d. 
"A  unit  vector  as  a  factor  may  be  considered  as  a  quadrantal  versor  whose 
plane  is  perpendicular  to  the  versor."  (Lectures,  p.  76,  Tait^s  Quat  p.  37.) 
Also  if  /?  =  0,  we  find  aa  =  —  1,  which  would  be  explained  according  to 
the  critic's  principle,  a  operating  on  itself  produces  the  symbol  of  rever- 
sion ;  a  questionable  explanation  at  least.  But  according  to  the  paragraph 
under  consideration,  we  would  say  that  the  in  versor  minvs,  operating  upon 
the  multiplier  a  turns  it  through  the  supplement  of  the  angle  of  inversion 
(i.  e.  180°  —  180°)  0°  to  coincide  with  the  multiplicand  a,  which  result  is 
correct  We  observe  in  passing  that  a?  is  itself  an  operator  on  a  line  to 
which  it  is  perpendicular  {Elements,  p.  316).  We  conclude,  therefore, 
almost  in  the  words  of  the  critic,  that  in  the  multiplication  afi,  a  does  not 
operate  upon  any  line  whatever,  does  not  act  at  all,  but  is  simply  the  first 
of  two*  factors  (so  called)  in  the  order  of  arrangement,  for  forming  a  vector 
product. 

Passing  over  some  minor  points  in  the  criticism,  we  proceed  to  the  main 
point.    We  observe  at  the  outset  that  this  is  a  case  of  the  multiplioahon  of 
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hro  Ina.  Hamiltou  first  discussed  the  ca&e  of  a  line  miiltipliod  by  a  versor 
producing  another  line,  as  i'a  =  ^;  after  which  he  disunssed  tJie  case  a^  = 
i'"".  The  latter  is  referred  to  on  p.  76  of  Lectures  Bs  follows:  "much  less 
have  We  shown  how  to  multiply  generally  ant/  one  vector  by  another".  This 
cue  is  firrt  taken-up  on  p.  83,  after  the  two  cases  ^  -h  a  =  i'  and  i'a  =  ^ 
had  Wn  diecu^ed,  and  the  first  inlerence  is  "The  product  a^  as  unit 
vtctora  13  therefore  a  veraor"  {Lectures,  p.  85).  Note  the  difference  between 
thiscuw  of  multiplication  and  the  preceding;  here  the  multiplier  is  a  line, 
Ibert!  >  versor;  here  the  product  is  a  versor,  there  a  line.  The  nest  infer- 
vmx  is  "the  angle  of  the  versor  is  the  Eupplemeut  of  the  angle  between  the 
line*".  He  (hen  sums  np  the  matter  as  follows  : — confining  our  extract  to 
unit  vwtors — "The  product  kX  of  any  two  unit  vectors  k  and  ihs.  versor, 
which  versor  is  the  power  i^~'  of  the  vector-unit  i,  this  unit  i  having  the 
dinction  of  the  axis  ot  right-hand  rotation  from  the  ninltiplier-line  k  to 
tbinuItiplicaDd-liDe  X;  and  the  supplement  t,  of  the  exponent  2— (  of  the 
woctuit  number  2,  expressing  the  ratio  of  the  angle  of  the  last  rotation  to 
ant;bt-angle  {lectures,  p.  85).  This  is  the  paragraph  to  which  we  referred 
in  tupport  of  our  conclusion,  but  the  critic  assures  us  that  Hamilton  should 
not  have  the  credit  of  sustaining  us.  The  stntical  relations  (so  to  speak)  of 
til  the  elements  are  evidently  the  t^ame  in  Hamilton's  statement  as  iu  our 
filvcIiisioD ;  and  hence  the  obj.  mast  be  to  our  dynamic  statem't  "The  versor 
^^■psatingon  the  multiplier -line".  But  Hamilton,  only  two  pages  preced- 
^^■f,  describes  a  -.'ersor  as  an  agent — an  operator  —  and  here  describes  the 
^^^cnor  and  the  amount  of  rotation  to  be  performed.  The  reader  can  judge 
if  (on  much  credit  has  been  given  to  Hamilton. 

But,  M  if  to  show  still  further  my  error,  the  critic  says,  p,  188,  "We  do 

arf  have -i^.a  =  ^".     This  is  merely  setting  up  a  man  of  straw  and  demol- 

isliinf!  Aim,  for  we  have  not  asserted  that  it  was  true.  But  we  do  assert  that 

if  fl^  i»  a  versor  turns  a  through  an  angle  equal  to  t —  ^  oj5,  it  will  produce 

K  A     Wb  did  not  refer  to  a  being  operated  upon  as  a  multiplicand -line,  but 

HpF  H  it  desired  to  place  it  in  that  position,  let  it  be  done  legitimately;  thus 

r  I'J-'  ~ 


-ar> 


mod  talcing  th«  reciprocal,  we  have 


y 


t'  [Analyst,  Vol.  VII.  p.  122,  e<i.(20):] 


a  form  admitted  by  Mr.  Christie  as  expressing  a  'legitimate  operation,  and 
ibM  ve  daim  is  a  demonstration  that  if  it  can  t)e  aaserte<l,  in  any  sense,  that 
theverwr  I'aa  a  multiptier  operating  upon  a  as  a  multiplicand  produces^; 
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then  it  nxn  with  equal  force  and  in  the  same  sense  be  asserted  that  the  ver- 
Hor  t*~'  operating  upon  the  multiplier-line  a,  will  by  turning  it  through  the 
angle  ((the  supplement  ot2—f)  produce  the  multiplicand  line;  ibr  onefol- 
lowB  the  olher  by  legitimate  analysis.  We  do  not  therefore  abandon  our 
position,  but  adirm  it;  still,  we  will  relieve  Hamilton  and  all  others  of  any 
responsibility  for  our  conclusion  by  changing  it  to  the  following:  — In  the 
multiplication  a^  =  i'~',  tw  conceive  that  the  axis  i  ja  attached  (mechani- 
cally) perpendicularly  to  the  multiplier-line  (a),  and  that  tlie  veraor  (*'"'), 
turns  the  latter  (mechanically)  positively  through  an  angle  etiuul  to  the 
supplement  of  the  exponent  2  —  t,  that  is,  through  the  angle  t,  making^M 
coincide  with  the  multiplicand-line  (^).  flH 

In  regard  to  the  matter  referred  to  by  Prof.  Johnson  in  the  last   MsQ^H 
No.oi  the  Analybt,  I  should  have  said  that  a  quaternlou  may  be  express- 
ed in  t«rms  of  the  four  eleraenls  (elisor,  scalar,  versor,  and  veelor,  as  was  fi- 
nally shown  in  my  equadon  (54),  p,  127  of  the  preceding  Vol,  of  the  Ana- 
lyst, which  equation  is  JM 
9  =  Tq(,SUg  +  VVg).                                   H 


Response  to  a  Request,  by  the  Editor. — We  are  requested  by  a 
subscriber  to  furnish  a  solution  to  the  following  problem:  — 

"A  conical  hay-»tack,  altitude  a  and  radius  of  base  r,  is  to  be  divided 
horizontally  into  three  ecjual  parts,  by  weight;  if  tlie  density  of  horizontal 
strata  is  everywhere  proportional  to  their  distance  from  the  vertex,  what 
I  must  be  the  vertical  height  of  each  part?" 

Put  ar^the  distance  of  any  horizontal  section  from  the  vertex,  then  will 

,   its  area  be  ic(rx  -i-  a)';  and  it  we  assume  the  density  at  the  vertex  to  be 

unity  and  the  thickness  of  (he  horizontal  sirata  to  be  dx,  we  shall  have  for 

KD  element  of  the  cone  at  the  distance  x  from  its  vertex,  ff{ri  -i-  afxdx; 

therefore,  if  z  be  the  height  of  the  upper  part,  we  must  have  ^^^ 


whence  we  fi 


/:(?)-^=»r.(?)'-^^ 


-«i\r- 


And  if  X  =  the  height  of  the  upper  two  thirds  of  the  stack  we  shall  find 

^  =  "<!)■■'■ 

HeDce,  the  heights  of  the  upper,  middle  and  lower  {iart£  must  be,  respect- 
ively, <i(l)S  n[li)^-(i)«],  and  a[l-(S/-]. 

Query. — If  in  (he  forgoing  prob.  the  density  of  the  strata  is  snppoeed 
to  vary  as  the  superincumbent  weight,  how  must  the  dtvisioD  be  made? 
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MECHANICS  BY  QUATERNIONS, 


BY   PKOP,   E.   W.   HTDE,  USTVBHBITY  OF  CINCINNATI. 

Ccider  of  OravUy. — We  have  seen  ( 

a  system  of  particles  whose  weights  are 


S  of  E 


that  the  vector  of  the 
w,,  etc., 


is  giveo  by  the  equatio 


.Po  = 


T"  apply  thia  rnrmnla  to  finding  the  center  of  gravity  of  any  line,  9ur- 
taoe,  fir  volume  we  have  only  to  substitute  for  ic  the  element  of  the  line, 
sur&ce,  or  volume  multiplied  by  a  coefficient  of  heaviness,  and  then  to  sub- 
stitute iutegration  for  summation.  Let  fi  be  the  weight  of  a  unit  of  volume 
uf  tbc  KubetBDce.  If  it  is  the  same  at  all  points  of  the  body  it  may  be  taken 
fflilside  of  the  sign  of  integration,  and  will  then  cancel  out ;  if  it  is  not  con- 
sniit  it  must  be  expressed  as  a  function  of  ^p  before  the  int^ration  can  be 
perfcirmed. 
^22).  CenitT  of  Gravity  of  a  Line. — By  this  is  meant  the  c.  g.  of  such  a 
dy  as  a  fine  wire  bent  into  some  curve,  the  diameter  being  so  small  oom- 
ind  with  the  length  that  it  may  be  regarded  ibr  practical  purposes  as  a 
ne  matbematical  line,  i.  e.,  as  if  the  wire,  still  retaining  its  weight,  should 
ne  its  diameter  reduced  to  nothing.  Let  the  equation  of  the  curve  be 
,P  =  ,(>»)■  ■■  ■  i,C  =  ,f'(V. 
A  ^  7"rf,/>  ■=■  T/ip'(t).tU  =:  element  of  curve.  Therefore,  for  thin  case, 
fphTd,p  ^  fh,f{l)Ty(l).dt 
fhTd,p  fhf,tp'{t).(ir" 

8)    Onfar  of  Gratnty  of  a  Plane  Area, — Let  the  bounding  curve  be 

,p  =  ,K'), 

k)  1ft  t  be  some  unit  vector  in  the  plane  of  the  curv*;. 
2  3  4  as  the  element  of  area  or  1  2  5  6,    In  the! 

It  ewe  we  have  area  12  3  4=  TVs,pSt-^d,pm^ 

the  limit);  so  that  the  area  between  a  pair  of  I 
rpendicnlars  to  e.  will  W 


,P^  = 


\V, 


(56) 


Ither 


CTVs,pSt''^d^p  =  j  TVi,tpSt-^,if'Mt, 


fn  fi>r  brevity  ^f  ia  written  for  ,<f{i).  Now  the  vector  to  the  c.  g.  of  the 
Bent !«,/»+  JE  I'sjO  =  ,ff  +  ^tVi,<p;  hence  for  the  center  of  gravity  of 
area  between  t  and  the  curve 


^1  =  fh{,<f+\fVt,f)TVt,f8i-^,f'.dl-i-jhTVt,> 


—la- 
in order  to  get  the. element  1  2  5  6  we  must  evidently  change  the  tensor 
of  ,/>  independently  of  the  versor.  Therefore  write  the  equation  ^p  =  u^f  (0* 
By  giving  u  a  succession  of  values  we  shall  obtain  a  series  of  curves  such  as 
5  6.  If  we  differentiate  with  respect  to  u  only  T^p  varies,  so  that  the  end 
of  ^p  moves  say  from  1  to  6,  while  if  we  differentiate  with  respect  to  t  the 
end  of  ^p  moves  along  such  a  curve  as  1  2  or  6  5.    Let 

ilP    --  D  and  ^'P    —  D 
^-  -  U,  and  ^  -  ^«, 

then  the  area  of  element  12  6  6  will  be  TVDJ)pdudt.    But  1>«  s=  ^tp^  and 
Dt  =  Ufip'f  by  the  equation  assumed  above.    Therefore 

^/>o  =  ^^KipTV^f^.u^dtdu  -^ffhTV^f^f'.udtdu;  (58) 

or  integrating  for  u  from  0  to  1^  to  cover  the  space  from  the  origin  to  the 
bounding  curve^ 

^p^  =  ifh,<pTV,<p,<p\dt  H-  ifhTV,fy.dL  (59) 

This  int^ration  however  can  only  be  performed  when  h  is  not  a  function 
of  u. 

Equations  (68)  and  (59)  hold  equally  well  when  ^p  =s  ^f{t)  does  not  rep- 
resent a  plane  curve.  They  give  in  any  case  the  c.  g.  of  the  sur&ce  swept 
over  by  the  radius  vector. 

(24).    Any  Surfaee. — Let  the  the  equation  of  the  surface  be  ^p=^f{x,y). 

Then  D,  =  -^,  and  Dy  =  -^  are  vectors  ||  to  tangents  to  the  surface 

at  the  end  of  ^p,  for  by  supposing  a;  to  be  constant  we  have  one  curve  on  the 
surface,  and  by  supposing  y  to  be  constant  we  have  another.  By  giving 
successive  constant  values  to  x  and  y  the  surface  will  be  divided  up  into 
four-sided  figure  which  when  small  enough  may  be  r^arded  as  parallelo- 
grams. The  area  of  such  an  elem.  parallelogram  will  be  TVD^Dy,dxdy.  .*• 

^p^  =  ffh,pTVDJ)^.dxdy'^  ffhTVD,D^.dxdy.  (60) 

(25)  Any  Solid. — If  the  equation  of  the  bounding  surface  is  ^p=^f(Xfy)f 
then  to  obtain  a  parallelopipedical  element  we  must  vary  the  tensor  of  ^p. 
Therefore  write,  as  in  Art  23,  ^p  =  u^f  (a:,  y).  By  giving  u  successive  val- 
ues differing  by  dUj  and  extending  from  0  to  1  we  divide  up  the  solid  into 
a  series  of  shells.    The  solid  element  will  then  be  SD^DJD^Audxdy.    But 
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If  h  is  uot  a  functioa  of  u  we  can  integrate  for  u  between  0  and  I,  thns 

A=  iffK,s,f  4£!^.^rf,+i//*«,,!^&.^,,,     (62, 

(26).  Surface  of  Mevolutiott. — We  will  now  apply  er\,  (60)  to  the  general 
eqintion  o(  a  surfece  of  revolution.  Let  ,p  =  ,if(t)  be  the  equation  of  any 
curve,  plane  or  tortuous.  If  thia  curve  be  revolved  aliout  an  axis  along 
vhicb  t  is  a  unit  vector,  and  the  origin  be  taken  at  a  point  of  this  axis,  a 
eurfece  of  revolution  will  be  generated  whose  equation  will  be 

,,  =  ,'',,(„.-'".  c^* 

This  will  appear  from  the  fact  that  if  0  be  constant  in  eq.  (63),  the  eq'n 
KprcBoitH  the  generating  curve  turned  through  the  angle  d  about  t,  while 
if  {  be  constant  the  equation  is  that  of  a  circle  generated  by  the  extremity 
ef  ,f{l)  revolving  about  t. 
To  apply  (60)  we  have  to  evaluate  TVP^Dy. 

2fl  e       fl 

D.=^  Dd  =  i"  Vs,f  and  1)^  =  D,=  t"  ^tp't    ", 
which  the  t  is  omitted  for  brevity. 
.-.  TVDJ),  =  TVDiDt  =  TV.t2e^^Vt,f.ti>^'',f'£-B+^ 

=  TVi£Vt,ipS€,<p'co6e—VE,^SE,f's\ad-^tS.s,f'Vt,,p] 

=  \/(S'.e^tp'  Vz,if —  Vh,ipS't,tp')'=  (/(,v"  VH,f — S^e.,ipifp') 

=  TV.,ip'  Vi,ip.     Therefore  (60)  becomes 

s  fiinotJOD  of  6  we  may  integrate  for  &  from  0  to  d,,  obtaining 

(66) 

If  the  int^ration  be  for  a  complete  revolution  so  that  ^■^  =  2jr,  then  the 
tutJoo  reduces  to 

,p^=:^h.-^S^,fTV.,f'V^,fdt^JhT\\,p'Vt,fdt.  (66) 

If  the  generating  curve  lie  in  a  plane  passing  through  the  axis  we  shall 

Ss/pfi'  =:  0,  60  that  in  this  case  TV.,f'  V^,<f  =  T,<p'Vt^ifi. 
(271.    Solid  of  Ra'olution. — For  the  solid  generated  by  the  radius  vector, 
itK  extremity  generates  the  surface  of  eq.  (63),  we  have  as  in  Art.  25, 

^p  =  «e^-^'fy^(()£— **-•-"■ . 


We  need  these  to  evaluate 

I     _l      ^  BO 

SDuDeDt  ^  8DuVD&Dt  =  u^Se'' ,fe   ''F.e^  Fe/.e^'^ye   ^ 

or  by  the  value  of  VDeDt  of  the  last  Art. 

SDuDeDi  =  w*iS{e-i/8e^f +e-i  Fe^^co8d+  Ve^ipBinO) 

X(e  Ve^fSe,f'oo&0—  F€,y>&,f 'sin  0+eS.ey  Ve^fff) 

Hence  substituting  this  value  and  that  of  ^p  above  in  eq.  (61)  we  have 
^fo  ='SSS^'^*A^^'^S'^<P^f  Ve,^.dtd0du'iJJfhu*8.^^^f  Vtip.dtdddu.  (67) 

[Here,  and  through  the  remainder  of  this  paper,  for  want  of  sorts,  ip  is 
substituted  for  <p  and  for  subscripts  and  indices  ih  is  written  for  d^ 

If  A  be  not  a  function  of  d  we  can  int^rate  as  in  last  article  from  0  to 
0^^  obtaining 

^p^  =  //*«**  Vd^t-^S^^ip—U^  —l\  V^,if\  8.,ip,ip'  V€,(p.dtdu 

-^d^ffhu*8.,^,fVe,^.dtdu.  (68) 
If  17  J  =  2;r,  for  a  complete  revolution, 

^^0=  €-^ffhu*8e,^8.,(p,fVe,^Mdur^ffhu*8.^^,fVe,^.dtdu.  (69) 

If  the  generating  curve  be  in  a  plane  through  the  aads,  so  that  F.  F^^^^'- 
Vtj^  =  0,  we  may  replace  the  quantity  /Sv^^^'Fs^^  in  eqs.  (67),  (68)  and 
(69)  by  the  equivalent  expression  TV^ip^tp'  Fc^^.  For  with  the  above  con- 
dition we  have 

F«,^,if'F«€,j*=  T*V,ip,fVt,iP=8\ip,fVt,il,i  .'.  TV,^,fVe,^ 

=  ±8.,ip,fV€,4,. 

(28).  Qvldinwf  Properties. — Wfs  have  by  Art.  26,  the  area  of  a  surface 
of  revolution  formed  by  revolving  a  plane  curve  about  an  axis  in  its  plane 
through  an  angle  2;r-7-n,« 

also  by  eq.  (56)  omitting  the  A,  i.  e.,  supposing  the  density  uniform, 

^p,  =  f,^T,f.dt'^fT,fM. 
Multiply  both  sides  of  this  eqn.  by  (2;r-f-n)/jr^jf'.ctt  and  operate  by  TVk; 
.-.  ^TV€,p,.CT,fdi  =  ^fT,fVB,^.dt  =  8.  (70) 

The  factor  outside  the  sign  of  int^ration  in  the  first  member^  is  the  nth 
part  of  the  oircumf.  of  the  circle  i^  which  the  c,  g.  of  the  curve  ^p  =  ^^{t) 


length  of  the  path  of  the  center  of  gravity  of  the  curve. 

Again,  the  volume  generated  by  revolving  the  area  hotiaded  by  a  plai 
curve  ^MUt  an  axis  in  its  own  plane  through  an  angle  2n-Mt  is,  by  Art.  27, 

V  =  -//2"F,^,(*'  V€,4'.u*dudt, 

and  b;  eq.  (58),  omitting  h  as  before,  the  c.  g.  of  a  plane  area  is  given  by 

or  clearing  and  operating  by  TV.e 

^TVe,p^.ffTV,<f^,f.ududt  =  ~ffTV,i/>,<fi'Vt,^.uMudt  (71) 

=  V. 

Hence  the  volume  of  the  solid  formed  by  revolving  a  plane  area  about 
an  axis  in  its  own  plane  is  equal  to  the  plane  area  multiplied  by  the  length 
of  the  path  of  the  eenter  of  gravity. 

(29)  These  properties  may  be  extended  to  the  cases  of  a  plane  curve  or 
a  plane  area  moving  so  that  the  center  of  gravity  of  the  cnrve  or  area  gen-» 
emtea  some  curve /P=,</'{t)  to  which  the  plane  of  the  cnrveor  area  is  always 
norma].  Let  I  be  the  length  of  the  moving  curve  and  A  its  area,  S  and  V 
respectively  the  surface  and  volume  generated  and  ,p  =  ^iplt)  the  path  of 
the  center  of  gravity.  Then  for  the  length  of  an  elementary  arc  d^p  the 
curve  will  coincide  with  the  arc  of  its  osculating  circle  for  that  point,  and 
therefore  Gnldinus'  properties  will  hold ;  hence  dS  =  nd,p  =  IT^ip'.dt,  and 
dV  ^  KT,^'.dl;  and  by  integration 

S  =  l^T,f.dt;         V  =  AJT,f.di.  (72) 

(30).  A  few  examples  to  illustrate  the  application  of  these  formula  will 
now  be  given 

CmUr  »/  Gravity  of  the  arc  of  a  Cydoid. — If  @  be  the  angle  turned  thro' 
by  the  rolling  circle,  and  a  the  radius  of  this  circle;  then  the  equation  of 
the  cycloid  with  the  origin  at  a  cusp  may  be  written 

,p  =  ,4.{e)  =  ai{e—&\-ad)+aj{\-tMse), 

in  whidi  I  is  a  unit  vector  along  the  base,  andj  a  unit  vector  along  the  tan- 
gent at  the  origin.  Therefore  d,p-i-dd  =  ,^'{0}  =  ai(l  —  cos^)  4-  ajsiaff, 
and  T,^{Oi  -  a,/[2(!  — aeff)]  =  2«9in|tf.  Therefore,  by  cq.  (56),  put- 
ting fffartj  and  supposing  h  constant, 

,p,  =  afli(Q—sm0)  +j{\—oo60)]Bin^d.d8  -~faa^.d0. 


By  integrating  this  equation  from  0  to  tt,  i.  e.  from  tbe  cusp  to  the  ver- 
tex of  the  curve,  we  have  ,p^  =  faCt+j*)-  It*  we  go  from  the  origin  to  the 
next  cusp,  the  limits  will  be  0  and  2;r,  and  ^p^  =  a(7ri-4-f/)- 

As  another  example  take  the  tortuous  curve  whose  equation  is 

and  which  is  projected  on  the  three  reference  planes  into  a  common,  cubic, 
and  semi-cubic  parabola  respectively,    d^p-i-dt = ^ip'it) = a{i+jt}/2  -\-kP) ; 

.-.  ,po= af{it+^jei/2+ike){i+e)dt'^f{i+f)dt. 

If  the  int^ration  be  from  0  to  1  we  shall  have 

For  an  example  of  the  application  of  eq.  (67)  take  the  parabola  whose 
equation  is  ,p  =  ^ai+e^^^  in  which  e  is  a  unit  vector  along  the  axis,  and  ^a 
is  a  vector  along  the  tangent  at  the  vertex,  so  that  <8e^a  =  0. 

.-.  ^f{t)  =  ,a  +  d,  V€,ip  =  tVtfl  =  Ufl,  tVz^ip  =  —t,aj  TVt^ip  =  ai 
and  SfT'^fip'  =  t    Suppose  A  to  be  constant,  then 

,/>,  =  C\(,ai+€p)afi.dt'^  CaPdt  =  i<*/«+K 

Let  us  apply  eq.  (69)  to  the  equation  of  the  parabola  just  used,  now  how- 
ever r^arding  ^a  as  a  vector  along  any  tangent  and  e  as  a  unit  vector  along 
the  diameter  through  the  point  of  cimtact  of  the  same.     Then' 

TV,ifi,f  =  tTV{,a  +  ^et){,a  4-  c^)  =  fTV{,ae  —  i,ae)  =  ^fTV^at. 

.-.  ,p^  =  ^j^{^a+^d)edt^f'm  =  J,a<+fei<». 

This  gives  the  c.  g.  of  any  s^ment  of  a  parabola. 

The  equation  of  a  circle  may  be  written  ^p  =  ^^0)  =  a(tcosl?-f  jsin(?); 
.'.  ^f  =  a{—i8md+jco&d),  and  TV^ifi^f  =  a\  Therefore,  by  eq.  (68), 
if  A  =  constant,  and  0  =  t, 

iPo=^a\  '  J    (icos^+ysintf)uWrfu-f- J      J    udJddu 

=  }a(l— M»)[tsin(?— jcos«]+2-j-  J(l— ^*)[<']i2 
_2     1  —  u»    isind 

This  gives  the  c.  g.  of  a  portion  of  a  ring  contained  bet.  two  concentric  dr. 

l~u»_  (1— u)(l+u+n*)  _  1 +<*+<**      .         ^2     l+^+^»    sing  . 
I_u2~     (i_w)(l+u)  1+u    '^''P^       3'      1+u  tf   •*^' 

If  w  =  1,  we  have  for  an  arc  of  a  circle,  ^p^  =  (8iugH-g),io, 


EBtptoid. — The  equstioD  of  this  surface  may  be  wrltteo 

in  which  a,b.  c  are  the  semi-axes.  The  c.  g.  of  the  solid  ellipsoidal  shell 
will  be  foand  first  by  eq.  (61),  aud  then  that  of  the  surface,  from  this  by 
making  the  thickness  of  the  shell  infinitesimal,  for  the  reason  that  the  sca- 
lar in  eq,(ej)is  much  simpler  than  the  tensor  iu  eq,  (60)  in  the  case  of  the 
ellipsoid.     We  have  then 

d,J>  ... 

-^  =  — (QBin  3:-j-,(t  cosa:cosy+,cco8a;siny, 


d,<^  _ 


-fi  sin  X  siu  y+,o  ain  x  cos  y.     Whence 


a, lb  -Y-  -^  =  S,afi,c  1 
dv  ay  ' 


ax  =  — a6asinx. 
Thus  eq.  (61)  l)ecoine8,  if  A  is  constant  as  usual, 


tp^=    III   (,acoaar-f-,6sinarco8y+,csin.i;ainy)u'sin3;.(£c(fydi 

-^J  'I     I  u*slax.dxdydu, 

in  which  equation  the  limits  are  so  taken  as  to  include  a  shell  bounded  by 
two  Bimilar  ellipsoids,  the  plane  ,afi,  a  plane  through  ,a  inclined  to  the 
plane  of  ,a  and  ,6  at  an  angle  tau~'  [(c-h6)  tany],  and  a  cone  with  its  vertex 
at  the  origin  and  a  section  of  the  ellipsoid  by  a  plane  ||  to  the  plane  of  fi 
and  ,e  for  a  directrix,  the  distance  of  this  last  phine  from  the  origin  being 
,acoex.     By  integration  we  find 

3  I — u*  ,ayflin*a;+,A8iny(ir— 6ina;cosa:)-|-,e(l — coey)(:v--8inzoo8a!) 

''*'""  4'l^^u»  2y(l— cosi) 

For  one-eighth  part  of  the  ellipsoidal  shell  x  =  y  =  J>r,  and 

For  one-fourth  x  ^  r,  y  =  Jjt, 

If  we  had  integrated  from  —  y  to  -|-  y  instead  of  from  0  to  y  the  result 
thovt  would  have  been  unchanged  except  that  the  term  containing  c  would 
not  appear;  if  then  x  be  taken  from  0  to  it  we  shall  have  a  lune  lying  be- 
tween two  planes  through  a  making  equal  angles  with  the  plane  of  a  and 
_4,  of  m-hicli  the  c.  g.  will  be  given  by 

_  3;:  A  siny   1  — u* 


'^=-r«-- 


To  obtain  the  solids  reaching  to  the  center  we  have  only  to  make  u  =  0 
in  each  of  the  above  equations.    For  the  surface  of  the  ellipsoid  we  have 

1 — w*  1+u+u^+u^  4 

where  u  =  1 ;  and  this  value  substituted  in  each  of  the  above  expressions 
will  give  the  desired  results.  Of  course  we  have  only  to  make  a  =  6  =  o 
to  get  the  corresponding  results  for  the  sphere. 

As  an  example  of  the  use  of  (64)  let  us  apply  it  to  the  torus  generated  by 
the  revolution  of  the  circle  ^p  =  bj  +  a{i  cos  t  -\-j  sin  t)  about  the  axis  of  u 

We  shall  have  then  e  =  t  and  for  the  equation  of  the  torus 

^p  =  if'^'^ai  cos  ^  +  (6  +  o  sin  t)j]i'^'^. 

Vtip  =  y\\a% cos  <  +  (6  +  osiu  Oi]  =  (6+o siu i)lo^  ip'[f)  =  a(  —  i sin < 
-\-j  cos  <),  Tip'  Vtip  =  a(6+«  siu  <),  &  f  =  Si/p  =  —  a  cos  <.    Therefore 

^Po^=j       I  iadoost  —  t«  ^(fc+asin^)  I     {b-\-a8mt)dt 

'i'2ef^{b-{- a  sin  t)dt, 

The  limits  are  taken  from  —  0  to  +0  and  from  ^to;r  —  ^soasto  get  a 
portion  of  the  sur&ce  symmetrical  about  y.     From  this  we  find  on  int^r'n 

_  [b\7c^2t)+4ab  cos  ^-f  ^^;r— 2e— 2  sint'cos  Ql;  sin  d 
''^^  0{b7r—2bt+2acost)  ' 

from  which  by  giving  proper  values  to  d  and  t  we  may  find  the  c.  g.  of  any 
portion  of  the  surfitce  symmetrical  about  the  planes  oft  and  j^  and  j  and'A;. 
We  will  next  apply  eq.  (67)  to  the  case  of  a  hyperboloid  of  revolution  of 
one  sheet  formed  by  revolving  the  straight  line  j[)=/p{t)^=zbj+ti  about  the 
axis  of  t.  For  convenience  we  will  suppose  8ej  =  0,  so  that  the  generatrix 
in  its  initial  position  meets  ;  at  a  distance  b  from  the  origin  and  is  J.  toj. 
For  the  equation  of  the  surfitce  we  have  then  ^p  =  i'*"^(6y+^)*""*^%  t 
replacing  the  «  of  eq.  (67)  .'.  /(0=«,  Vt^^  ==  Vi{b}  +  te)  ^bk  +  tVie, 
y;^/=  y(6;+te)e=6;e,  8^^fn^=^b8ie(bk+tVU)='i*8U,  8i^=t8u. 

...  ^p^  =  3  1=?^  fT  0H'^8U--f^{bk+tVu)T'(U^dJ''dt 
4  1     u  •^  fj  L  -J  0         "^^  <i 

Suppose  ti  ^=OfU  =  0  and  0^  =  it,  for  a  half  revolution, 
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SOLUTION  BY  PROF.  P.  P.  MATZ,  KING  S  MODNTAIK,  N.  C, 


1325.     "Given  the  alHtnde  and  radluB  of  the  circumBcribed  and  inscribed 
tlrctes  of  a  plane  scalene  triangle;  to  find  the  three  sides." 
Buu 
■role 
BMMli 


I  Let  ABC  represent  the  triangle,  CJ?,  the  giv- 

1  altitode,  O  the  center  of  the  inscribed  circle, 

B  and  r  radii  of  the  circumscribed  and  insc'bd 

roles,  respectively,  afld  put  CE=  a. 

Ttirongh  0,  draw  CD,  and  draw  DK  per- 

peodicolar  to  AB;  then  is  DK&  diam.  of  the 

ctrcQinacribed  cirele  parallel  to    CE.      Also 

tbrongh  O  draw  II'  parallel  to  CE,  and  draw 

CO  and /'i^  each  parallel  to  .4£.  Then(Eucl. 

Book  VI.,  Prop.  XXIV)  we  have 

DH:IO{  =  r)::  0/'(  =  r)  :  FC{ 


\ 


—26— 

326.  'Q)raw  a  line  bisecting  a  given  triangle  so  that  the  part  Ijring 
within  shall  be,  1st,  a  minimum,  2nd,  a  maximum/' 

SOLUTION  BT  GEO.  M.  BAT,  LOCKPOBT,  N.  T. 

Let  a  denote  the  area  of  the  triangle,  and  x,  y  and  z  the  sides  of  the  tri- 
angle formed  by  the  bisecting  line;  and  put  tp  =  the  angle  opposite  %• 

We  have 

scysm^  =  a;  (1) 

««  =  a?«+ya— 2iBycosjf.  (2) 

Substituting  in  (2)  the  value  of  y  from  (1),  and  then  differentiating  and 

placing  the  result  equal  to  zero,  we  get 

or  ^    ^/-At  and  firom  (1),  y  =  J-^. 
yBm^  \sm  j^ 

Substituting  these  values  for  x  and  y  in  (2),  and  reducing  we  find 

z^  =  2a  tan  ^. 

Therefore  for  a  maTimum  the  bisecting  line  must  be  taken  opposite  the 

greatest  angle,  and  for  a  minimum,  opposite  the  least  angle. 

SOLUTION  BY  PBOF.  P.  H.  PHILBBIOK,  IOWA  STATE  T7NIVEB8ITT. 

Let  ABC  represent  the  triangle,  A  the  least  and^  the  greatest  angle. 
Take  Am  :=  x,  An=y'^  the  sides  as  usual  a,  6,  c;  mn  =  2.    Then  is 

P  =  x^+j^—2aDy  cos  A.  (1) 

This  expression  for  given  values  of  x  and  y  is  a  minimum  when  A  is  least 
and  a  maximum  when  A  is  greatest  or  equal  C. 
Let  fim  represent  the  minimum  line  required  and  we  also  have 

2xy  =  bo.  (2) 

Substituting  for  x  in  (1),  differentiating  and  equating  to  zero,  we  get 

2y*  =  Jo  =  2a?y, .  • .  a?  =  y  =  v^(J6o). 
2.    Let  l^  be  the  length  of  the  maximum  line,  and  v  and  w  distanoes  of 
its  extremities  from  C,  on  CA  and  CS.    Then 

^  =  f^+ti^—2vw  cos  (7,  (4) 

2vw  =  ab.  (6) 

By  putting  v  =aw  +  z  and  substituting  we  get  s?+ab{l — cos  Cf)  a  max. 
And  this  occurs  when  v  =  b  and  w  =  ^  A  line  from  A  to  the  middle 
of  BC  is  therefore  the  line  required. 


327.  ^^The  poles  of  the  radical  axis  of  two  drcles  taken  with  respect  to 
each  circle,  and  the  two  centers  of  similitude  of  the  circles,  are  four  har- 
monic points.    (Ex.  8,  p.  367|  Chauvanet's  Modem  Geom.)'' 


"A  body  is  projected  from  the  top  of  a  tower  100  ft  high  all_- 
angle  of  elevation  of  45°,  with  a  velocity  of  60  ft  per  second.     Find  the 
distance  from  the  point  at  which  it  first  strikes  the  horizontal  plane  to  the 
second  point  at  which  it  strikes  the  plane.     The  modulus  of  elasticity  \ 
ing  J,  and  the  resistance  of  the  atmosphere  n^Iected." 
SOLUTION  BY  ALEXASDEH  r 
Draw  A  R, 
horizonta  I    1  i  n 
through  the  top  I 
of  the  tower  Al ;  \ 
make   the   angle 

take  ^B  =  60  I 

equal  the  ve1oci~  I 

(y  at  A.     Cons't  I 

the  parahola  AE~  I 

RH,    draw    the  I 

principal  aiis  EF,  and  through  B,  the'iine  BC  parallui  to  EF.     BCvi 

be  the  Hodograph  to  the  parabola.     [See  Elements  of  Dynamics,  by  W.  K, 

Clifford,  F.  R.  S.,  p.  67.] 

Draw  the  horizontal  line  TUN  through  the  bottom  of  tlie  tower;  and 
through  H,  the  tangent  HJ ;  and  draw  AD  parallel  to  HI  to  intersect  the 
hodograph  in  D;  AD  will  represent  in  magnitude  and  direction  the  velo- 
city of  the  projectile  at  H. 

Draw  HY  parallel  to  EF  and  make  the  angle  YH'TT equal  to  YHI. 
From  any  point  ICdraw  TTO  parallel  to  EF,  and  take  PO  equal  one-third 
of  WO  ;  draw  from  H  the  line  HPMS,  this  will  be  the  direction  of  the 
projectile  after  reflection. 

Take  HI  on  the  tangent  equal  to  AD,  and  draw  IK  parallel  to  EF. 
KH  IB  the  horizontal  velocity  at  H;  and  since  the  horizontal  velocity  is  not 
clianged  after  the  impact,  take  HL^IIKt=AJ;  through  L  draw  LV 
parallel  io  EF;  VL  will  be  the  hodc^raph  to  HZN,  and  HM  will  rqire- 
sent  in  magnitude  and  direction  the  velocity  of  the  projectile  at  H  after  re- 
bounding. 

With  HM  tiie  velocity,  and  the  angle  MHN,  oonstmct  the  parahola 
HZN;  UN  will  be  the  range  on  the  rebound  =  79.7  nearly. 

As  the  velocity  at  the  point  H'  on  the  other  side  of  the  principal  axis,  ie 
the  same  as  at  H,  if  we  suppose  this  velocity  to  be  F,  the  time  of  flight  in 
the  first  parabola  will  be  (2r-i-ff)8in //HA"— (2^-^^)Bin  ff;  and  !a 

\ 


nd  parabola,  {2V-i-g)eB\aO,  and  as  the  velocities  horizontally  are 
ttniform,  the  raoge  in  the  second  parabola  will  be  to  that  m  the  6r8t  as  e 
to  1,  that  is  one-third  of  the  first;  and  as  the  range  in  the  first,  2GH  ^ 
239.2,  that  in  the  second  =  79.7  nearly. 

P*raf.  Pbilbrick,  and  Prof.  Scheffer,  each  gave  a  very  el^;ant  solution  of 
this  problem,  and  each  shows  that  the  range  in  the  second  parabola  is  to 
1  ID  the  first  as  e  to  I ;  and  Prof  ScbeSer  draws  the  inferrence,  that  the 
hI/  woold  rest,  after  an  infinite  number  of  rebounds,  at  a  distance  from 
^  =  [1^(1— «)]Xfl'fl.] 


.     "Three  points,  A,  B,  O,  being  given,  to  find  a  point  M,  whose 
a  from  A,  B  and  C,  shall  be  a  minimum." 

aOLTTTION  BY  PBOF.  W.  P,  CASEY,  SAN  FRANCISCO,  C 

\1jAA£C  be  the  given  triangle,  a,  6,  c  its  | 
i,  and  O  the  required  point.  Put  AO-.  f 
\MO-=.r,  CO^w.  Draw  OP perpendic- 
ttaAB  and  let  AP  =  x  and  PO  =  y;\ 
9\A  lAOP  =  B,  BOP  =  If,  COP=  ^.\ 
Tben«^=rs»+y»,  t;*  =  (o  —  a;)' +  .V°,  and  | 
•■  —  {htasA  —  xf  ■\-  {b&m  A  —  y)\ 

And  in  order  that  Vk^v\-v)  may  be  a  maximum  we  must  have 


S     ^     ^ 


=  0, 


dy     dy      dy 


=  C08^. 


Hence  we  have  the  conditions, 

sin  d  ^      sin  ^  +  s 


Bqoariog  and  adding  we  find  cos  (^  —  y)  ^  —  \,ot  ^  —  tp  =  120*; 
.'.the angle  BOC^  120°.  And  in  a  similar  way  it  may  be  shown  that 
£AOC=i  120"  ^  AAOB.  Therefore  if  on  any  two  sidis  of  the  triangle 
•tgrnentBofa  circle  be  described  containing  angles  of  120"  their  intersecfn 
will  determine  the  point  0. 

This  problem  is  the  same  as  Problem  257,  Analyst,  Vol.  VT,  p.  93,  if 
we  take  m,  n,  r  in  that  problem  each  =  1.  This  problem  possesses  consid- 
ffible  interest  in  the  history  of  mathematics. 


330.  "Two  points  are  taken  at  random  within  a  circle  on  opposite  sidea 
of  a  given  diameter,  and  a  ttiird  point  is  taken  at  random  in  the  circum- 
ference ;  find  the  average  area  of  the  triangle  formed  by  joining  the  points." 

SOLUTION  BY  PHOP.  E.  B.  8EITZ,  KIHK8VII,t.E,  MO. 

Let  A  CBD  be  the  given  circle,  AB  the  given  ■ 
diameter,  M,  N  two  random  points  on  opposite  I 
sides  of  AB,  CD  the  chord  through  them,  Pal 
random  point  in  the  circumference,  and  0  the  I 
center  of  the  circle.  Draw  the  diameter  EF  per-  f 
pendicnlar  to  CD,  and  PK  perpendicu'r  to  EF.  I 

Let  OA  ^  r,  RM=x,  RN  =  y,  RC  = 
RD  =  ^,  I  COS  =  e,  BOH  =  f,  and  POE  | 
=  i}).    Then  we  have 

w  =  rsintf  -J-rcosS  tan  f,        i*  =  r  sin  (?  —  r  cos  8  tan  fp, 
area  MNP  ^  ir(aj+y)  (cos (5 — cos  8)  ^=  u^,  when  ^  <  ^, 
and         area  MXP  =  ^r(x+y)  (coe (?— cos  (fi)  =  u^,  when  f>8, 

An  element  of  surface  at  M  is  rsin  6  dSdx,  and  at  N  it  ia  (i  +  jf)d^Kbf, 
and  an  element  of  the  circumference  at  P  is  rdi^.  The  limits  of  6  are  0  and 
Jff;  of  ip,  — tf  and  8,  and  doubled;  of  i,  0  and  u-  of  y,  0  and  r;  and  of 
^,  0  and  d,  and  8  and  ir. 

By  limiting  P  to  the  semi-circumference  ECF,  the  whole  nomber  of  ways 
the  three  points  can  be  taken  is  }^:rV,nT;  hence  the  required  a-erage  is 

=Asf*f^^f  (?r  -  2(J  +  2  tan  ffjein  8  cos  0dffd<pdx{x  +  y'f^^U 

-^f^^r*'  r+*(ff_2fl-|-2taufl)(7tan*5+tanV)(l-oos'9sec*f>inflo06»#dMf   ' 

=^J''"[(w-2tf)cos^+28inff](24tfsin'tf-3ff+38in^co8tf-22flin»«co8«)8mfl<tf 
_r'ri3        352  ~| 

SOLUTION  OF  HISCEL.  PROB.  (2),  P.  149,  VOL.  VII,  BY  PROF.  SCHEFFEB. 

If  in  the  seriee  8  =  ax+bx^+ixi?+d3l'+e3^-\-  ...we  put  ^I=y-^(l-|-ly), 
we  get  S  =  ay(l +«¥)-' +V(1 +"?)"■' +<y(l +ty"*+'V(l +tyr* +.. . 
Expanding  by  the  Binomial  Theorem,  we  obtain 

ay—{av—b)/+{ai^—2bv+o)y>—{ai^—3bv'+acv—d)y*+.. 
Substituting  for  y  ife  equiv't  a:-^(l — rx),  we  have  the  req'd  transfbrmatioD. 
[This  poblem  was  solved  in  a  similar  manner  by  Prof  Rershner.} 
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PROBLEMS. 


By  Prof.  M.  L.  Comstock. — Find  all  the  values  of  ic  and  y  in  the 
jawiDff  eqaatious : 

^  a^  +  xi^=lS,  (1) 

xi/+x^^l2.  (2) 

Sg  Wmiam  Hoover.- — Find  the  value  to  x  terms  of  the  con.  fraet. 


834  By  Prof.  J.  H.  Kershner. —  Pairs  of  tangents  which  meet  always 
si  the  same  angle  are  drawn  to  a  given  ellipse.  Find  the  envelope  of  the 
cjiards  of  contact. 

335.  Oommwiicakd  by  Pof  RocA.  {from  Exam.  Prob's,  H.  Cbi.)— The 
curve  whose  rectangular  equation  is  j^'^+y"  ^  r^  revolves  around  the  axis 
of  X.  Determine  the  volume  of  the  solid  thus  described  between  the  limits 
a  =5  0  and  X  ^  r. 

336.  By  George  Ea^viood. — In  a  locomotive  engine  there  are  given  : 
I      The  impressed  force  of  the  steam  on  the  piston,  the  radius  of  the  crank,  and 

kthe  length  of  the  connecting  rod  :    To  find  the  uniform  fbi-ce  which,  if  ap- 
plied at  right  angles  to  the  end  of  the  crank,  would  do  the  same  work  as 
Ibe  impresned  force. 
337.     By  Prof.  Eliaa  SchneUkr. — Required  the  constant  quantity  Into 
whkfa  if  we  divide  the  periodic  time  of  any  planet,  multiplied  by  its  third 
root,  the  quotient  will  be  the  distance  such  planet  falls  from  a  tangent  to 
its  orbit  in  one  second  of  time :  i.  e.,  solve  the  equation, 
Co"«tantQuagtigr   ^  p  „  ^ 
{Periodic  Time)^  ^ 

338.  By  Prof.  Asaph  Hail, — A  comet  moves  around  the  sun  in  a  given 
(■nboJic  orbit ;  find  the  right  ascension  and  declination  of  the  point  on  the 
^Tos  towards  which  the  comet  approaches  as  it  recedes  from  the  sun  and 
ODtb. 

QcTEBT  By  Prof.  J.  Schepfeb. — If  of  any  curv«  we  find  the  evolute, 
tad  of  the  latter  the  evolute,  and  so  on  ad  Infin.,  the  ultimate  evolute  is  a 
(Tdoid.    How  is  this  proved? 


Note  of  Thanes.  —  We  tender  our  th&nks  to  oar  Bubscribers  f 
many  kind  words  of  greeting  we  have  received,  and  for  their  patronage 
and  contributions  for  the  Analyst.  We  are  under  special  obligations  to 
Prof.  Casey  for  his  efforts  in  behalf  of  the  AjJALTST  on  the  "Pacific  Slope". 

We  embrace  this  opportunity  to  call  the  attention  of  our  readers  to  the 
map  on  p.  4  of  cover.  Many  of  them,  no  doubt,  are  personally  acquainted 
with  the  "Rock  Island  Road"  and  its  officers  and  do  not  need  onr  endorse- 
ment to  select  that  road  as  the  best,  and  most  direct,  line  of  transit  from 
Chicago  to  the  Pacific  coast ;  but  to  those  who  are  not,  we  can  say,  from  an 
experience  of  twenty  years  with  that  road,  that  travelers  will  find,  on  the 
Rock  Island  Road,  all  the  comforts  and  facilities  for  travel  to  be  found  on 
first  class  roads  anywhere ;  and  officers  who  are  accommodating  and  atten- 
tive to  their  passengers,  and  who  spare  no  pains  nor  expense  to  keep  their 
road  in  good  condition  and  their  trains  on  time. 

J.  E.  Hendrickh. 
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An  Elementary  TrmiUe  on  Plan*  Tngtmometry.    By  J 
12iiio,    IVironto :  Canada  Publishing  Co.    1880. 

In  disciiming  the  principlea  of  the  science  the  author  has  introduced  in  this  boofc  ft  Tkriety 
of  exomplee  that  wilt  not  only  interest  the  student  bnt  wit)  serre  to  impre^  him  with  the 
utility  □(  the  science. 

Tht  Teachtr'i  Hand-Book  of  Atgibra.     By  J.  A.  McLeluji,  M.  A.,  LL.  D.    329  pp.  I 
Toronlo :    W,  J.  Gage  and  Co.     1879. 

Our  space  will  not  permit  ub  to  notice  the  various  claims  this  book  presenU  to  the  U 
We  quoU  a  single  paragraph  from  the  preface : 

"It  gives  complete  explauatiou  and  illuBtratioas  of  important  topics  which  are 
omitted  or  barely  touched  upon  in  the  ordinary  books,  such  aa  the  Principle  of  8 
Theory  of  DiviBora,  Factoring,  Applications  of  Homer's  Division,  Ac" 


THE  ANALYST. 


f  NOTES  ON  THE  THEORIES  OF  JUPITER  AND  SATURN. 


BT  G.  W.  HILL,  NAUTICAL  ALMANAC  OFFICE,  WASHINGTON,  D.  C. 

!)lt  aecouDt  of  their  large  masses  and  the  near  approach  to  commensu- 
nbililr  of  their  mean  motions,  Jupiter  and  Saturn  offer  the  most  interesting, 
H  well  as  the  most  difGcnlt,  field  for  research,  in  the  planetary  perturbations 
of  tW  uolar  system.  In  the  following  remarks,  without  treating  the  subject 
mplete  manner,  which  would  be  impossible  here,  I  intend  only  to 
^ot  out  a  method  of  procedure  and  give  a  few  illustrations  of  its  use. 
[  At  present  we  shall  notice  only  the  JDtroaction  of  the  sun,  Jupiter  and 
turn.  It  will  facilitate  matters  much  if  we  employ  difTereutial  equations 
B  which  the  potential  function  is  the  same  for  both  planets.  This  is  ac- 
■impllshed  by  an  orthogonal  transformation  of  variables.  Let  us  suppose 
Uiat  the  coordinates  of  the  sao  in  space  are  denoted  by 

X,  Y  an4  Z, 
(hii«  of  Jupiter  by 

X  +  x  +  xx',   Y  +  y   -i-  ry'  Had  Z  +  2  +  n', 

ind  those  of  Satam  by 

X  +  x'+  =u:.    Y-i-y'+  xy    and  /+  z'+  «, 

■bera  2  it  •  small  constant  to  be  so  determined  that  the  variables  x,  x'f&o., 
mtj  bt  ortht^nal. 

Jf,  m  mnd  m'  denoting  severally  the  masses  of  the  sun,  Jupiter  and  Sat- 
■ni,  the  rw  viva  T  of  the  system  is  represented  by  the  equation 

2Tdt  =  MdX*'\-m{dX+dx+xdx')''-i-m'ldX'\'dx'-rx'lxj* 
+  amilar  terms  in  F,  y,  y'  and  Z,  z,  t' 


— se- 


dt 

dB 
dl  ' 

dl  dB 
dt"^      dL' 

dL'  dB 
dt    ^   dl'  ' 

dl' 

dt  ~ 

dn 

dL" 

dQ  _ 
dt 

dB 
dff' 

dg  dB 
dt           dQ' 

dQ'  dB 
dt         dg" 

dt 

dB 
dO" 

dS 

dt  ~ 

dB 
dh' 

dh  dB 
dt           dH' 

dH'  dB 
dt         dh" 

dh'_ 
dt 

dB 
dH" 

sh  it  is  u 

adersti 

Dod  that  i2  is  ex 

Dressed  in  term 

Bof  the 

elemei 

As  r  is  It  function  of  the  three  elements  1j,  O,  I  only,  and  r^  of  X',  O',  t 
only,  it  follows  that  the  six  elements  H,  g,  h,  ff,  g'  and  h'  enter  in  R  only 
through  «;  hence  we  have  the  equations 

d^^rfBA  dB^dRA  rffi_dBA 

dg         cb  d^  dH       da  W  dh  ""   ds  dh' 

dB_dR_d8^  dB_dR^d8^  dR  _dRds 

ag'~  ds  dg"  dH'^   ds  dH"  IK^  dsdK' 

The  expression  for  %  being  given  by 

rr'B  =  xx'  +  yy'  +  a/, 

and  t;  and  v'  denoting  the  true  anomalies,  the  rectangular  coordinates  have 

the  equivalents 

X  =  r[cos  h  cos  (t;+^)— cos  i  sin  h  sin  (t>+^)], 
y  ==  r[8in  Aco8(t;+^)+oo8ioo8Asin  («+^)l, 
z  =rsini  8in(t;+5r), 

a;'=  r'[co8  A'cos  (v+g) — cosi^sin  A'sin  {v+g')\ 
y'=  r'[8in  A'cos  {v+g')-\'Co&  t'cos  A'sin  («'+5'')]> 
z'  =  r'sin  V  sin  {v+g'). 
Whence  the  following  expression  for  % : 

•  =  cos(A — A')co8(t;+p')co6(v+5r')-f  cost  cos  fco8(A—A')8ii?(t;+j')sin(t;'+5r') 
+COS  i  sin  (A — A')  cos  (v+fi^)  sin  {tf+g') 
— cos  i  sin  (A — A')  sin  {v+g)  cos  {v+g) 
+8in  i  sin  i'sin  {v+g)  9in  {v+g'). 

^   Bemembering  that  t;  and  v'  contain  only  the  same  elements  as  r  and  r'^ 
and  that 

co8t=-g-,   8mt=ilA_ ^,   oost=^„    sint  =  r^^^,  ^  ^, 

it  will  be  found  that 

^r^(G«_£r»,coeA+i/((?'^— ir^joosA'"]  =0, 


I  Heooe  we  have  the  following  iotegrals  of  the  difTerential  equations, 
|/l  C— H')  cos  h-\-  (/( G'*—H'*)  cos  /(  =  a  constant, 
j/(G*— H')8inA+(/(G''— fl"')sinA  =  a  coostaut, 
H-\-H'  ^  a  constant. 
k^oe  integrals  may  be  employed  to  diminish  the  number  of  differential 
Thus  far  the  system  of  planes,  to  which  x,  y,  z,  &a.  are  referred, 
I  left  indefinite:  let  us  now  assume  that  the  plane  of  maximum 
tiled  by  Laplare  the  invariable  plane,  is  chosen  lor  the  plane  of  xtf, 
'  Tb  this  ease  it  is  well  known  that  the  constauls  of  the  first  two  of  the  int«' 
gnis,  given  above,  become  zero.     Then  we  shall  have 
L  y/{G'~n^)coi h  -f  ,/(G''~i7"jco8A'  =  0, 

H  ,/(G*-ii')sinA  +  v-'(G''— H'')8inA'  =  0, 

1  e  bring  an  arbitrary  constant.  But  since  i  and  i'  are  supposed  contained 
between  0°  and  180°,  the  radicals  in  these  expressions  must  be  taken  pos- 
itively.    Consequently  the  eijuations  are  equivalent  to 

G'-G'* 


k'  = 


h  +  181 


H  +  H'  - 


H—  H'  = 


These  equatioos  determine  the  values  of  the  elements  li,  H'  and  K  in 
terms  of  the  rest,  and  they  may  l>e  used  to  eliminate  them  from  R.  Then 
it  ifi  plain,  from  the  expression  of  a,  given  above,  that  h  will  also  disappear 
from  R,  Bad  we  shall  have 

R  =  function  [L,  G,  L,  G',  /,  g,  t,  g'), 
■Oil  a  takee  the  much  simpler  form 

^(G+G')'-e'„ 


ie(c— u'+j— /)  +  !- 


^2G(? 


-ainfe-|-ff}8in(ti'-f/). 


As  to  the  partial  derivatives  of  R  with  respect  to  X,  i',  /,  t,  g,  g\  they 
m  evidently  unchanged  by  this  elimination  of  the  elements  H,  IT,  h,  K. 

Bot  i^.-jj  and   I  ^=;j  denoting  the  derivatives  of  ^  on  the  supposition  of 

ib  containiiig  the  elements  H,  H',  h,  K,  we  have 

ldR\  _  dR_dRdH _dR    dH' 

\dOI      dO     dHdG      dH-~dG' 

idR  \  _  dR     dR  dJl_  dR    dir 

\d^l      dQ-    dHdG'    'dST'dW 


—38— 
But  we  also  have 


dfi 

dH      dir~      di 


_dR  _  d(h'—h)  _  f. 

JET'  —  Ji  —    "> 


hence 


dn\  _  dR     dR  d{H+H')  ^  dR 
dOl^dQ     dH      dG  dG' 


Moreover 


(: 

(dR\  _  dR     dR  d{H+H')  _  dR 
Kd^l^dG'    dH      d&      ~  J^' 

_dRdH^  dR  dH  _  dR  d(H+H)  _  dR 

do  ~  IS  do '^  dH~Sc       dH       do        ~  dH 


dR 


Thus  the  system  of  differential  equations  still  retains  its  canonical  form, 
and  is 

rfZ^     dfi     dll         dB     dG^         dR_    dff__     d£ 
eft  cK'     eft  dC     at  dg'     dt  dg" 

dl dR      dr dR      dg dR      dg'  _     dR 

di  dV     di  dL"    dt  dG*    di  dCF' 

After  this  system  of  eight  differential  equations  is  int^rated,  the  value  of 
h  is  found  by  a  quadrature  from  the  equation 

^  —  _M 
di  do' 

These  integrations  introduce  nine  arbitrary  constants  which,  together  with 
c,  make  ten.  The  reference  of  the  coordinates  to  any  arbitrary  planes 
introduces  three  more,  but  one  of  these  coalesces  with  the  constant  which 
completes  the  value  of  h. 

The  time  t  does  not  explicitly  enter  R,  hence  the  complete  derivative  of 
it  with  respect  to  <  is 

dR  dR  dL  I  dR  dl  ■    « 

'dr~dLW^~drdi'^ 

If,  in  this^  are  substituted  the  values  of  —=--,  --j-,  &c. . ,  from  the  equa- 
tions just  given,  we  shall  find  that  it  vanishes;  hence 

i2  =  a  constant 

is  an  integral  of  the  system  of  differential  equations.  This  integral  may  be 
employed  to  eliminate  one  of  the  elements,  as  L,  from  the  equations.  We 
can  also  take  one  of  the  elements,  as  I,  for  the  independent  variable  in  place 
of  L    The  system  of  equations,  to  be  integrated,  is  then  reduced  to  the  six 
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dG 
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dL 
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dR  dR  dR 

dIJ__^W  dQ_ fh  dG'  _       dg' 

dl  37r'  dl  ~       dR'         ~Si  'dR' 

dL 

dR 

dl'  _      32/  dg^^      dO  dg'  _      d^ 

'dr~      IR'  dl  M'  dl  32?* 

dL  dL  3r 

A  simpler  form  can  be  given  to  them.     If  the  solution  of  i2=  a  constant 

gives 

L  =  function  (i',  O,  G',  I',  g,  g',  I), 

and  L  is  supposed  to  stand  for  the  right  member  of  this,  the  forgoing  equa- 
tions can  be  written 

dZJ_^      dL^  dG_^     dL^  dff__       dL^ 

dl  dl"  dl  dg'  dl  dg" 

dV  _      dL  dg  ^  _flfi  _^  _  _  AL 

dl  ~     dL"  dl  dG'  dl   '^      dG'' 

When  the  values  of  L',  G,  G',  I',  g  and  g'  in  terms  of  I  have  been  de- 
rived from  the  integrals  of  these,  they  can  be  substituted  in  the  equation 

-g-  =  — -^,  which  will  then  give  t  in  terms  of  I,  by  a  quadrature.  By  in- 
verting this  we  shall  have  I  in  terms  of  ^;  and  by  substituting  this  in  equa- 
tions previously  obtained  we  shall  have  the  values  of  all  the  other  elements 
in  terms  of  L 

It  will  be  noticed  that  i2  is  a  homogeneous  function  of  X,  L',Gf  G'  and 
e  of  the  degree  — 2;  hence  we  shall  have 

r  dR  ,  j-tdR  ,  jydR  .  ^'dR  ,    dR  qt>  x 

aod,  ap  a  consequence  of  this, 

Thus,  if  the  rate  of  motion  of  each  elementary  argument  2, 1'  &c.,  be  mul- 
tiplied by  the  element  which  is  conjugate  to  it,  the  sum  of  the  products  is 
invariable. 

The  sines  of  half  the  inclinations  of  the  orbits  on  the  plane  of  maximum 
areas  are 


-40— 

Thus,  in  the  special  case  where  the  two  planets  move  in  the  same  plane, 

we  have 

G+  G'  =  0. 

This  equation  may  be  employed  to  eliminate  one  of  the  elements  G  or  ff 
from  R.     In  the  same  case,  the  expression  for  s  is  reduced  to 

s  =  — cos(t;  —  v'  +  g — g'). 
Then,  if  we  put 

G^G'  =  r,  9-9' ^r, 

R  will  be  a  function  of  L,  L\  F,  /,  Vy  ft  ^^^  we  shall  have,  for  det^min- 
ing  these  variables,  the  system  of  differential  equations 

dL  _     dR  dL  _     dR  df  _     dR 

dt  dV  dt  dr  dt  dr' 

dl  ^  _dR  dt  _  _dR  dy  _      dR 

w      dL'       dt       dT'       "ST      ar* 

After  these  are  integrated,  the  value  o{  g+g'  will  be  got  by  a  quadrature 
from  the  equation 

%+/) dR 

dt  do ' 

If  the  value  of  L  is  obtained  from  the  solution  of  ii  =  a  constant,  and 

we  have 

L  =  function  (i',  F,  /',  y,  /), 

and  I  is  adopted  as  the  independent  variable  in  place  of  t,  the  solution  of 
this  special  case  is  reduced  to  the  integration  of  the  four  equations 

dI^^dL_     dr dL     dJ^_dI^      dy dL 

dl       dl"     dl"     dL"    dl        dr'     dl  rfT' 

The  angle  between  the  planes  of  the  orbits  of  Jupiter  and  Saturn  is  about 
1^^.  This  is  small  enough  to  make  the  terms,  which  are  multiplied  by  tiie 
square  of  the  sine  of  half  it,  and  which  are  besides  of  two  or  more  dimen- 
sions with  respect  to  disturbing  forces,  practically  insignificant.  Thus,  while 
we  are  engaged  in  developing  those  terms  of  the  coordinates  which  demand 
the  highest  degree  of  approximation  relatively  to  disturbing  forces,  we  shall 
assume  that  the  planes  coincide;  the  determination  of  the  effect  of  non-co- 
incidence of  these  planes  being  reserved  to  the  end,  when  it  will  be  always 
sufficient  to  limit  ourselves  to  the  first  power  of  the  disturbing  force. 

[To  be  continued.] 
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[Continued  from  page  9.] 


Is  ilemoastratiDg  the  important  formulas  (23)  in  the  first  part  of  this 
ptper,  we  followed,  as  stated  at  p.  6,  the  analogj'  of  a  process  employed  by 
previous  writers  in  finding  a  "muItiDomial  formula"  for  the  case  of  one  va- 
^le.  After  he  work  was  printed  I  perceived  that  lor  our  present  pur- 
«  it  can  be  considerably  shortened,  without  making  it  less  intelligible. 
I  Let  OS  dispense  with  the  notation  of  a,  B  and  n  as  in  formulas  (4)  and 
Kf  and  designate  the  coefficients  of  the  first  power  of  the  polynomial  by  i 
p  in  (2),  while  those  of  the  k  power  are  represented  by  L  Then  the  given 
Bl3rnomial  is 

tl  its  expansion  to  the  it  power  is  denoted  by 

Differentiate  these  with  reBpect  to  ?,  and  in  the  first  of  the  two  equatioDs 


n  = 


^O' 


/iiU\ 
dU 


tolMtitute  the  expressions  for  u,  U,  ^  and  -j^.     This  gives  an  equation 

•imiUr  to  (10),  each  member  of  which  contains  the  product  of  two  rectan- 
gnlar  polynomials.  Forming  the  coefficient  of  ?~'i^  in  each  member,  and 
eqniting  the  two  to  eooh  other  by  the  principle  of  indeterminate  coefficients, 


-w*^— ,-Jsif-j^ 


1  m^.-_  V 


(24a) 


_  (t+m),t^..  ^(>+^.).^f— .)  I  (t— m)^.,  ^t,— nj^, 
(i+m)^.,^/(i+,).o+„,  I  (i— m)A„,_J(,_,.(y+,; 
Likcwi«e,  differentiating  u  and  U  with  respect  to  ij,  and  substituting  in 
1  of  the  equations  (8), 

l»^  a  Moond  equation  similar  to  ( 1U),  and  equating  to  each  ntlier  the  oo- 
«  of  fif*"'  in  the  product  in  each  member,  wo  have 


(24*) 


The  relation  existing  between  the  coefficients  X  and  I  which  form  the 
square  groaps  (22)|  is  expressed  by  these  equations  (24a)  and  (246).  Trans- 
posing in  each  of  them,  from  the  second  member  to  the  first,  the  portion 
which  does  not  have  the  coefficient  i  or  j,  and  rotating  each  table  thro'  180^ 
in  its  own  plane,  and  changing  the  signs  of  both  members,  we  get  the  de- 
sired formulas  (23). 

Now  when  the  exponent  k  is  made  very  large,  or  infinite,  the  coefficients 
/  of  the  expansion  become  ordinates  z  to  the  limiting  surface,  and  supposing 
them  to  be  set  close  together  so  as  to  be  consecutive,  dx  and  dy  are  repre- 
sented by  dx  and  dy,  and  (24)  reduces  to 

X  =  idxy  y  =jdy.  (26) 

The  square  group  of  coefficients  I  in  (22)  contains  (2m  +  l)*  terms,  and 
the  whole  expansion  contains  (2^+1)'  terms.  Let  k  be  made  an  infinity 
of  the  second  order,  as  in  the  analogous  case  already  cited  (Analyst,  Sept. 
1879,  p.  147).  The  limiting  sur&ce  will  then  extend  over  the  whole  ot  the 
infinite  plane  JSTF,  and  {2hm+iy  will  represent  the  whole  number  of  points 
in  that  plane,  or  the  whole  number  of  consecutive  ordinates  z,  while  (2m+l)' 
is  the  number  of  such  ordinates  included  in  the  square  group  under  consid- 
eration; so  that  the  portion  of  the  plane  XF  occupied  by  this  group  is  in- 
finitesimal, both  in  its  length  and  breadth.  The  corresponding  portion  of 
the  snr&ce  may  therefore  be  regarded  as  an  element  of  a  plane  surface,  that 
is,  an  element  of  the  plane  which  is  tangent  to  the  limiting  sur&ce  at  the 
middle  point  of  the  group.  Let  z  be  restricted  to  mean  the  middle  one  of 
this  square  group  of  ordinates,  answering  to  4,y  in  (22),  and  let  d^  and  d^ 
denote  the  differentials  of  z  taken  in  the  x  and  y  directions.  Then  the  val- 
ues of  all  the  coefficients  I  in  (22),  at  the  limit,  may  be  found  from  z  by 
successive  additions  and  subtractions  of  dja  and  c^,  and  will  stand  in  the 
rectangular  order 

^^±^.  \^±^±^.  (26) 

z — mdg^i — md^  \  z+majs — md^ 

Substituting  them  for  the  corresponding  values  of  Z  in  (23),  collecting  sepa- 
rately the  coefficients  of  z,  d^  and  d^  in  the  result,  remembering  that 


^— W,*! 


^^^^^^^   *^Ww 


^,m      


=  1  (27) 


since  the  sum  of  all  the  given  probabilities  b  certainty,  also  observing  that 
we  have  identically 


'  »(— "V^—  I      i»(inV—.-..  _  —M    m)i_^    |m(    m)^,^   -i 

"VL,    |m(-m)i '"°°'  J 

ig  flj,  a,,  ^j,  ^,  and  ;-  aj^  auxiliaiy  lettere,  thus, 


(28) 


I 1  mJ '  ' 

■(-")'j:.,-.lm'C'  '^' 

_i — m)m>i.^„  I  mjn)i„„ 


(30) 


l^ni)  writiDg  )b  instead  of /;-|-L,  which  is  permissible  because  k  is  inflnite,  we 
^ftalf  find  that  (23)  reduces  M  the  form 

Thew  an?  differential  etiuationB  of  the  limitiDg  surface  sought,  and  a,  ^, 

Ac.  are  mot^tant  parameters  whose  significance  we  now  inquire  into.     In 

■!l  of  iheni,  the  given  probabilities  X  occur  in  the  same  order  aa  In  (2)  and 

|22|,  and  regarding  thein  as  the  masses  of  material  points  in  a  system,  and 

ttking  the  Intervals  between  them,  4x  and  dy,  as  unite  of  distance,  we  see 

that  here  as  in  (3),  a^  and  tij  are  the  statical  moments  of  the  system  about 

the  Y  and  X  axes  through  the  middle  of  the  group.     If  therefore  the  given 

elementary  errors  are  so  distributed  about  the  point  of  no  error,  which  is  at 

liw  middle  of  the  group,  as  to  make  this  point  the  centre  of  gravity  of  the 

mton  of  masses  ^  tlie  statical  momenta  about  any  axes  through  this  centre 

I      will  he  null,  and  we  shall  have  a,  ^  0  and  «j  ^  0-     As  for  /Sj  and  ^3, 

the  masBes  <)  in  each  are  multiplied  by  the  squares  of  their  distances  from  the 

1       I'and  X  aie»  respectively,  so  that  ^j  and  (9j  are  the  moments  of  inertia  of 

^tbe  Ep)tem  about  those  axes,  and  they  also  represent  the  squares  of  the  radii 

^Htf  gyration,  sim-e  the  sum  of  all  the  masses  X  is  unity.    Lastly,  7-  is  the  sum 

^HTiII  the  prodnctH  formed  by  multiplying  each  ^l  into  Its  distances  from  the 

^Kf  and  A'  axes. 

It  if  proved  in  mechanics  that  if  we  have  a  system  of  masses  M  of  mat^ 
rial  pointH  in  a  plane,  and  draw  any  rectangular  axes  through  their  cen- 
tre of  gravity,  and  denote  by  m  and  v  the  coordinates  of  each  point  M,  the 
"free  axes"  of  tbe  system  in  that  plane,  or  the  principal  axes  through  the 
..    doXn  uf  gravity,  will  be  determined  in  position  by  the  equation 
2S{Mw) 


tan  'if  = 


(31) 
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where  ip  is  the  angle  which  a  free  axis  makes  with  the  assumed  axis  of  the 
abscissas  u.  (See  for  instance  the  demonstration  in  Wcisbaoh's  IfMofiiM.) 
If  the  free  axis  coincides  with  thb  axis  of  abscissas,  so  that  ^=0,  we  diall 
have  l{Mwo)  =  0.  Now  y  in  (29)  is  formed  in  the  same  way  as  i{Mwi)^ 
whence  it  appears  that  if  the  given  elementary  errors  are  so  distributed 
about  the  assumed  JSTand  Faxes  through  the  point  of  no  error,  as  to  make 
these  the  free  axes  of  the  system  of  masses  X^  we  shall  have  not  only  a^M) 
and  a,  =  0,  but  /^  =  0. 

Of  course,  if  the  distribution  of  the  elementary  errors  about  the  point  of 
no  error  is  entirely  arbitrary,  that  point  will  not  in  general  be  the  centre  of 
gravity  of  their  probabilities  ^,  and  the  assumed  JSTand  Y  axes  will  not  be 
free  axes.  If,  however,  we  suppose  these  X  and  Y  axes  to  be  rotated  about 
the  origin,  so  as  to  become  for  instance  parallel  to  the  fr«e  axes,  this  will 
make  no  difference  in  the  expansion.  When  the  positions  of  the  coefficients 
>l  in  a  rectangular  polynomial  such  as  (2)  or  (22),  and  those  of  the  coeffi- 
dents  I  in  ite  expansion,  are  referred  to  the  same  rectangular  axes,  thi«e 
positions  are  independent  of  the  directions  of  the  axes  so  long  as  the  origin 
remains  the  same.  For  example,  let  x^y^  and  a;,^]  "^  co-ordinajes  of  two 
given  points  of  error,  referred  to  horizontal  and  vertical  axes,  and  let  x\^'^ 
and  a;«v«  be  co-ordinates  of  the  same  points  referred  to  rectanralar  axes 
having  the  same  origin  but  making  an  ^gle  9  with  the  former,  ^tiply- 
ing  together  the  two  corresponding  terms  of  the  polynomial,  omitting  their 
coefficients  ^,  we  have  in  the  two  systems 

The  exponents  in  the  second  members  are  the  coordinates  of  the  place  of 
the  coefficient  of  the  product,  in  the  two  systems.  The  known  relations 
between  such  systems  of  coordinates  as  are  here  supposed,  are 

x^  =  a;\cos  0 — y'^sin  <?,        x^  =  x'^cob  0 — y^^sin  <?,      1  .««v 

y^  =  a?iSin  0+y\co8  <?,        y^  =  ajjsin  O+y'^oo^  0j     / 
and  addition  gives 

•'^i  +«2  =  (»i  +a?'2)coe  d—{y'^  +yi)8in  0,     \  ,^^ 

y  1  +y2  =  W  +«'2)ein  0+(j,\  +yi)cos  0.     i  ^     ^ 

These  equations,  being  of  the  same  form  as  (33),  show  that  just  as  x^y^ 
and  a;^^  1  are  coordinates  of  the  same  point  in  the  two  systems,  so  the  point 
whose  coordinates  are  a^^  +  ^3  and  y^  -f  y^  in  the  first  system,  is  the  same 
point  whose  coordinates  in  the  other  system  are  x\  -f  x'^  and  y\  +  y'^.  In 
other  words,  the  product  occupies  the  same  position  under  either  system. 
And  this  lieing  true  for  all  the  partial  products  which  make  up  the  total,  it 
appears  that  whatsoever  the  directions  of  the  assumed  rectangular  axes  may 


Uie  ongiD  being  uDcIiaaged,  the  places  of  the  «K>efScieiitii  iu  the  expunded 
polyooauAl  will  be  the  aame,  and  consequeutlyjthfl  limitiDg  Durfatxi  will  be 
noohanged. 

Suppoung  DOW  that  the  assumed  X  and  V  axes  have  been  rotated  so  as 
to  be  parallel  to  tlie  free  axes,  we  may  suppose  further,  that  wliJle  the  axes 
tvlaiD  this  new  direction,  the  origin  is  transferred  to  some  new  point,  for 
ijwtatioe,  to  tlie  centre  of  gravity  of  the  mnasea  1  This  also  will  make  no 
diffen-ace  in  tiie  positions  relatively  to  each  other,  of  the  coefficients  in  the 
«X|)aiw:on  lo  the  k  power.  The  only  diflerence  will  be,  that  relatively  to 
tbe  oiiKin,  the  whole  system  of  coefficients  in  this  expansion  will  be  trans- 
AoTsd  tJiroiigli  distances,  in  the  .r  and  y  dire<*iou9,  k  times  as  great  as  the 
■listancm  tJiroiigh  wliieh  tbe  origin  was  transferred. 

Tb«  change  of  origin  amounts  simply  to  increasing  or  diminishing  all  the 
aponaib  of  f  in  (2)  by  one  constant  uuml>er,  and  the  exponents  of  ^  by 
uotber,  and  this,  as  we  have  already  noticed,  does  ni)t  alter  the  values  of 
llie  ooefficienta  in  the  expansion.  If  the  expansions  in  the  two  systems  are 
ifiswardA  brought  together  so  as  to  coincide,  then  their  origins,  or  the 
placn  of  exponent  zero  in  each,  will  be  separated  by  intervals,  in  the  x  am\ 
H  dJf«ctions,  k  times  as  great  as  the  intervals  between  the  origins  in  the  first 
fewo-.  The  case  is  similar  to  thai  of  a  polynomial  of  one  variable,  as  treal- 
M  in  my  former  article  (Analyst,  Sept.  1879,  p.  146).  It  appears  there- 
fore, that  no  matter  what  point  is  taken  as  an  origin,  or  what  direction  Jsgiv- 
m  lo  the  rectangular  axes,  tbe  coefficients  in  the  expansion  of  the  given 
polynomial  are  always  the  same  and  iu  the  same  relative  positions,  and 
eooseqaently  their  limiting  surfaces  are  the  same,  differing  only  in  position 
nlitively  In  the  axes.  In  any  given  case,  we  can  choose  the  axes  which 
tn  most  conveaieut,  and  we  shall  choose  the  free  axes  oP  the  system  of 
MMBB  i,  tbe  origin  being  at  tbe  centre  of  gravity. 

To  ahov  that  oar  previous  demonstration  is  applicable  here,  we  observe 
ite  tbe  noite  uf  measure  Jx  and  di/,  which  form  the  intervals  Itelween  the 
ptaitioiie  of  sntxKseive  coefficients  X  in  the  given  polynomial  (2),  and  oorres- 
food  lo  difl«rences  of  unity  in  the  exponents  of  f  and  ^,  may  be  made  as 
nail  as  we  please,  or  even  infinitesimals,  without  acting  the  positions  of 
iIk  oneffidents,  provided  all  the  exponents  up  to  m  are  made  large  in  pro- 
pertioa.  Fractional  exponents  can  be  converted  into  whole  numbers  by 
ankiplyiiig  all  the  exponents  of  f  by  one  sufficiently  lai^  number,  infinite 
if  Beoeaary,  and  all  those  of  i;  by  another,  and  this  will  not  alter  the  values 
oftbc  ooefficienta  iu  the  expansion. 

Our  syatein  of  notation,  by  the  way,  represents  tbe  coefficient  of  any  term 
in  tbe  first  power  uf  the  polynomial  by  i  with  sub-indioea  equal  to  the  ex~ 


KJar  *  omhCmK  — ■ber  m  sQ  ^  apMBto  of  f  a^  MoAer  Id  Lhoee  of  f, 
^riW*  at*  «%&■  ^  be  mmit  tW  aidAe  afa  afMR  fokjm^ial,  by  adding 
ra«i  Mnaa  a  waMrirmt  ^imhtc  at  ubb  ■mUk  wen  ood&iaitB,  |o 
the  aq WRv    IfaK  lOHi  arv  jm^JulJ  bbcIt  to  Aow  that  tbe 
I  af  (he  doMHtntiatt  ar»  fBdsfiryl.  aryi  tfcirir  coeffiicients  /=0 

BifliWL  6r  ilaaai  thai  the  poly- 1 


iae  eBgaler  pmatt  of  the! 
■■n   •qoOT  into  wbieb  tfael 

ASCJ)  »  <STided  ■■  the  f 

[  Sgm,  and  ihatwewiA  t 

be  posteiaaB  of  the  axes  ■»  that  I 
i  of  beaf  paalle)  t»  the  ndcs  01 
■  e^aaf^  Hwh  tnor  origio  at  its  a 
*'|Kf  th^  •hall  have  oew  tfimdoae  aad  I 
a  new  nripn.  Describe  tbe  eqiure  E- 1 
FOH  with  it«i  centre  at  the  desired  i 
ririgin  oiwl  iw  side*  parallel  to  the  new  ai«s  and  large  eDoagti  lo  iueludi' 
wHhin  it  the  eqaare  ABCD.  We  may  wioceire  that  every  poiotoftbe 
phiiie  withia  thts  uew  aqnare  »  oceopied  b%- a  coefficient  X,  only  all  of  them 
■re  equal  to  xent  except  tboee  at  tbe  nine  angular  points  in  the  original  sq. 
ABCD.  All  that  our  demonstration  require?  13  (hat  the  coefficients  X  in 
tbe  f;iven  polynomial  should  form  a  §quare  group  with  one  term  in  the  cea- 
Ire,  themda  of  tbe  aquare  being  parallel  to  the  axesof  A' and  Y;  and  those 
ooodhiona  are  fulfilled  in  the  square  EFdH.  Tbe  nnmber  of  terms  which 
du  aqoare  contains  is  (2m  +  1  )'i  &t)d  m  here  is  of  course  infinite.  But 
the  relation  (23)  between  these  t«rnis  X  and  the  terms  /  in  any  square  group 
of  equal  size  in  the  expansion  wil  I  stil  I  hold  true,  when  the  prodacte  XI  are 
formed  in  the  manner  there  stated.  The  first  members  (if  the  two  last  eq'a 
in  {'I'i)  wit!  represent  the  moments  of  the  ^tem  of  products  Xl^  about  aaipi^ 
paming  through  the  centre  of  the  square  group  and  parallel  to  the  new«|flf 
of  X  and  Y.  The  numbers  i  and  j  will  represent  the  coordinates  ttf  ^^B 
centre  of  the  square  group  of  expanded  terms  I  in  the  same  Xand  Yvya- 
tfliD,  the  centre  of  the  whole  expansion  being  at  the  origin,  30  that  t  and  j 
may  be  any  whole  numbers,  up  to  infinity,  and  idx  and  jdy  are  tbe  ooordi- 
■  Data  thmrnttlvuf.  But  a  distance,  or  a  lever  arm,  is  not  altered  by  chaog- 
iof  the  mit  of  meuure.     It  makes  no  diSerenoe,  for  example,  whether  we 
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f  3  feet,  or  36  inches,  or  (36Xoo)  times  {1  inch  -f-  c«).     We  may  restore 

ID,  if  we  please,  in  (22)  and  (23),  the  finite  units  of  measure  Jx  and  Jy, 

i  and  /  as  finite  numbers,  only  they  will  now,  in  general,  be 

mml.     The  same  is  true  of  the  m  in  (26),  for  d^  and  d^  are  the  incre- 

auDtB  of  9  corresponding  to  those  increments  in  x  and  y  respectively  which 

are  equal  to  the  units  of  measure  Jx  and  Jy,  and  which  io  the  limiting  sur- 

&DB  arc  rcpreeented  by  dx  and  dy.     Thus  the  validityof  the  differential  eq's 

fi)  of  the  limiting  surface  remains  unimpaired  by  the  change  of  axes, 

1  it  is  Doderstood  that  the  moments  a,  ^,  7-  of  the  given  system  ot 

mX,as  expressed  In  (29),  are  now  to  be  taken  with  reference  to  the  nftw 

t  is,  the  free  axes  of  the  system,  while  the  coordinates  x  and  y,  or 

3  jdy,  refer  also  to  those  axes. 

ling  therefore  the  centre  of  gravity  of  the  coefiBcients  X  as  the  origin, 

I  tbelr  free  axen  as  the  axes  of  .Y  and  Y,  we  have  in  (29),  as  before  sta- 

1^  *t>'^i  ^^^  T  equal  to  zero,  and  (30)  takes  the  simple  form 

k^id^  =  —  «,  k^,d^  =  —jz.  (35) 

J  to  »  and  J  their  values  irom  (26)  we  can  obtain 

d^  _     — J^  ^  _     —ydy  .ofi. 

,"  i^,(dj)>'  z  k^^idyf  ^^  ' 

Aeoording  to  what  was  said  in  ronuection  with  (29),  ^^(dxf  and  ^^{dy)* 

nrpKEent  the  squares  of  the  radii  of  gyration  of  the  masses  X  about  the  X 

ud  YaM»t  when  Ax  and   dy  are  represented  by  dx  and  dy  at  the  limit. 

Let  Qrt  write 

r?  =  ^,{dx)\  rl  =  ^^{dyf.  (37) 

By  the  theorem  which  I  gave  in  Analyst,  May  1880,  p.  78,  kr\  and 
h\  represent  the  squares  of  the  radii  of  gyration  of  the  coefficients  /  in  the 
whole  expansion  to  the  k  power,  so  that  tj  \'k  and  r  j) '  A  are  the  "quadratic 
meaa  errors"  in  the  x  and  y  directions.  It  is  immaterial  to  the  validity  of 
that  theorem,  whether  the  radii  of  gyration  arc  taken  with  reference  to  axes 
puring  thrcugh  the  centre  of  gravity  and  parallel  to  the  A' and  Faxes 
oc^nally  assumed,  or  are  taken  with  reference  to  the  free  axes  which  stand 
A  an  angle  if  with  the  others,  for  if  the  positions  of  the  coefficients  in  the 
flnt  power  of  the  polynomial  and  its  expansion  are  referred  to  any  rectan- 
gular axes  with  origin  at  the  centre  of  gravity,  it  will  always  hold  true,  as 
in  mr  article  cited,  that  the  squares  of  the  radii  of  gyration  in  the  k  power 
•re  h  times  the  the  squares  of  the  corresponding  radii  in  the  first  power. 
In  that  demonstration  the  exponents  m,  n,  p  and  q  may  be  as  large  as  we 
film  I .  even  to  infinity,  and  the  units  of  measure  dx  and  dy  as  small  as  we 
•  infinitcsiinals.  Whatever  the  direction  of  the  axes  may  be,  the 
1  always  be  put  in  the  form  of  a  rectangle  with  sides  parallel 
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to  the  axes,  by  adding  a  snfficient  Domber  of  terme  having  isero  coefficientBy 
as  we  have  already  noticed. 

It  is  a  known  mechanical  property  of  the  free  axes,  that  the  radios  of 
gyration  is  a  maximam  aboat  one  free  axis  and  a  minimam  about  the  other. 
If  then  a  given  polynomial  is  raised  to  sacoessive  powers,  making  Jb  =  2, 
Jt;  =  3,  il;  =  4,  &c.,  and  the  coefficients  in  these  expansions  are  all  referred 
to  the  same  axes  passing  through  the  centre  of  gravity  of  the  coefficients  in 
the  first  power,  the  radii  of  gyration  in  the  k  power  are  |/i  times  what  they 
are  in  the  first  power,  for  any  given  position  of  the  axes,  so  that  they  are 
still  a  maximum  when  taken  about  one  of  the  free  axes  of  the  first  power, 
and  a  minimum  abeut  the  other.  Hence,  the  free  axes  retain  a  constant 
position,  in  all  the  successive  powers. 

If  we  now  write 

the  equations  (36)  become 

^  =  —  ihlxdx,  ^  =  — 2*|ydy.  (39) 

Z  9 

Their  integral  is 

z  =  ce-<*»*''+*^.  (40) 

They  are  readily  derived  from  it  by  differentiating  it  with  respect  to  x  and 
y  and  dividing  by  z.  To  find  the  value  of  c,  we  consider  that  as  the  sum  of 
all  the  coefficients  X  in  the  first  power  of  the  poljmomial  is  unity,  the  sum 
of  all  the  coefficients  z  in  its  expansion  to  the  i  power  must  be  unity. 
Hence  arises  the  condition 

j^r^'^'i'  (41) 

which  gives 


^^.-.-<fe/^-^dy=,l. 


The  known  values  of  the  two  definite  intends  are  |/;r-s-&x  &nd|/;r-4-&|,  so 
that  we  get 

and  the  complete  equation  of  the  limiting  sarfitce  stands 

^  _  *l*af^«-<»i«*f»A').  (48) 

[To  be  oontinaed.] 


MECHANICS  BY  QUATEBNIONS. 


BY    PROF.    B.    W.    HYDE,    ONIVERSITy    OF   CINCINSATI. 

[CoDtiniied  from  page  24.] 

Tuus  the  distance  of  the  center  of  gravity  aloog  *  is  wjiia!  tu  J  «'   tln^ 
ngectiot)  of  rfj  on  *',  along  ^'  to  3  -^  4n-  times  the  projection  of  tfj  on  ilic 
u>e  ofj  and  k,  while  the  distance  along  k  is  independent  ol  t^. 
For  the  c.  g.  of  the  surface  we  have  as  before 

1— U*    ^    I— U  +  U'+M^    ^    4 

rtere  «  ^  1 ;  which  value  is  to  be  substituted  in  the  above  equations. 
The  volume  whc«e  c.  g.  is  given  by  the  general  equation  above  is  bound- 
1  by  two  similar  hyperboloids,  two  circular  cones  having  their  vertices  al 
e  oripD  and  for  directrices  the  two  circles 

^  =  »"'*"^"'(*?  4-  t^eii^^"  and  ,/>  =  i^'{&i  +  (,s)r"^\ 
111  two  ))lane»  pastiiDg  respectively  through  tlie  origin  and  the  gencmtrix 
I  itB  initial  position,  and  in  it£  position  after  turning  thro'  the  angle  0, 
{i\)     Fruition. —  if  two  bodies,  being  in  contact,  have  motion  relatively  lu 
icb  other  a  resistance  to  this  relative  motion  is  <Ievcloped  which  is  called 
frietion.    If  one  body  rolls  on  the  other  the  resistance  is  called  rolling  fric- 
lioii,  if  it  glides,  the  resistance  is  called  gluiiny  friction.   The  latter  only  will 
be  berv  considered. 
Siiiiog  friction  is  generally  assumed  Ut  be. 

(a).     Directly  proportional  to  the  normal  prtttsure  between  the  bodies: 
(6).     Independent  of  the  area  of  the  surface  of  contact: 
[e\    lodependent  of  the  relative  velocity  of  the  two  bodies. 
These  laws  were  originally  stated  as  the  results  of  experiment,  but  later 
'Xpcriinvnt  has  shown  that  the  last,  at  least,  is  not  strictly  true.     Within 
«»H)oabIe  limits  however  they  are  probably  near  enough  to  the  truth  for 
frtscliral  purposes.    The  friction  we  have  to  consider  here  is  that  called  IwU' 
0lay  when  a  body  is  just  at  the  point  ot  beginning  to  move  upon  another; 
■  may  be  slightly  greater  than  the  friction  after  motion  has  been  cstab- 

,  Fi«t  consider  a  particle  resting  against  a  rough  surface  in  such  a  way 

1  the  forces  acting  on  it  press  it  against  the  surtiice. 
k  Xet  ,!>  be  a  vector  along  the  normal  to  the  surlace,  ,H  the  resultant  ul  all 
e  Joroee  acting  on  the  particle  except  fri?tion  and  the  normal  pressuri'  of 
'  mtivx  against  il,  ,N  this  normal  pressure,  and  ,F  the  friction  cnllcl 


—60— 

into  play.    Then,  as  in  equation  (6),  we  ahall  have  for  equilibrium 

V^v{,B+,F+,N)  =  VA,B+,F)  =  0,  (73) 

the  term  F^v^^  being  dropped  because  equal  to  zero.  Also  since  ^Faots  tan- 
gentially  to  the  sur&ce,  we  must  hve  S^v^F  =  0,  therefore  by  (73) 

,v,F  =  8,i^,F+  V,v,F  =  -  V,v,B,  or  ^F  =  -,^^  V,v,IL       (74) 

Elquation  (74)  expresses  the  friction  actually  called  into  play  so  long  as 
the  particle  does  not  move.  By  the  first  law  given  above  the  greatest  am't 
of  friction  that  can  be  called  into  play  is  a  multiple  of  the  normal  pressure, 
i.  e.,  JP*=  [iN^  in  which  /£  is  a  numerical  multiplier  determined  experimen- 
tally and  called  the  coefficient  of  friction. 

Tlie  normal  pressure  must  be  equal  and  opposite  to  the  component  of  yi2 
along  yV,  1.  e.,  fN=  — jV'^S^v^B;  therefore 

in  which  the  upper  or  lower  sign  is  taken  according  as  the  angle  between ,. 
and  yi2  is  acute  or  obtuse.    Comparing  this  value  of  F  with  (74)  we  have 

TV,p,B  ±  fitSjP^B  =  0,  (76) 

as  the  limiting  condition  of  equilibrium  when  the  possible  friction  is  all 
called  into  play,  and  the  particle  is  at  the  point  of  starting. 

The  particle  will  remain  at  rest  so  long  as  TV^VjB  is  not  numaically 
greater  than  /iS^p^B.  If  ,B  be  r^arded  as  variable  and  ^p  constant  eq'n 
(75)  becomes  the  equation  of  a  cone  of  revolution  about  ^p  as  axis,  withini 
or  on  the  sur&oe  of  which  ^B  must  remain  if  the  particle  is  not  to  move. 

If  the  surfikce  be  a  plane  inclined  at  the  angle  a  at  which  the  partide  is 
at  the  point  of  starting;  if  e  s=  U^p  =  vector  perpendicular  to  the  plane, 
drawn  so  as  to  make  an  acute  angle  with  ^  W,  the  weight  of  the  particle,  and 
jB=z,W;  then  by  (76)  TVt,  W+fJtSt,  TT  =  0,  or 

f" — ^=*-«-  ^^«) 

a  is  called  the  angle  of  friction. 

Particle  Conttramed  to  Bemain  on  a  Bough  dune. — We  have  by  Equa- 
tion (4),  since  8,Ny(t)  =  0, 

8{,B+,F),f{t)  =  0.  (77) 

Henoe,  a8lV,Fy{t)  =  0,  we  have  yi^yf '(<)  =  —8jBff'{t);  therefore 

\F=  -lf'{t)r^8,By{t)'.  also  ,iV  =  -Lf '«)]-»  Vy{t),^ 

in  the  limiting  case,  when  F  has  its  greatest  value.  The  signs  are  to  be 
taken,  as  before,  so  as  to  make  the  right  hand  member  positive.  We  have 
fihus  for  equilibrium. 

fiTV,By{t)  ±.8,B,ip\t)  >  or  =  0.  (78) 
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,  if  the  particle  is  to  remain  at  rest,  ,Ji  must  be  outfiide 
r  cone  whose  equation  is 

/^TV,p,f\t)  ±  S,p,f'{t)  =  0, 
whieh  ( is  taken  4X>DBtaat,  and  ,if'{i)  is  a  vector  along;  the  axis,  nr  else  on 
t  Hirlace  of  this  cone. 
I  (33^     EquiUbrivm  of  lnextensti>le  FlexihU  Stringe. — By  a  flexible  string 
(11  beanderBtood  one  which   offers  no  resistAi ice  whatever  to  bending. 
^  The  croae-section  of  the  strings  treated  will  be  regarded  as  very  small  in 
nparison  with  their  length.    liet,P  be  the  pull  or  tension  at  any  {xtintof 
e  string.     It  will  evidently  act  tangentially  to  the  string,  so  that 

'        ld,p        as         ' 

In  treating  this  subject  we  shall  use  primes  to  indicate  diflerentiation  with 
rtspert  to  m,  the  length  of  any  portion  of  the  string,  as  above;  thus  ,P'  = 
d^  -¥■  da,  etc.  ,P'  is  then  the  rate  of  variation  of  ,P  as  we  go  along  the 
ariDg,and,  if  this  be  multiplied  by  3»,  we  have  the  total  variation  of  ,P  in 
the  infinitesimal  distance  ds. 

In  order  that  the  element  8a  may  lie  in  equilibrium  the  sum  of  all  the 
rants  acting  on  it  must  be  zero,  Ijet  ^RSg  he  the  resultant  of  all  the  exte- 
rinr  forves  acting  on  the  element:  then  the  other  forces  are  ,P  at  one  end, 
ud  —  ,P  -f  ,/*'iJ»  at  the  other;  therefore 

,P+,Rdi,—,P+,I"ds  =  0,  or  ,P'+,R  =  0.  (79) 

tthence  ,P=~f,Rds.  (80) 

.K*  we  have  seen  above  that  U,P  ^  ,p',  we  have 

•'"  "  ti'''!'' )  =  ^''P'+P'r"  =  -R-  (81) 

If  ,r  is  tile  vector  radiiu  of  curvature  of  the  string  at  the  end  of  ,p,  we 
kie  (Tail"!  Qnat.,  Art.  283) 

,!•"  =  — '-' ;  •••  P'iP'—PK'  =  —,R-  (82) 

If  P  be  constant,  so  that  i"  =  0,  this  equation  shows  that  ,if  acts  along 
tbe  principal  normal  to  the  curve,  and  that  R  varies  as  1  -,-  r.  Operate  on 
ailbjr&r.B,/; 

.■ .  S,R,p' ,p"  =  0,  (83) 

b  fliiows  that  ,R  always  lies  on  the  osculating  plane  of  the  curve. 

e  on  (81)  by  S.y-,  then,  since  T,p'  =  1   and  S,ii',fi"  —  0  (Tait's 
,  Art  282),  we  have 

P-  =  S,R,p',  or  P  =  fs,Bd,p.  (84) 

9  on  (81)  by  S.,/i" i  .■.  P,jr)"'=  —S,By.  or 

P=—  a,B,p"-'  =  +  S,R,r.  (86) 


—Si- 
Comparing  (84)  with  (86)  we  have 

S,i2/'-i  =  —fs^Rd^p.  (86) 

This  being  a  relation  between  jp  and  ,R  indq>endent  of  jP  is  the  equa- 
tion of  the  curve  of  the  string. 

Suppose  as  a  particular  case  that  the  string  lies  in  the  plane  of  %  and  j^ 
and  that  ,B  is  parallel  toj;  so  that  8k^p  =  Sk^p'  =  8k ,R  =  0,  and  Si^R 
=  0,  or  ^fi  ==  dz  Rj.    Then  by  (79) 

8i,P'  =  0;  .  • .  8i,P  =  PSifp'  =  constant  =  —  JH,  say, 

.  • .  P  =  —  H-^Siy.  (87) 

It  appears  therefore  that  when  ^R  is  parallel  to  j  the  horizontal  compo- 
nent of  the  tension  is  always  constant.     Again  by  (79) 

(88) 
The'  upper  or  lower  sign  of  the  last  member  is  to  be  taken  according  as  fi 
acts  upward  or  downward. 

As  another  special  case^  let  the  force  act  from  or  towards  a  fixed  point 
If  the  origin  be  taken  at  this  point  we  shall  have  /R  =  ±,RUfP^  according 
as  the  force  acts  from  or  towards  the  origin. 

By  (83)  Sfpfp'fp"  =  0,  which  shows  that  the  string  lies  in  a  plane  thro' 
the  origin.     By  (84)  and  (85) 

P  =  ±fR8U,p.d,p=  ::^fR8d,p.U,p''^  =  ^:  ^ RdT.p  =  :^  ^  Rdp 

:=  q;:  R8U,p.y'-K      (89) 
This  is  the  equation  of  the  curve  of  the  string.    We  may  however  derive 
the  equation  in  a  form  not  involving  ,/o".    We  have  by  (79) 

,P'  =  —,R  =  ip  RU,p;  .  • .  VjP^P'  =  0, 
Now  Vy^P  =  Py^p'tP'  =  0;  .'.  adding  and  int^rating  VfPfP^=^*fi; 

.  • .  TV,p,P  =  PTV,py  =  c, 
whence  by  comparison  with  (89) 

P  =  c(TV,p,p')'^  =  T  fpdp.  (90) 

This  equation  gives  by  integration  the  curve  of  the  string,  and  wiU  give 
the  same  curve  whether  the  upper  or  lower  sign  of  the  right  hand  member 
l)e  taken.  The  sign  ought  to  be  so  taken  however  as  to  make  the  int^ral 
/Bdp  positive. 

(33).  Let  us  now  apply  our  general  equation  to  the  case  of  a  string 
stretched  over  a  curve.  We  will  first  suppose  the  curve  smooth  and  the 
string  without  weight.     On  account  of  the  smoothness  of  the  curve  the  only 


Mtion  poesiblt^  between  it  and  the  »trm^  will  be  in  the  direction  of  the  ptia- 
4ipd  normal   to  the  riirve  at  the  point  considereti.     Call  thin  action — 
'  VUfir,  minii^  l)ecaiise  ,r  is  directed  inwards.     Then 
,R=—  NIJ,r  =  —  NU,p", 

P'>p'  +  P.r"  =  ^^'iP"y  or  P'.P'  =  {N-Pr-')U,p". 
This  equation  can  only  he  satisfied  by  equating  to  zero  separately  the  oo- 
tfficieate  of  ,f>'  and  Uji".     Thus  we  have 

P  =  constant,  and  N  =  Pr^  ^  (91) 

The  total  presBure  on  the  curve  will  be 

^Nds  =  fpr-^ds-  (92) 

If  we  consider  the  weight  of  the  string,  we  shall  have  ,R  ^  —  NU,f" 
—  Wj,  ifjbe  a  vertical  unit  vector  and  If  be  the  weight  of  a  unit  of  length 
-*f  the  rtring.  By  (84)  P'  =  '%R,f>'  =  —  W8jy ;  and  by  («5)  P  = 
— S,fty->  =  5(JVt?,|0"+ H^V'^*  ^■rN—WSj,r.-  whence 

P  =  rN—  WSj,r  =  —  wfsjd.p.  (93| 

As  the  ei|uation  of  the  curve  is  known  ,r  and  d,p  are  known,  and  there- 
i"n  P  and  N  may  be  found  by  (93), 

Fiaally,  gupjrase  the  curve  to  be  rough,  then  on  each  elemeot  S,fi  of  the 
ttriig  there  will  act  a  force  of  fric^on  equal  to  —ftNUd^p  =  — pN,p' ;  so 
lliU,fl=  —  NU,p"—Wj--itN,p'.     Hence  by  (84) 

P'  =  8,R,i>'  =  —W8j,p'-i-pN.  (94) 

By  (85)  P  =  S,R,r    =  -  WSj,r  +rN.  (95) 

Elimioating  N  between  (94)  and  (95)  we  have 
P'—^P  = 


W8j(/iU,p"- 


(B6) 


1  differential  equation  for  determining  P.  These  equations  hold  (or  tortu- 
<m  as  well  as  plane  curvcE. 

We  will  next  consider  the  caae  of  a  string  stretched  over  a  smooth  sur- 
faft.  The  action  between  the  string  and  surface  must  be  normal  to  the 
■flrface;  therefore  let  — NV/t  be  this  normal  pressure,  and  let  ,Q  be  the 
molunt  of  all  the  other  tbrcea  acting  on  the  string  per  unit  of  length. 

Tbpr,fi=  ,Q  —  NU,u,  vh\ch  in  (86)  gives 


^t  hy  (83) 


=  0  =  S,p',p%Q-NU,u]; 


Snbfltitaing  this  valoe  of  i^  in  the  previouB  equation  and  reducing  we  have 

8{,Q+yfs,qd,p)y,t,^0,  (97) 

a  differeDtial  equation  for  determining  the  curve.  If  ^Q  is  normal  to  the 
surface  and  =  CyW,  say,  then  8,  Q,p'f^  =  0,  and  therefore  8jp',p'\u  =s  0,  so 
that  the  normal  to  the  surface  lies  in  the  osculatory  plane  of  the  carve,  a 
property  of  the  shortest  line  that  can  be  drawn  on  the  surface  between  two 
points  of  it. 

(34).  Extensible  8tring9, — Under  the  action  of  a  force,  small  compared 
with  that  which  will  break  it,  a  string  is  found  to  be  stretched  to  an  amount 
very  approximately  proprtional  to  the  applied  force.  Thus  if  «  is  the  ori- 
ginal length  of  a  straight  string  and  the  forces  P^  and  P,,  applied  at  one 
end  in  the  direction  of  its  length,  stretch  it  to  the  lengths  Si  and  «,  respect- 
ively, the  above  law  is  expressed  by  the  equation 

If  this  law  be  supposed  to  hold  for  forces  of  atiy  magnitude,  and  P,  be 
so  taken  as  to  stretch  s  to  double  i(s  original  length,  so  that  8^  =  2«,  then 
P,  is  called  the  modulus  of  elasticUif,  and  is  usually  represented  by  E.  If 
we  call  the  stretched  length  of  the  string  <7,  and  drop  the  suffix  of  the  Pj, 
our  formula  then  becomes 

^— «  =  «PJ5-^  (98) 

All  the  equations  previously  found  apply  equally  well  to  extensible  st'gs 
if  we  consider  them  after  the  extension  has  occurred.    Thus  (79)  becomes 

^i  =  -  '«u  (99) 

in  which  ^B^  is  written  instead  of  ^B  because  the  mass  of  a  unit  of  length 
of  the  string  is  changed  by  the  stretching.  To  express  ^B^  in  terms  of  the 
mass  before  stretching,  le(  jB  &=  m^q,  and  ^B^  s=  ff^uq^  ftnci  let  is  and  da 
be  the  original  and  stretched  lengths  of  an  element  of  the  string.  Then 
m»8  =  fiii*r,  and  by  (98)  8a  =  8^1  +  PE-^);  . •.  iii«=iiii(H-Pj&-i), 
and  jBi  =  m,q{l  +  P^-^  )-* ,  whence 

^  =  T-  m/iE{P+Er^ .  (100) 

(36).  Examipkt. — 1'\  Common  Catenary.  This  being  the  curve  of  a 
uniform  string  hanging  freely  and  acted  on  by  its  own  weight  only,  we 
shall  have  B  ss  — 10;,  in  which  10  is  the  weight  per  unit  of  length. 

By  (79)  ,P'  =  wj;        ..  ,P  =  wju  +  -»,  (101) 


B;  (88)  R  = 


=  »»        Uny  , 


s  the  angle  be- 


Kence  tan  ^  =  a  -i-  A,  no 
This  is  the  iiitrifunc  eq.  uf 


— SS— 

wfaidi  Hi  ia  the  citnstant  of  iotegratioD,  lieiug  the-valueo(\Pwhtta  s:=0 
«  be  meaeured  froin  the  lowest  point  of  the  string.     Taking  teasora 
P  =  v/(w'«>  +  m). 

By  (84)  P  =  —wjsjd,p  =  —  wSj,p  +  H, 

wbiob  W  is  the  value  ol'  P  already  found  when  ^  =  0.  Put  H—  Aw,  «> 
at  B  \a  meaeured  in  terme  of  the  weight  per  uDtt  of  length  of  the  striug, 
id  equate  the  values  otPjust  found;  heoce 

«*  =  S^jj>  —  '2hS}j>.  (102) 

'■"5(87;- -a' 

th«  tangeDt  to  the  curve  and  the  vector 
at  beiug  required  if  «  ^  0  when  f  -^Q 
the  catenary.     We  have  also 

j(laDp) f^tan^)  Sirf/i (/(laD^)   ,-..    .  _  net^ifdif 

da  di~'«rf/i         my'   *•''   ~        'Sidji*^'^' 

Henoe — hsecipdf  =  Std^p,  and  integrating, 

— Sij"  =  Alog(sec^-ftanf)  =  A  log  [{«-^A)  +  |/l+(«-i^»].   (103) 
Tbe  coDstant  will  be  zero  if  .Sty*  =  M,  when  ^  ^=  0. 

If  in  (102)  the  origin  be  taken  at  a  distance  A  below  the  lowent  |H>iDt  of 
Ateartt  inntead  of  at  that  poiut,  the  equation  becomes 

»'  =  —h'-i-S^jj>.  (104) 

Iff  be  eliminated  between  (103)  and  (104)  we  have 

-Sj>  =  (4[.'-'*>+.-»-'-*-"].  (105) 

?*.  Let  the  string  be  such  that  portions  whose  liorizoutal  projectlous 
■K  equal  have  equal  weights.    Then  ,Ii  =  CjSiip',  and  by  (88) 

'^^(l^)  =-»■>•• 

htoK  BSjj/  =  —  csijfSiji, 

d  'iBSjj.  =  —  CS>i>  (106) 

There  will   be  no  constant  in  either  integration  if  the  origin  be  taken  at 
e  lowest  point  of  the  string.     The  equation  is  that  of  a  parabola,  on  the 
ndition'preBappoeed  that  Sk,/'  —  0.     Without  this  condition  it  would  be 
U  ofa  parabolic  cylioder. 
Abo  by  (79)  ^P'  =  —  ,R  =  —  Cj8iy  : 

.-.  ,P  =  —CjSi,p  +  Hi, 
wbiofa,  M  tielure,  Hi  is  the  value  of  ^P  at  the  lowest  point. 
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THE  MOONS  OF  MARS,  AND  THE  NEBULAR  HYPOTHESIS. 


BY  PLINY  EARLB  CHASE^  LL.  D. 


In  the  January  number  of  the  Analyst,  Professor  Kirkwood  says: 
''Since,  therefore,  the  satellite  obuld  never  have  existed  at  its  present  dis- 
tance in  a  nebular  state,  it  must  follow,  if  any  form  of  the  nebular  hypoth- 
esis is  to  be  accepted,  that  its  original  distance  was  much  greater  than  the 
present." 

Similar  statements  have  often  been  made  by  others,  and,  as  they  indicate 
an  apparent  misconception  of  some  of  the  activities  of  elastic  media,  it  may 
be  well  to  inquire  whether  they  are  strictly  correct. 

Sir  John  Herschel  states  his  father's  hypothesis  as  follows.  ''Admitting 
the  existence  of  such  a  medium,  dispersed  in  some  cases  irregularly  through 
vast  r^ions  in  space,  in  others  confined  to  narrower  and  more  definite  lim- 
its, Sir  William  Herschel  was  led  to  speculate  on  its  gradual  subsidence  and 
condensation  by  the  effect  of  its  own  gravity,  into  more  or  less  r^ular  spher- 
ical or  spheroidal  forms,  denser  (as  they  must  in  that  case  be)  towards  the 
centre.  Assuming  that  in  the  progress  of  this  subsidence,  local  centres  of 
condensation,  subordinate  to  the  general  tendency,  would  not  be  wanting, 
he  conceived  that  in  this  way  solid  nuclei  might  arise,  whose  local  gravita- 
tion still  further  condensing,  and  so  absorbing  the  nebulous  matter,  each  in 
its  immediate  neighborhood,  might  ultimately  become  stars,  and  the  whole 
nebulse  finally  take  on  the  state  of  a  cluster  of  stars.  .  .  .  Even  though  we 
should  feel  ourselves  compelled  to  rgect  the  idea  of  a 'gaseous  or  vaporous 
'nebulous  matter',  it  looses  little  or  none  of  its  force.  Subsidence,  and  the 
central  aggr^ation  consequent  on  subsidence,  may  go  on  quite  as  well  am'g 
a  multitude  of  discrete  bodies  under  the  influence  of  mutual  attracti<Hi|  and 
tieeble  or  partially  opposing  projectile  motions,  as  among  the  particles  of  a 
gaseous  fluid."     (Outlines  of  Astronomy,  Sect.  871.) 

Soon  after  his  discovery,  Prof.  Asaph  Hall  sent  me  the  query:  ''Will  the 
inner  moon  of  Mars  fall  into  harmony  or  will  it  make  a  discord?" 

I  believe  that  the  tendency  of  inertia,  in  all  elastic  media,  to  form  har- 
monic nodes,  is  so  great  that  the  evidence  of  such  nodes  must  be  diaoovera- 
ble,  wherever  we  look,  both  in  cosmical  and  in  molecular  phenomena.  As  a 
necessary  consequence  of  such  subsidence  as  Herschel  supposed,  there  must 
be  an  acceleration  of  velocity  in  all  the  nebular  particles,  the  acceleration  be- 
ing more  rapid  in  the  nucleus  than  near  the  outer  surface  of  the  nebula. 

Many  indications  point  to  the  simultaneous,  or  nearly  simultaneous  ini- 
tiation of  numerous  planetary  centres,  and  it  is  very  doubtful  if  rither  of 


two-plaoet  belte,  exrapt,  perlmps  that  of  Neptuue  and  Uranus,  will  be 
long  regarded  as  having  been  "thrown  off"  by  the  mere  increase  ofcentri- 
fngal  velocity.  But  if  the  separation  is  owing  to  the  velocity  acquired  by 
BobBidtinve,  a  satellite  may  have  any  velocity  which  can  be  maintained  by 
Mabltf  bamionic  action. 

One  <^f  the  Bimplest  souroes  of  harmony  is  the  division  of  a  linear  peudu- 
iiilo  three  eqnal  parts,  and  the  synchroDTsm  of  vibratiun,  whether  the 
made  at  the  extremity,  or  at  either  of  the  dividing  points.    In 
of  Mar^,  if  we  start  from  a  point  near  ihe  theoretical  beginning  of 
oondensatioD  fur  the  outer  satellite  (see  Phil.  Mag,  for  Oct.  1877, 
S&2),  and  fake  a  series  of  harmonic  divisors  of  the  (brra  </^,  =  3t/, 
,,  we  find  the  following  accordances: 

Divisors.  Quotients.         Observed. 

J  l:J.700         13.6S2  =  Nebular  radius. 

2  6.850  6.846  =  Deimus. 

.5  2.740  2.730  =  Phobus. 

14  .979  1.000  =  Semidiaraet«r. 

41  .334  .333  =  Centre  of  radial  occil'n, 

122  120.560  =  Moon's  major  axis. 

366  365.256  =  Terrestrial  year. 

The  reason  for  the  accordance  of  the  terrestrial  and  lunar  harmonies 
with  those  of  the  Martial  system,  may  be  understood  by  considering  that 
tile  Earth  is  midway  between  the  secular  perihelion  of  Mercury  and  thesec- 
ihrapbelioD  of  Mars,  and  is,  therefore,  the  centre  of  tJie  belt  of  greatest 
PidfiiaatioH  in  the  solar  system. 

Note  on  Prof,  A.  Hall's  Query  in  Vol.  VII,  No.  4,  by  Prof. 
I,  T.  Eddy.— The  eight  values  which  T/*v  assumes  at  the  surface  of  an  at- 
ncting  body,  when  v  is  the  [mtential  due  to  the  attraction  of  the  body  are 
Kplaincd  in  sufficient  detail  in  Mr.  Tndhunter's  History  of  the  Theory  of 
Ittraetion  and  Figure  of  the  Earth,  In  chapter  XXXI,  which  he  de- 
Km  entirely  to  the  consideration  of  this  function  of  v,  he  discusses  the 
TOOKKM  result  — 2ff/»  obtained  by  Pois9on,a8  well  as  the  erroneous  results 
HaiiMd  by  Ostragradsky  at  singular  points  of  the  surface. 

I  ot^ecC  to  the  statement  made  bv  Mr.  Stone  in  answer  to  this  query  in 
*oL  Vir,  No.  5,  where  he  states  that_  these  eight  values  are  obtained  on 
ie  mppoeition  that  the  second  differential  coefficients  of  c  with  respect  to 
,  y,  s  are  independent.     The  word  tndependent  does  not  correctly  convey 
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the  idea.  Each  of  the  three  differential  coeiBoients  of  v  has  two  dUtindt 
values^  the  one  derived  from  v^,  the  potential  outside  the  body^  the  other 
from  v,,  the  potential  inside  the  body.  According  as  we  select  one  or  an- 
other set  of  values  to  make  up  SJh)  we  arrive  at  one  or  other  of  eight  dis- 
tinct values,  six  of  which  have  no  physical  significance,  and  the  remaining 
two,  0  and  —  4;r/>  are  said  to  hold  at  a  point  on  the  surface,  in  the  sense 
that  however  near  the  point  be  to  the  surface  on  the  outside  the  vulue  is  0, 
while  however  near  the  point  be  to  the  surface  on  the  inside  the  value  is 
—  47:p. 

Answer  to  Query  at  p.  16  by  H.  Heaton,  Perry,  Iowa. — Put  t?= 
the  volum,  and  w  =  weight  of  the  portion  of  the  stack  above  any  stratum. 
Then  the  volume  and  weight  of  the  stratum  will  be  represented,  respective- 
ly, by  dv  and  dw»  Let  n  be  the  ratio  of  weight  to  density,  or  density  =:ntr. 
Then  dw  =  nwdv,  or  dw-i-to  =  ndv.  Integrating,  logw  =  ni?+c.  When 
V  =s  0,  tr  =  0  and  log  w  =  — oo ;  .  • .  — eo  =  c.  Whence  it  appears  that 
unless  we  make  an  additional  assumption  the  division  cannot  be  made. 

If  we  assume  that  a  toeighty  6,  however  small,  is  placed  on  top  of  the  stack, 
then  when  v  =0  w=6,  therefore  c  =  log 6,  and  log  {w-r-b)  =  nvlw  =  6«*'. 

If  Trand  Fbe  the  weight  and  volume  of  the  stack,  W  =  6(«*''  —  1). 

If  Vi  and  Vj  are  respectively  J  and  §  the  volume  of  the  stack, 
J6(e"^— 1)  =--  6(e""»— 1),  and  §6(6"^— 1)  =  6(e"'^— 1); 
.-.  t?i  =  log[i{2+0]-^w  and  v^  =  log[J(l+2«*^)]-5-n. 

[Professor  De  Volson  Wood  answered  this  query  in  a  similar  manner.] 


Note  on  "Reply  to  Criticisms."  (See  p.  10).— Mr.  Christie  dissents 
to  the  conclusions  arrived  at  by  Prof.  Wood,  and  insists  that  his  criticisms 
are  in  all  respects  valid  and  un-refuted  by  the  Keply.  We  think  it  best, 
however,  not  to  prolong  the  discussion  in  the  Analyst,  as  such  of  our 
readers  as  are  interested  in  the  subject  can,  doubtless,  draw  satisfactory  con- 
clusions from  what  has  been  said. — Editor. 


Solution  op  Prob.  331  by  W.  E.  Heal. — Denote  the  given  curve  by 
BCD.  Form  its  reciprocal  with  the  point  0  as  origin,  and  denote  this  re- 
ciprocal by  R8T,  Let  «  be  a  multiple  point  of  the  curve  RST.  Then  the 
point  p  in  which  OS  meets  BCD  will  be  a  point  of  contact  of  a  mult.  tang, 
of  BCD.     Now,  the  Hessian  of  RST  passes  thro'  all  mult,  points  of  B8T. 

Therefore  the  reciprocal,  with  respect  to  0,  of  this  Hessian  passes  thro* 
all  the  points  of  contact  of  the  multiple  tangents  of  BCD.  In  like  manner 
it  is  seen  that  it  eiko  passes  thro'  the  p'ts  of  inflexion  of  BCD.     Q.  E.  2>. 
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SOLUTIONS  OF  PROBLEMS  IN  NUMBER  ONE. 


SoLirriONB  of  problems  in  number  one  have  been  received  as  follows: — 
From  Prof.  L.  G.  Barbour,  335,  337;  Prof.  W.  P.  Casey,  332,  333;  G. 
M.  Day,  336;  Geo.  Eastwood,  336;  Wm.  Hoover,  332,  333,  335;  A.  Hall 
(son  of  Prof.  A.  Hall),  335;  H.  Heaton,  333;  W.  E.  Heal,  332,  333,  334, 
336;  Prof.  J.  H.  Kersbner,  334;  Prof.  D.  J.  Me  Adam,  335,  336;  Prof. 
J.  ScheflTer,  333,  335;  Prof.  E.  B.  Seitz,  333,  334,  335. 


332.    ^^Find  all  the  values  of  a;  and  y  in  the  following  equations : 

X  +a^  =  18,  (1) 

xy+xy'^^  12/'  (2) 

SOLUTION  BY  W.  E.  HEAL  MARION,  INDIANA. 

Multiply  the  first  equation  by  2,  the  second  by  3,  subtract  and  divide  by 
2  and  we  have 

2(y»+l)-3y(y+l)  =  2(y+l)(y*-y+l)-3y(y+l) 

=  (.V+l)(2»'-5y+l)  =  0. 
Therefore  y+1  ==  0  and  2y* — 6y+l  =  0;  therefore 

y  =  -l,2,    I; 
ar=    <^o,  2,  16. 


333.    "Find  the  value  to  x  terms  of  the  continued  fraction 

2 

1+2 


•'X 


1  +  &C." 
SOLUTION  BY  PBOP.  E.  B.  SEITZ,  KIRKSVILLE,  MO. 

Let  M,-j-v„  ii,+i  -<- v,+i,  u^2  -^  v^.^  be  the  rrth,  {x  +  l)th,  {x  +  2)th 
oonverging  fractions.    Then 

whence  m^j  =  2r,  (1),  v^^  =  w,+v,;  and  simiFy  v^^  =  w,+i  +v,+i .    (2) 
From  (1)  and  (2)  we  find  v^2  ^  ^*+i  +  ^^xy  an  equation  in  finite  differ- 
ences whose  solution  gives  r,  =  Ci(2)'+C2( — 1)'.  (3) 
When  ar  =  1,  vj  =  20i— Cj  =  1,  and  when  a?  =  2,  v^  =  40^  +  Cj  =3; 
whence  Cj  =  f ,  and  C,  =  i;  ,-.  r,  =  i{2^^±l),  u,=^2v,,^  =  J(2*+^:+:2), 

and  3=2^'_JL_2 

the  upper  sign  being  taken  when  x  is  even,  and  the  lower  when  x  is  odd. 
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334.  ''Pain  of  tangents  which  meet  always  at  the  same  angle  are  drawn 
to  a  given  ellipse.     Find  the  envelope  of  the  chords  of  contact." 

SOLUTION  BY  W.  E.  HEAL. 

Let  (a:*-^a^+(y*-7-6*)  =  1  be  the  equation  of  the  given  ellipse;  (a  cos  <?, 
6  sin  9),  (a  cos  ^,  6  sin  if)  the  coordinates  of  the  points  of  contact;  a  the  am- 
stant  angle  at  which  the  tangents  intersect. 

Then  the  equations  of  the  tangents  and  chord  of  contact  are 

(aj-=-a)cos^+(y-?-6)sin  fl  =  1,  (1) 

(aj-T-a)cos^-f(y-5-6)sin^  =  1,  (2) 

(x^a)  cos  \{ip-\-d)+{y^b)  sin  Kf +^)  =  cos  \(ip—0).       (8) 
By  a  well  known  formula  the  angle  between  the  tangents  is 

.  sin  0  cos  if  —  cos  0  sin  ^       i.     tn         \  ia\ 

tan  a  =    .  -^  .    ^— ^ ^  =  tan  (fl  —  f ).  (4) 

sin  9  sin  ^  +  cos  ^  cos  ^ 

.  • .  a  =  n;r  +  (fl  —  <p),  (5) 

.-.  f  =  (nTT—  a)  +  fl  =  2[J(n7r-a)]+fl=2j8+tf.  (6) 

Substituting  in  (3)  we  find  for  the  equation  of  the  chord  of  contact 

{x-^ra)  COS  ((?+/9)+(y-^^)  sin  (6+^)  =  cos  jS.  (7) 

Equating  to  zero  the  differential  of  (7)  with  respect  to  ^  we  have 

(y-^6)  cos  (tf +^)— (aj-^a)  sin  {d+^)  =  0.  (8) 

The  sum  of  the  squres  of  (7)  and  (8)  is 

Equation  (9)  is  the  required  envelope  which  is,  therefore,  an  ellipse. 


335.  "The  curve  whose  rectangular  equation  is  rc^  +  y^'  =  t^  revolves 
around  the  axis  of  x.  Determine  the  volume  of  the  solid  thus  described 
between  the  limits  a:  =  0  and  x  =  r." 

80LNTI0N  BY  A.  HALL,  HARVARD  CX)LLEGE. 

The  differential  of  the  volume  is 

dF=  ;ry2  dx; 

and,  substituting  the  value  of  y^  from  the  given  equation  and  int^rating, 
we  have 

Taking  the  limits  and  reducing, 
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336.  ''In  a  locomotive  engine  there  are  given  :  The  impressed  force 
of  the  steam  on  the  piston,  the  radius  of  the  crank,  and  the  length  of  the 
connecting  rod  :  To  find  the  uniform  ibvoe  which,  if  applied  at  right  angles 
to  the  end  of  the  crank,  would  do  the  same  work  as  the  impressed  force." 

SOLUTION  BY  PROF.  D.  J.  MC  ADAM,  WASHINGTON,  PA. 

Let  F  '•=  the  area  of  the  piston ;  S  =  distance  traveled  by  piston  before 
expansion  begins;  that  is,  before  steam  is  cut  off;  r=  length  of  crank;  8^ 
=  entire  length  of  stroke  =  2r.  And  let  p  =  steam  pressure  per  unit  of 
area  before  expansion,  expressed  in  atmospheres;  p^  =  steam  pressure  yter 
square  unit  of  area  after  expansion;  q  =  back  pressure  per  unit,  P  =  uni- 
iorm  pressure  on  end  of  crank  which  we  are  seeking. 

Then,  assuming  expansion  according  to  Mariotte's  Law,  the  complete 
work  of  the  steam  per  stroke  (Weisbach,  2nd  vol..  Part  second,  p.  366)  is 

A  =  FS,p,  [l  +log(|)-^J  =  .S,P„  say, 

in  which  pj  =  pS-^S^  and  9=1  for  this  non-condensing  engine. 

Now,  by  principle  of  virtual  moments  Prrr  =  S^P^  =2rP^ .  Therefore 
P=  2Pi-^r.  That  is,  the  uniform  force  is  S-t-tt  of  the  average  pressure 
on  the  piston. 

337.  "Required  the  constant  quantity  into  which  if  we  divide  the  j>cri- 
odic  time  of  any  planet,  multiplied  by  its  third  root,  the  quotient  will  l)e 
the  distance  such  planet  falls  from  a  tangent  to  its  orbit  in  one  second  of 
time:  i.  e.,  solve  the  equation,  • 

instant  quanti^    =  Fall  from  tang. 
(Periodic  timejt 

SOLTJTION  BY  PROF.  L.  G.  BARBOUR,  RICHMOND,  KY. 

Let  8  =■  space  any  planet  falls  through  in  1  second ;  P  =  2«  =  force  of 
gravity,  i  being  1  second;  T  =  number  of  seconds  in  periodic  time  of  plan- 
et; U  =  radius  vector;  and  let  a  =  semi-major  axis  of  elliptic  orbit,  then 
is  mean  value  of  i2  =  a;  and  we  have 

8=  iF=  Y^j^i  =    ya    ^^^  ™^"  ^^'"®  ^^  ^• 
Let  T'  =  1  second,  then,  by  Kepler's  third  law,  T'*  :  T^  ::  a'»  :  a»,  or 
1  :  T*  ::  o'*  :  a«;  .-.  T*  =  -^  T^=^\.     .-.  bT^  =  27r^a' 

where  a'=mean  distance  of  a  body  revolving  about  the  sun's  center  in  one 
second,  supposing  the  mass  of  the  sun  to  be  concentrated  at  its  center. 


QuEBY  By  Pbof.  J.  Scbeffeb. — "If  of  aDycurvn  we  find  lite  evolut^ 
and  of  the  latter  the  evolute,  and  bo  on  ad  infin.,  the  ultimate  evolute  ib  a 
cycloid.     How  is  this  proved?" 

AN8WER  BY  PROFESSOR  KEReHNER. 

The  evolute  of  a  cycloid  is  an  equal  cycloid  (Todhunter's  Int^^ial  Calc 
5th  ed.,  art.  114)  composed  of  two  equal  parts  which  we  not  o>ncurreut 
( Tod.  DifT.  Calc,  art.  359],  but  which  radiate  in  curvilinear  rayx,  from  €ttch 
extremity  of  the  original  cycloid  as  two  centers,  forever,  the  maximum  diat. 
of  two  succeeding  extremities  of  the  rays  l)etng  2r. 


Note  by  Prof.  Schbffer. — Mr.  EdUor:  The  proposition  on  page  71 
Vol.  IV,  demonstrated  by  you,  suggests  the  following: — 

Prop. — The  locus  of  the  focus  of  an  ellipse  or  hyperbola  which  rolls  on 
an  equal  ellipse  or  hyperbola  is  a  circle,  supposing  that  at  the  beginning  of 
the  motion  the  vertices  coincide. 

If  F,  F',  F",  O,  G'  represent  the  foci,  Pral 
tangent,  FPG'  and  F"PQ  are  obviously  strai't  I 
lines  and  of  constant  lengthy  viz.,  =  major  axis,  f 

The  locus,  therefore,  is  a  circle,  the  centre  of  I! 
which  is  the  other  focus  und  the  radius  of  which  I 
is  the  major  axis.  The  same  reasoning  applies  to  I 
the  hyperbola. 


PROBLEMS. 


739.  By  Qeo.  H.  HannJl.  Colfax,  La. — Required  the  average  distasoe 
from  the  center  of  a  circle  to  all  poiuta  in  the  sur&ce  of  a  sector, 

.340.    By  William  Hoover,  Wapahmeta,  Ohio. — Int«rrate  ^— 

'  r  -  -e,  sraiB  +  OOBir. 

141.  By  WiUiata  E.  Had,  Marion,  Ind. — Show  that  "Kvery  even  Dum- 
ber is  the  sum  of  two  prime  numbers,  and  eveiy  odd  number  is  the  sum  of 
three  prime  numbers."     Bartow's  Theory  of  Numbers,  page  259. 

342.  By  Prof.  Kerskner.— Prove  Schlomilch's  Theorem :  If  D„  2>», . . . 
iJ,  are  divisors  of  10*+1,  so  that  N^=  ^-^,  K  =  ^^-^,  -^-^  -*^^ 
the  k  digits  or  figures  of  the  whole  numbers  D, — 1,  i?» — 1,  i), — I  are  the 
t  first  fignres  of  the  circulator  or  period  of  ^,    j^,    ^,  respectively. 


(Sefecterf)  by  I'rof.  3.  T.  Eddy.—UE^  be  tlie  mm  of  the  wjuai-w 
r  the  edgs  of  a  tetraheilroD,  i^^  the  sum  of  the  squares  of  the  areas  of  the 
fiixs  and  I'  the  volume,  show  that  the  prindpal  semi  axes  of  the  ellipsoid 
iiucrilted  in  the  tetrahedron,  touching  each  face  in  the  ceoter  ot  gravity  atid 
luTtog  its  center  at  the  center  of  gravity  of  the  letrabedroD,  are  the  routs  of 

"         2*73      ^  2^3»  2^3  " 


=  0. 


3U.  By  Prof.  E.  B.  SeUz. — Through  each  of  two  points,  taken  at  ran- 
4o<n  within  a  circle,  a  random  chord  is  drawn;  find  (1)  the  prob'y  that  tlie 
cbordti  will  intersect;  and  (2)  if  a  third  random  chord  be  drawn  thro'  a  3d 
nodutn  p'l,  find  tlie  prob's  that  the  3  chords  will  intersect  in  0, 1,  2,  3  p'ta. 

3^5.  By  Prof.  IT,  W.  Johnson. — The  great  circle  from  A  (^j,  dj)  to 
J'  I  - ,  /  ^ )  losses  north  of  the  (larallel  of  latitude  ip^ ;  what  is  tlie  longitude, 
■  u.v  point  Pon  this  parallel  so  that  the  course  -li^jS shall  be  the  shorl- 
>■■'  ■-'■ii-H.'  Irom  4  to  £  which  does  not  pass  north  of  this  parallel? 

(^L'KRY  RY  H.  Heaton. — Ib  there  any  known  general  method  of  elim- 
iatboa  when  we  have  two  or  orore  equations  containing  two  or  more  unk'ii 
<juuitities,  the  equations  being  of  the  third  degree  or  higher? 


DETERMINATION  OF  A  MERIDIAN. 


BY  W.  L,  MAKCY,  V.  8.  DEP.  MIN  L  BORVEYOH,  LEADVILI.E,  COL, 

[  Tre  simplicity  uf  any  independent  calculation  for  the  azimuth  nf  Polaris, 
Niriog  nothing  but  a  few  tables  of  an  Ephemeris  or  Almanac  and  a  com- 
•  in  Sjiherical  trigonometry',  should  not  certainly  have  made  the 
n  a  forbidden  field  to  the  average  surveyor.  It  is  not  so  from  want 
if  ^nlity.  By  practice  he  retains  his  knowledge  of  plane  trigonometry,  for- 
gtttii^  bis  spherical  trigonometry  for  the  want  of  its  applicittion. 

A  surveyor  of  more  than  ordinary  accuracy  and  skill,  sent  from  the  far 
Eitot  to  do  some  special  work  for  a  mining  comjtany,  surprised  me  by  ex- 
praadug  the  opinion  that  the  elongation  of  Polaris  vim  equal  to  the  com- 
plement of  its  declination  in  all  latitudes.  Another  surveyor  sits  up  all 
night  ti)  wafcli  tlie  star  to  its  maximam  elongation— a  very  accurate  method 
when  the  latitude  is  closely  known,  but  at  so  Inconvenient  a  season  that  few 
rally  make  the  trial. 

Th«  oban-vation  of  the  star  should  not  take  over  5  to  15  niiuiites,  and  it 
ISO  be  made  ao  early  in  the  evening  or  late  in  the  morning  a^  to  dispense 


with  artificial  light  to  see  croes-hairSy  read  verniers  &€.  I  have  caught  Po- 
laris in  the  field  of  view  before  sunset,  and  have  seen  it  aller  sunrise,  when 
in  the  field  of  view.  To  make  these  observations,  the  position  of  the  star 
with  respect  to  the  pole  must  'bo  found.  The  following  approximation  to 
it«  position  will  answer  for  bringing  the  star  into  the  field  of  view: — 

Represent  the  hour  angle  by  Hj  the  azimuth  by  A^  the  vertical  distance 
above  or  "below  the  pole  by  d,  and  the  complement  of  its  declination  by  o ; 
then,  approximately,  -4  =  (c . sin  /f  )-5-cos  /,  cZ  =  o .  cos  H.  Now,  having  the 
magnetic  variation,  increase  it  by^  if  the  star  is  on  the  opposite  side  of  the 
meridian  to  the  needle,  or  the  reverse,  and  raise  the  telescoj)e  on  the  vertical 
arc  to  /  dr  (Z,  according  as  d  is  above  or  below  the  pole,  first  adjusting  the 
focus  to  the  most  distant  object  in  sight.  If  the  star  is  not  in  the  field  of 
view,  the  magnetic  meridian  being  .ariable,  move  the  teles,  slowly  east  and 
west  until  it  is  visible,  then  the  rate  and  direction  of  motion  will  soon  iden- 
tify Polaris.  The  azimuth  -4,  can  be  taken  from  the  tables,  by  inspection, 
if  the  latitude  is  not  too  far  removed.  When  the  transit  has  no  vertical  arc 
a  little  more  time  and  patience  will  generally  succeed  by  slowly  examining 
the  sky  in  consecutive  planes. 

The  principal  errors  in  the  meridian  result  from  the  Inaccuracy  of  the 

time  and  latitude,  but  they  would  be  much  greater  with  other  stars  &rther 

removed  from  the  pole;  the  maximum  error  for  one  minute  of  time  at  the 
upj)er  culmination  of  Polaris,  in  latitude  42°  N.,  is  28".7;  and  the  max'm 

error  for  one  degree  of  latitude  is  only  1'  44"  or  — 1'  ;i8".8,  at  the  elongat'u. 
To  find  the  Hour  Angle  of  Polainn.  —If  the  observation  is  at  evening,  take 
the  R.  A.  of  mean  sun,  Greenwich  mean  noon  for  that  day,  but  for  the  pre- 
ceding day  if  the  observation  is  in  the  morning;  add  to  this  the  time  of  ob- 
servation plus  12h,  if  in  the  morning,  and  also  add  t)ie  increase  in  R.  A. 
corresponding  to  the  time  west  from  Greenwich  and  the  time  of  observation, 
plus  12h,  if  in  the  morning.  From  these  quantities  deduct  the  apparent 
R.  A.  of  Polaris  for  the  day  of  observation  if  an  Ephemeris  is  used,  or  the 
mean  R.  A.  if  an  Almanac;  the  remainder,  <*,  is  the  time  the  star  is  weat 
ot  the  upper  culmination,  but  the  hour  angle  will  be  estimated  from  the  up- 
j)er  or  lower  culmination  as  follows:  — 

For  f*  negative  Polaris  is  East  above  pole,  hour  ang.  =  ^X 15°, 
"     f*  <    r/  and  >    0*  Polaris  is  W.  A.  bole,  II  =  <*Xl5°, 
"     e  <  12^^  "     >     iS'     **        "  W.  B.     "  ,  i/=  (12*— 0X15°, 
u     Ik  ^  i^A  «     ^  12*     "        "  E.  B.    '*,//=  (<*— 12*)X16°, 
"    e^  <  24*  "     >  18''     "        **  E.  A.     "  ,  //=  (24*— <*)X15**, 
"    t  <  30*  *'     >  24*     "        "  W.  A.    "  ,  fi  =  &o. 
Having  obtained  the  hour  angle  (H)  of  Polaris,  take  from  the  Epheme- 
ris, for  the  day  of  observation,  the  complement  of  the  apparent  dedination 
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lall  have,  with  the  co-lat.,  two  sides  aod  the  included  angle  of  a 
ipherlcal  triangle  to  find  the  azimuth,  or  angle  opposite  the  co-declination , 
or  the  azimtith  can  be  taken  from  the  table  and  corrected  for  time  and  lati- 

R*~'fe  by  oolumos  J)  and  T'. 
[f  meao  right  ascension  is  used,  the  greatest  error  ocours  at  culmination, 
1  if  mean  declination  is  used  the  greatest  error  occurs  at  elongation, 
rbese  errors  increase  with  the  lat.  but  in  lat.  4'2°  the  first  will  probably 
uever  exceed  45",  and  the  second,  60".   The  following  numbers  are  the  ap- 
proximale  corrections  to  be  applied  to  the  mean  co-dec.  of  Polaris  to  obtain 
^Hbc  apparent  co-declination  for  the  year  1882. 

Hi    Jan,  lat,  —25",  Feb.  1st,  —25",  March  1st,  —20",  April  lat,  — U", 

^faCiy  Ul  —  1",  June  Ist,  +5",  July  1st,  +  7",  Aug.  Ut,  -t-3",  Sept.  lat, 

K-4",  0(A.  1st,  —15",  Nov.  let,  —26",  Dec.  Ist,  —36",  Dec.  SUt,  —42". 

^M    Compared  with  previous  years,  the  plus  quantities  are  increasing  and  the 

^■iBiDus  decreasing  slowly,  approximately  at  the  rate  of  1"  in  a  year. 

^H    Inaccuracy  in  time  products  a.  max.  error  at  culmination,  and  in  latitude, 

^Km  elougBtion,  which  can  be  interpolated  from  the  tables,  and  a  meridian  ob- 

^phJoed   from  an  assumed  time  and  latitude  can  be  corrected.     If  the  as- 

nmed   latitude  and  time  are  revised  by  azimuth  of  sun  or  star  from  the 

thai  meridian,  a  second  or  third  correction  may  be  necessary  to  converge  to 

ibe  reautred  accuracy. 

If  iVotD  trial  meridian,  by  azimuth  or  meridian  passage  of  the  sun,  our 
s  found  to  be  not  more  than  15"'  fast  or  slow,  a  second  trial  meridian 
n  conrcted  time  will  give  the  time  within  a  lew  seconds  and  ihe  merid- 
D  sufficiently  a<%urate  lor  ordinary  purposes. 

Tbc  formulas  iV67".8(100  ±  2.3)  -=-  100,  and  iV75". 6(100  ±  2.8)  -;- 100 

e  the  azimuth  correction  for  one  deg,  of  lat.  either  north  or  south  of  lati- 

"  or  42°,  respectively,  witliin  one  second  of  arc,  and  they  can  be  ex- 

hided  to  6°  of  latitude  with  error  of  less  than  1'.     The  dift'.  for  1°  of  lat., 

I  or  diminished,  as  we  go  north  or  south,  .05,  will  be  the  diff,  ii)r 

B  Dcxt  d^ree,  and  so  on  to  6°  with  no  error  exceeding  2". 

T1>e  expression  A  ^c(Bin  H)-ircoBl,  is  a  very  convenient  approximation 

>  the  arimutli,  the  max'm  error,  when  -ff=  45°,  not  exceeding,  in  lat.  42", 

Let  e  be  the  diSerenc«  between  the  upper  and  lower  azimuth  when 

;  4^°,  then  A  =  e  {sin  /f  )-hco8/  ±:  Jesin  2i/  will  approximate  closely 

i  the  true  azimuth,  the  -|-  sign  mrresponding  to  above,  and  the  —  sign  to 

p  pole.     This  expression  is  more  simple  than  the  trigonometrical  form- 

ft  when  two  sidee  and  the  included  angle  are  given,  and  gives  an  error  of 

'  at  lat.  45°,  and  leas  thau  1"  at  lat.  36". 

, — PoUri  is  observed  on  the  15th  of  March,  1881,  SMS"",  P.  M., 
L  -U"  N.,  Loi^.  105°  W,  ^  7'  west  of  Greenwich. 
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B.  A.  mean  sun  =  28''  82°"  64*.8 

Timeof  obfiervation  6  46 

Increase  in  B.  A.  2    16  .6 


30  20    09.8 
Apparent  R.  A.  of  Polaris    1    14    31 .4 

29   06    38.4 
—  24 

H=  76°  24'  36"  =  S**  06"  38*.4  above  and  west  of  pole. 

The  apparent  decPn  of  Polaris  is  88°  40'  45",  therefore  c  =  1°  19'  16", 
Using  the  letters  as  above,  we  have  by  Chauvenet's  Trig.,  page  180, 

rj  *  A       sin(90°— te^)cotir 

tan  ^  =  tan  coos  if,         cot-d  =     — ^-^    — - — j^ , 

^  sm^ 

the  upper  sign  for  ip  must  be  used  when  the  star  is  below,  and  the  reverse 
when  above  the  pole.     The  calculation  gives 

tan  c  =  8.3628028  cot  fT  =  9.3888498 

cos  fr=  9.8710170  sin(90^-/-y)  =  9.8757224 

tan  f  =  7.7338193,  y  =  18'  38".5  9.2590722 

sin  if  =  7.7838129 
il  =  1°  42' 32".3.  tan  il  =  8.4747407 

If  we  calculate  A  by  the  formula  of  approximation  given  above^  we  get 

^  =  (c  sin  H)'ir COS  Z  +  i«  sin  2ff  =  1  °  42'  33".2. 
By  the  tables  we  have,  interpolating  9".8  for  the  24'  36"  in  ff, 
for  H=  76°,  log  JV  +  logo  =  3.7951445  ==  log6289".4, 
for  24' 36"  9.8 

Azimuth  for  H=  76^  24'  36"  in  Lat.  42«  N.  =  6249".2 
Correction  for  one  degree  of  lat.,  from  Col.  F,       — 96  .4 

6152  .8 
Correction  for  1881,  2nd-^100,  —.3 

il  =  1M2'  32".5  =  6152".5. 

The  most  convenient  approximation  to  the  meridian  is  by  the  use  of  a 
Solar  Compass,  but  the  result  is  often  crude  and  uncertain.  Defective  and 
poorly  adjusted  solars  (and  the  adjustment  is  not  very  simple)  may  be  found 
varying  from  10'  to  30',  and  an  error  of  3'  to  5'  in  a  fairly  adjusted  instru- 
ment is  perhaps  not  to  be  considered  extraordinary. 

There  may  be  no  better  method  of  securing  greater  accuracy  than  to  ad- 
just the  solar  to  a  meridian  and  watch  the  position  of  the  image  when  in 
strict  conformity  to  the  same  at  different  hours  of  the  day. 

The  tables  that  are  here  presented  are  often  not  as  convenient  as  direct 
calculation,  but  they  can  serve  as  guides,  and  the  determinations  for  the 
1st  and  2nd  of  each  month  can  not  materially  change  in  several  years.    "^ 


^^* 

" 

■ 

■^ 

1 

1 

■ 

Table  I. 
e  At.  of    ,     Faotore  for  dete 

■ 

^^H 

Wotore  for  detenn'ng  tl 
kibris  Mow  FolerX* 

mioinethe  As.of          ^^H 

t.39°N. 

Polaris  above  Pole:  LM.  39° 

^H 

I- 

Log  N.  1    N.     T 

M.  Aj. 

LogN.       N. 

M.Ai. 

0°  1'60" 

1°«.343376 '0.02205' 

0°  1'46" 

8.369718  '0.02289 

i!  8.644345 '0.04409 

3  31 

8.660678 :0.04678 

339 

^m 

3  S.820333  '0.O66I2 

5  17 

8.83665310.068.5 

629 

4  8.946130  0.08813 

7  02 

8.961430  0.09160 

718 

^m 

6  «.041891  10.11013, 

8  47 

9.058080  0.11431 

908 

S  9.120808  0.13207 

10  33 

9.137046,0.13710 

10.57 

^^H 

7   9.187471  0.16398 

12  IS 

9.203691  0.15984 

1246 

^^H 

8  ,9.246161  0.17686 

14  02 

9.261333  018263 

1434 

^^H 

9  9.295948  0.19787 

15  47 

9.312090 10.20516 

1623 

4".2!l4'.9         ^H 

10  9J41309  0.21943 

17  31 

9.357406 10.22772 

1811 

11   9.3S2262  0,24114 

19  15 

9.398301 :0.26021 

1959 

12  9.419569  0.26277 

20  59 

9.435654  0.27262 

2146 

^^H 

13  9.463809  0.28432 

22  42 

9.469732  0.28494 

2333 

^^H 

U  9.485428  1O..30579 

24  26 

9.601 287  [0.31 71 7 

2519 

^^H 

15  9.514781  0.32718 

26  07 

9.530666 10.33929 

2706 

^^H 

IS  9.542160  0.34847 

27  49 

9.567871  0.36130 

2861 

^^H 

17  9.667796  0.36965 

29  31 

9.583421 10.38320 

.3036 

^^H 

18  9.691878  0.39073 

31  12 

9.607432 10.40498 

3220 

^^H 

IS  9.614688  0.41171 

32  62 

9.630042  0.42662 

3404 

8".6W;,4         ^H 

»  9.636046  0.43256 

34  32 

).651395  |0.448I2 

3547 

21  9.666368  0.4.5328 

3611 

1.871627  0.46949 

3729 

8".2 

12  9.676667  0.47388 

37  60 

9.690811  0.49070 

3911 

S3  9.694020  049433 

.39  28 

■1.709064  0.51176 

4062 

^^H 

U  9  711.503  0.61464 

41  05 

9.726442  0.53265 

4232 

^^H 

!6  9.728200  0.43481 

42  42 

9.7430001056336 

4411 

^^H 

44  18 

9.76«836  057.390 

4549 

^^H 

7  9.769408  057466 

45  63 

9.773978  0.69426 

4727 

^^H 

8  9.174046  0.694.35 

47  27 

9.788475  0.61443 

4904 

^^H 

9  9.788071  0.61386 

49  01 

1.802364  ;0.6.3440 

5039 

a  9.801536  0.63319 

50.33 

9.815689  0.6.5416 

5214  '.f:.-7"."i      ^H 

1   9.814474  0.66234 

52  05 

9.828480  0.67373 

5347 

^^^H 

!  9.826909  0.67128 

•53  36 

9.84076    0.69.304 

5520 

^^H 

1  ,9.83  867  0.69003 

65  06 

9.862679  0.71216 

5652 

^^H 

1  :9.860400  0.70860 

56  35 

9.863927  0.731i.2 

6822 

^^H 

I  *.861496  0.72693 

58  03 

1.874883  0.74969 

5961 

^^H 

S  ^.872200  0.74.207 

59  30 

9.885426  0.7681! 

1  0120 

^^H 

1  S.882625  0.76300 

1  00  56 

9.895576  0.78628 

1  0247 

^^H 

B  9.892489  0.78071 

1  02  20 

9.906361  0.80420 

1  0413 

^^M 

B  9.-02108  0.79819 

1  03  44 

9.914795  0.82186 

1  0638 

15-.9 
5".5 

■ 

B  9911379  0.81542 

I  05  06 

9.923896  0.83926 

1   0701 

Table  I — Com'ijiued. 
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60 
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69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 

81 

82 
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Log  N.  !  N.   i  M.  Az. 


I 


LogN..!  N.   !M.A«.  D.  I  V. 


ivr 


9.920340 
9.929000 
9.937358 
9  945440 
9.953243 
.9.960796 
9.968088 
i9.975140 
9.981946 
:9,988525 
!9.994882 
.0.001020 
0.006936 
'0.012666 
0.018185 
[0.023528 
|0.028«60 
iO.033607 
,0.038369 
0.042956 
;0.047365 
0.051596 
0.055665 
0.059570 
0.063311 
0.066890 
0.070316 
0.073587 
0.076701 
0  079667 
0.082483 
0.085153 
0.087677 
0  090058 
0.092296 
0.094392 
0.096349 
0.098167 
0.099848 
0.101389 
0.102799 
0.104071 
0.106203 


,0.83242 ! 
'0.84918 ' 
|0.86568 ' 
,0.88194 
489793 
;0.91368 
0.92916 
0.94437 
;0.95928 . 
0.97392 1 
0.98828 
1.00231 1 
il.01610 
1.02959 1 
!  1.04276  i 
1.05567 1 
1.06822; 
1.08046 1 
1.09237 1 
1.10396: 
1.11523' 
1.126151 
11.13675 
il.l4701 ' 
il.15694; 
,1.16651 ' 
,1.17575; 
1-18464' 
1-19316! 
1-20134, 
1-20915' 
1-21661 
'1.22370; 
11.23043 
1.23678: 
1.24277! 
1.24838 
1.25362 
1.25848 
1.26295 
1.26706 
1.27077 
1.27410 


1°06'28" 
1  07  48 
1  09  08 
1  10  26 
1  1142 
1  12  57 
1  14  11 
1  15  24 
1  16  36 
1  17  46 
1  18  55 
1  '20  02 
1  2108 
1  22  13 
1  23  16 
1  24  17 
1  2518 
1  26  16 
1  27  13 
I  28  09 
1  29  03 
1  29  55 
1  30  46 
1  3136 
1  32  23 
1  33  09 
1  33  53 
1  34  36 
1  3516 
1  35  56 
1  36  33 
1  37  09 
1  37  43 
1  3815 
1  38  45 
.  39  14 
1  39  41 
1  40  06 
1  40  29 
1  40  51 
1  41  10 
1  4128 
1  4144 


;9.932670 

9.941140 

9.949307 

,19.957205 

9.964810 

,19.972154 

.  9.979241 

!  9.986070 

9.992672 

;  9.999034 

0.005169 

0.011078 

,0.016773 

:  0.022269 

i;0.027558 

■0.032663 

liO.037562 

i.0.042266 

i,0.046790 

0.051123 

i  0.055280 

1,0.059270 

0.063083 

10.066730 

1,0.070220 

110.073540 

1,0.076699 

!;0.079705 

;0.082567 

,0.085267 

;0.087803 

|0.090203 

i0.092456 

0.094560 

0.096524 

0.098347 

1,0.100023 

!l0.101560 

j.0.102971 

jO.  104236 

!0. 105353 

10.106342 

i|0.107193 


0.85639 
iO.87325 
0.88983 
0.90616 
10.92217 
093790 
0.95333 
0.96844 
0.98327 
:0.99778 
1.01197 
1.02584 
1.03938 
1.05261 
1.06551 
[1.07811 
;1.09034 
;l-1022l 
'1.11376 
11.12492 
1.13574 
1.14622 
1.16633 
1.16608 
1.17649 
1.18451 
1.19316 
1.20144 
1.20939 
1.21693 
1.22405 
1.23084 
1.23724 
1.24325 
1.24888 
1.25413 
1.25898 
1.26346 
1.26758 
1.27126 
1.27463 
1.27744 
1.27996 


°08'23" 
0944 
1103 
12  21 
1338 
14  54 
1608 
17  20 
1831 
1940 
2048 
2155 
2300 
2403 
2506 
2606 
2704 
2801 
2856 
2949 
3041 
3131 
3220 
3307 
3352 
3436 
3516 
3556 
3634 
3710 
3744 
3817 
3848 
3916 
3943 
4008 
4032 
4063 
4113 
4130 
4146 
4200 
4212 


r 


19'.0:67''.7 
18".6I66".0 


21".4!76".3 
21".0!74".8 


23'.1 
22".8 


82''.5 
81''.4 


24".286".l 
24''.0  86^.6 
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,H.|  LogN. 

N.    1 

M.  Az.   j  Log  N.  1     N. 

M.  Az.|  D.  1    V.          ^H 

ST 

0.106206 

1.27704  1 

1"41'68"  10.107916 11.28208  ll"42"23"|o^.,  ^\                  ^^H 
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0.107077 

1.27961 

1  4211    0.108501 11.28381 

1  42  31   S   , 
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1.28497 
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1  4245  1 

as 
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^^1 
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0.199235  11.28598 
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Paotore  for  deterrainidg  tlie  Ar.  uf           ^^M 
Polaris  above  Pole:  Ut.   42- N.               ^H 

PoUri.  below  Pole:  Lat.  »  N.l 

H.    Log  N.  1      N. 

M.  Az. 

Log.N. 

N. 
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1       ^H 
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2716 
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0.35554 
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2903 
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0.37861 
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17    9.586370  0.38581 

30  48 

9.603747 

0.40156 

33  04 

^^H 
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.32  34 
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0.42437 

33  53 

^^H 

•19   9.6331(^.3  0.42970 
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0.44705 
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36  03 

9.671699 

0.46956 

37  30 
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3746 

9.691926 

0.49196 

3917 

'  (0401 

.39  29 

9.711132 

0  51420 

4103 

^^H 

;  11.51596 
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4111 

9.729367  i0.53fl24 

42  49 

^^H 

42  53 

9.740723  0.56811 

44  34 

^^^H 

29    9.746S20  0.65824 
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Table   II — CONTINUBD. 


H.  i  Log  N. 


LogN. 


27« 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 


9.778050 
9.792680 
9.806712 
9.820188 
9.833138 
9.845562 
9.857542 
9.869080 
9.880188 
9.890900 
9.901232 
9.911208 
9.920828 
9.930120 
9.939092 
9.947765 
9.956135 
9.964221 
9.972040 
9.979600 
9.986900 
9.993955 
0.000787 
0.007389 
0.013744 
0.019894 
0.025838 
0.031563 
0.037096 
0.042458 
0.047596 
0.052558 
0.057339 
0.061924 
0.066349 
0.070600 
0.074683 
0.078600 
0.082844 
0.085940 
0.089384 
0.092670 
0.095800 
jO.098783 


0.59986 
0.62041 
0.64079 
0.66098 
0.68099 
0.70075 
0.72035 
0.73974 
0.75891 
0.77786 
0.79659 
0.81509 
0.83335 
0.85136 
0.86915 
0.88668 
0.90393 
0.92092 
0.9376S 
0.95411 
0.97029 
0.98618 
0.00181 
1.01714 
1.03215 
1.04687 
1.06130 
1.07538 
1.08917 
1.10268 
1.11582 
1.12865 
1.14112 
1.15325 
1.16506 
1.17652 
1.18763 
1.19839 
1.20876 
1.21882 
1.22852 
1.23785 
1.24680 
1.25540 


0*^  47'54 
49  32 
5110 
52  47 

54  23 

55  57 
57  31 
59  04 
00  36 

02  06 

03  36 

05  05 

06  33 

07  59 
09  24 
1048 
1211 

13  32 

14  52 
1611 

17  29 

18  45 
20  00 
2113 

22  25 

23  36 

24  45 

25  52 

26  58 

28  03 

29  06 

30  07 
3107 

32  05 

33  02 

33  57 

34  50 

35  42 

36  31 
3719 
38  06 

38  51 

39  35 
4014 


// 


9.794245 

9.808720 

9.822609 

9.835922 

9.848701 

9.860980 

9.872788 

9.884145 

9.895069 

9.905640 

9.915782 

9.925558 

9.934980 

9.944054 

9.952797 

19.961255 

:9.969415 

19.977300 

19.984890 

19.992229 

9.999307 

■0.006130 

10.012707 

iO.0 1 9060 

0.025179 

,0.031074 

0.036759 

0.042243 

0.047520 

:0.0526L1 

0.057495 

i0.062178 

'0.066692 

0.071011 

0.075163 

0.079129 

0.082923 

jO.086560 

0.090034 

0.093340 

0.096^94 

0.099473 

0.102308 

0.104994 


0.62265 
0.64376 
0.66467 
0.68537 
0.70583 
jO.72607 
10.74608 
|0.76585 
0.78536 
0.80471 
0.82373 
0.84248 
0.86096 
0.87914 
0.87901 
0.91465 
0.93200 
0.94907 
0.96584 
0.98227 
0.99841 
1.01422 
1.02969 
1.04487 
1.05969 
1.07417 
1.08833 
1.10215 
1.11563 
1.12878 
1.14155 
1.15392 
i. 16598 
1.17763 
1.18894 
1.19985 
1.21037 
1.22056 
1.23036 
1.23976 
1.24880 
1.15739 
1.26561 
1.27348 


0^  49'42 
5124 
5304 
5443 
5621 
57  59 
59  35 
0109 
1242 
1415 
15  46 
1716 
18  45 
1012 
1138 

13  02 

14  25 
1547 
1707 
18  26 
1943 
20  59 
2213 
2326 

24  37 

25  46 

26  54 

28  01 

29  05 

30  08 
3109 
3208 
3306 
3402 

34  56 

35  48 

36  39 

37  28 
3815 

38  60 
3943 
40  24 
4104 
4141 


13'0 
12.6 


I 


5r.7 

49.9 


16.7 
16.2 


66.4 
64.8 


19.8 
19.3 


78.9 
76.8 
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22.4 
21.9 


88.9 
87 


24.2 
23.91 


96.1 
94.8 


Table  II — Contindkd, 


H. 

Log  N.  1    N. 

M.  Az. 

jlogN. 

fK. 

M.  Au.l  D. 

V. 

"TV 

11.101611 11.26369 

r40'64' 

0.107527 

1.28093 

1'42'ir 

-3 

0.10429611.27143 

1  4132 

0.109911 

I.2879S 

1  42  51 

78 

0.106839  I1.27S90 

1  4207 

0.112146 

1.29462 

1  43  23 

74 

0.109232 

1.28596 

1  4241 

0.114237 

1.30087 

1  43  53 

75 

0.111484 

1.39265 

1  4318 

0.116188 

1.30678 

1  44  20 

76 

0.113598 

1.29890 

1  43  43 

0.117994 

1.31217 

1  44  47 

77  '0.1 1 55711 

1.30487 

1  4412 

0.119654 

1.31720 

1  4511 

78   0.117404 

1.81038 

I  4488 

0.131179 

1.32183 

1   45  33 

76   0.119«07 

1.31551 

14503 

0.122564 

1.32605 

1  45  53 

25"8 
25.1 

100-.4 
99.7 

80  ki.isoess 

1.32024 

1  45  25 

0,123810 

1.32986 

1  4611 

89  ^.128871 

1.32456 

1  45  46 

0.124921 

1.33327 

1  46  28 

1.82852 

I  4605 

0.125392 

1.38625 

1  4642 

B3  k).l24533 
tt  0.18553S 

1.33206 

1  4622 

0.127431 

1.33883 

1  46  54 

1.33518    1  46  38 

0.127481 

1.S4101 

1  47    5 

25.6 
25.4 

«5    0.126419 

1.33789    1  46  50 

0.128001 

1.34277 

1  4713 

8«   0.12718U 

1.34023    1   47  01 

0.128445 

1.34414 

1  47  20 

87   0.127796 

1.34214    1   4710 

0.128741 

1.34506 

1  47  24  ; 

B«   0.I2S286 

1.34365    1  47  17 

0.128917 

1.34560 

1  4727 

88   48- 5" 

0.128964 

1.34575 

I'S  27  (25 .6 

88  0.128642 

1.84475    1  47  33 

0.129857 

1.34573 

1  4727 

1'.44" 
1-.89" 

10 

«.123$64 

1.34544 

1   4726 

0.128864 

1.34544'!  4726  125.6 

vitum  of  TabU». — Tables  I  and  II  give  the  mean  aeimuth  of  po- 
larie  for  the  epoch  It)80,  in  latitude  39°  and  latitude  42°,  north,  respectively, 
oomspondiDg  with  the  value  of  H  (the  hour  angle)  an  indicated  in  tst  col- 
uton.  The  mean  azimuth,  as  given  in  the  4th  and  7th  eol's,  is  the  product 
of  the  factor  N  multiplied  by  the  «»-decliuation  {0}  of  Polaris,  the  &ctor  If 
being  theetinivalent  of  theformula  ain  H-5-flin{f±t!Osi7xc).  Theazimuth 
tbos  determined  ib  slightly  in  exeess  but  lens  than  1"  al  4>5°  and  less  than 
^  y  at  90*,  and  for  \'alues of //greater  than  30°1  have  reduced  jVtocorrea- 
I  with  more  exact  calciilHtions.  Column  D  contains  a  correction  for  an- 
J  variation  in  azimuth  and  is  always  minus,  and  eolumn  1',  a  correction 
r  1°  of  latitude,  +  when  ndrth  and  —  when  south.  The  double  numbers 
■  rolumas  I)  and  T'oorrespond  l<i  the  angle  above  and  below  pole,  respect- 
T»riy;  the  upper  in  column  I'  to  be  applied  with  the  plus,  and  the  lower, 
with  the  (pious  sign.  If  rf  be  the  difference  between  the  upper  and  lower 
ntimbtffs,  in  column,  D  for  any  value  of  H  in  1880,  theu,  for  any  number  n, 
of  ytaui  after  that  epoch,  the  correction  will  be  2nd-^100,  nearly. 

Whoi  polaris  is  moving  towards  it£  culmination,  positive  increase  iu  Ion- 
fitude  and  time  diminishes  its  azimuth  in  table  III,  and  vice  versa. 
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LAW  OF  FACILITY  OF  ERROm  IN  TWO  DIMENSIONS. 


BT  E.  L,  DE  FOREST. 


[ConUmiFd  from  page  4 


Tilffi  snr&oe  (43)  might  be  called  the  piobability  sur/ooe,  just  hs (1)  ib  the 
prebnbility  curve.  Its  form  is  euoli  that  if  it  is  intersected  by  a  plane  par- 
»lltl  to  the  plane  of  XY,  the  lines  of  intersection  will  be  ellipses  whose 
wntre  and  axef,  projected  on  the  plane  of  XY,  iwint^ide  with  the  origin  and 
u»  of  A'  and  Y,  and  the  axes  of  the  ellipse  in  the  x  and  y  directions  are 
ioverselv  proiwrtiimal  to  ft,  and  A,,  and  therefore  directly  proportional  to 
■]  «nd  r,.  This  may  1h'  shown  by  making  z  a  constant  in  {4'3).  The  pro- 
d  ellipao  are  the  loci  of  jmints  of  equal  probability, 
Yima  this  symmetry  of  the  surface  with  respect  to  the  aves  of  A'  and  J', 
kfidlowa  that  these  arc  the  free  axes  of  the  system  of  expanded  coeSicientg 
tn^srded  a.s  masses  in  the  plane  uf  XY.  Thus  the  given  probabilities 
|^«nd  the  resultant  probabilities  z,  have  both  the  same  free  axes.  This  also 
^Uowb  from  the  jermanence  of  direction  of  the  a>:es  wliich  give  maximum 
and  minimum  values  to  the  radii  of  gyration  in  successive  powers,  V6  al- 
ndy  noticed.  The  value  of  z  is  a  maximum  at  the  origin,  and  this  being 
the  [tiaoe  of  the  centre  oi'  gravity  of  the  whole  system  of  masses  i,  it  appears 
I  the  pfiJnt  of  most  probable  error  in  the  result  of  a  very  large  number 
itions,  will  be  locatetl  at  the  centre  of  gravity  of  ail  the  points 
ti  can  possibly  result  under  the  given  system  of  elementary  errors,  each 
■Me  point  of  error  being  taken  \vith  a  weight  proportional  to  the  proba- 
■  tlut  sni:b  error  will  (ic^-ur.  This  also  follows  from  what  we  have 
idy  (irovetl  in  ooDoection  with  tbrmula  (3).  In  order  that  the  most 
ible  result  should  coincide  with  the  true  point  or  place  of  zero  error,  it 
I  lie' aece(»ary  and  sufficient  tlmt  the  probabilities  or  weights  X  of  (he 
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elementary  points  of  error  should  be  such  that  their  centre  of  gravity  falls 
at  the  zero  point. 

Suppose  the  plane  of  XY  to  be  divided  up  into  elementary  rectangles 
dxdy  by  lines  drawn  parallel  to  the  axes ;  then  (43)  gives  the  probability  z 
that  an  error  which  occurs  will  &11  on  the  rectangle  whose  centre  is  at  the 
point  x^szidx^  y=jdy.  It  gives  an  approximate  result  when  instead  otdx 
and  dy  we  use  small  finite  distances  Ax  and  dy.  The  values  of  A^  and  A,  are 
computed  by  (37)  and  (38)  if  the  elementary  errors  and  their  probabilities  / 
are  known.  But  if  these  are  unknown,  as  generally  happens  in  practical 
applications,  we  must  compute  from  a  large  number  of  observed  errors,  the 
quadratic  mean  errors  in  the  x  and  y  directions,  answering  to  r^i/i  and 
r^i/k  in  (38),  and  thus  obtain  h^  and  k^.  For  example,  if  a  large  number 
of  shots  have  been  fired  and  have  struck  a  target,  and  we  wish  to  infer,  from 
the  distribution  of  the  shot-marks,  what  is  the  law  of  probable  distribution 
of  other  shots  to  be  made  under  like  conditions,  our  investigation  leads  to 
the  foDowing  process.  ]i^rding  each  given  shot-mark  as  the  mass  of  a 
material  point,  all  such  masses  being  equal,  find  the  centre  of  gravity  of  the 
system,  and  then  by  (31)  find  its  free  axes.  The  distance  of  the  centre  of 
gravity  from  any  assumed  axis  of  reference  is  the  arithmetical  mean  of  the 
distances  of  all  the  shot- marks  from  that  axis,  distances  on  opposite  sides  of 
it  having  contrary  signs.  The  free  axes  will  be  at  right  angles  to  each  oth- 
er at  the  centre  of  gravity,  and  we  take  either  one  of  them  as  the  Xand  the 
other  as  the  Y  axis.  Find  the  quadratic  mean  errors  in  the  x  and  y  direc- 
tions, that  is,  the  square  root  of  the  mean  of  the  squares  of  the  distances  of 
the  shot-marks  from  the  Y  and  X  axis  respectively.  Denoting  these  by 
e^dx  and  e^dy^  we  shall  have  as  in  (38), 

{h^dxf  =  l-^2«?,  {k^dyy  =  1.^2«|,  (44) 

and  (43)  becomes 

z  =  .-—  «-(*«^2*i«)-0«^a-««).  (46) 

For  convenience,  dx  and  dy  may  be  taken  equal  to  each  other  and  to  any 
small  unit  of  measure,  for  instance  one  inch.  Then  (46)  gives  the  proba- 
bility 2  that  any  particular  future  shot  will  strike  that  square  inch  of  the 
target  whose  coordinates  are  i  and  j  inches. 

All  this  is  on  the  supposition  that  we  know  nothing  about  the  probable 
distribution  of  the  errors  except  what  is  to  be  inferred  from  the  actual  dis- 
tribution of  the  shot-marks  already  made. 

The  principle  that  the  axes  of  X  and  Y  should  be  taken  to  coincide  ¥rith 
the  free  axes  of  the  given  shot-marks,  is  one  which  has  not,  so  far  as  I  know, 
been  brought  out  by  any  previous  writer.     The  usual  course  ha^  been,  to 
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;  ihc  axes  htirizoiitally  ami  vertically  through  the  centre  of  gravity  of 
t  narks.  This,  however,  will  in  general  be  correct  only  when  there  is 
a  to  believe  that  the  elementarj'  errors,  whose  probsbilitiee  are  k,  are  dis- 
iibnted  ao  as  to  make  tlie  horizontal  and  vertical  axes  free  axes,  which  will 
he  the  case  for  ioHtance  when  these  errors  and  their  probabilities  fall  symmet- 
rically on  either  aide  of  the  horizontal  and  vertical  axes,  making  them  axes 
of  symmetry  in  the  system  of  masses  L  Granting  that  the  free  axes  are 
horixiintal  and  vertical,  formula  (43)  agrees  with  the  one  in  general  use.  It 
cai)  be  written 

lh^^,„\lh^,-„,y  (45) 


^|pe  Beoood  member  being  the  product  of  two  fatrtors  of  the  same  form  as  in 
^^fce  probability  curve  ( I).  This  property  has  enabled  writers  to  give  a  de- 
nonatration  of  (43),  or  what  has  seemed  to  be  one,  in  a  very  simple  manner. 
(See  for  instance  Didion's  Calcul  dea  Probahiliteit  applique  au  Tir  dns  Pro- 
JMiilea,  Paris,  1868,  p.  42.)  If  we  supjiose  the  plane  of  XV  to  be  divided 
hy  lines  drawn  parallel  to  the  i'  axis,  into  bands  of  the  width  dx,  and  as- 
BDtne  that  the  probability  of  deviation  from  the  1'  axis  is  the  same  at  all 
parta  of  that  axis,  or  in  other  words,  is  independent  of  y,  then  the  proba- 
hiUty  that  an  error  which  occurs  will  fall  within  the  band  whose  distsnoe 
the  y  axis  is  x,  is  represented  by  the  first  of  the  two  factore  in  (46). 
Lewise  if  lines  are  drawn  parallel  to  the  -Vaxis,  forming  bands  of  the 
idtb  dy,  the  probability  that  the  error  will  fall  within  the  band  whose 
^  from  the  A'  axis  is  y,  is  represented  by  the  second  factor  in  (46). 

Sat  the  probability  that  two  independent  events  will  both  occur,  is  the  pro- 
doct  of  their  separate  probabilities,  so  that  (46)  gives  the  probability  x  that 
the  error  will  fall  within  both  bands,  that  is,  at  their  intersection,  and  with- 
in the  riTCtangle  dxdy  whose  coordinates  are  x  and  y.  This  demonstration, 
however,  hue  been  objected  to,  on  the  ground  that  the  independence  of  the 
X  mad  y  deviations,  if  it  exists,  is  not  so  evident  as  to  be  axiomatic.  It  re- 
ally seems  to  lie  a  thing  to  be  proved.  Various  authors  who  have  discns'd 
the  point  are  named  in  Merrimau's  LUl  of  Writings  relating  to  Hie  Method 
of  JaiuI  Squares.  (Trans.  Conn.  Acad.,  Vol.  IV,  Part  1.)  Our  present 
investigation  shows  that  the  x  and  y  deviations  may  be  regarded  as  inde- 
potdenl  of  each  other,  provided  that  the  axes  of  ,V  and  Y  are  taken  to 
coincide  with  the  free  axes  of  the  probabilities  /  of  the  elementary  errors. 
When  tliese  errors  are  unknown,  we  approximate  to  the  desired  axes  by 
taking  tfa«  free  axen  of  the  observed  points  of  error,  or  shot-marks.  But  if 
supposed  to  be  rotated  through  the  angle  0,  and  the 
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then  substituting  these  for  x  and  y  in  (43),  the  exponent  of  e  will  oontain 
not  only  x'^  and  y^,  but  the  product  x'y',  so  that  it  will  not  in  general  be 
possible  to  separate  the  second  member  into  two  ftctors,  one  containing  the 
abscissa  and  the  other  the  ordinate,  as  in  (46).  Thus  the  x  and  y  deviations 
are  not  in  general  independent  of  each  other  unless  the  axes  taken  are  free 
axes.  But  if  we  assume  that  the  elementary  errors  are  such  as  to  make 
given  deviations  equally  probable  in  all  directions,  every  axis  through  the 
centre  of  gravity  will  be  a  free  axis,  and  the  deviations  in  horizontal  and 
vertical  directions  will  therefore  be  indei)endent.  That  assumption  is  ordi- 
narily made  in  practice,  as  it  simplifies  the  calculations.  The  deviations  of 
the  shot-marks  are  then  measui*ed  from  the  centre  of  gravity  directly,  in- 
stead of  from  the  axes.  Denoting  the  square  root  of  the  mean  of  the  squares 
of  these  deviations  by  sdr,  and  taking  dx  =  rfj/,  we  have 

B^=e\  +  el 
and  since  e^  and  e^  are  here  equal,  e^  =  26 J  =  2f^,  and  (44)  gives 

{h^dxf  =  {h^dyy  =  1-f-e*,  .'.h^=h^  =  l-^iedx). 
(Compare  Didion's  work  already  cited,  and  Sonnet's  DicHonnatre  des  Math- 
ematiquea  Applique es,  article  ProbahilUe'  du  Tir.)  The  probability  sur&oe 
is  what  (43)  becomes  when  dx  =  dy,  hi  =  h^  and  x'+y^  =  r*,  the  elliptical 
sections  being  reduced  to  circles.  It  has  been  found  to  agree  sufficiently 
well  with  the  results  of  observation  in  target  shooting.  Probably  it  will  not 
lx»  worth  while  to  crompute  the  place  of  the  free  axes  by  (31)  unless  the  ob- 
served points  of  error  or  shot-marks  form  a  decidedly  elongated  group.  If 
the  probability  of  deviation  is  really  the  same  in  all  directions,  still  it  is  not 
likely  that  the  actual  distribution  of  the  shots  will  be  uniform,  and  a  slight 
elongation  of  the  group  will  not  compel  the  inference  that  the  elementary 
errors  must  be  greater  in  that  direction. 

Returning  now  to  the  strict  construction  of  the  surface  (43),  let  us  refer 
the  position  of  the  rectangle  dxdy  to  polar  coordinates  by  writing 

X  =  r  cos  <f,  y  =  r  sin  <p,  (47) 

so  that  we  have 

f  ^  h^h^dxdy ^'r*(hlcof^^6^hlnm*i^) 

as  the  probability  that  an  error  which  occurs  will  fall  on  the  area  dxdy 
whose  coordinates  are  r  and  if.  Suppose  that  the  plane  of  XY  is  divided 
into  rings  by  circles  drawn  from  the  origin  as  a  centre,  the  breadth  of  each 
ring  being  \/{dxdy\  and  that  it  is  also  divided  into  sectors  by  radii  drawn 
at  angular  intervals  equal  to  dff .  The  plane  is  thus  partitioned  into  small 
elementary  areas,  each  area  at  distance  r  from  the  origin  being  equal  to  rdf 
X]  "(rfrrrfy),  and  dxdy  is  contained  in  it  rdip  -h  |/(firrfy)  times,  so  that  the 
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probability  that  an  error  which  occurs  will  &1I  on'thiR  area,  is 

zrdip-T-i/{dxdy). 
Hence  the  probability  that  it  will  fall  on  a  given  sector  whose  extreme 
radios  iff  r  will  be 

where-dr  is  to  be  taken  equal  to  i/(^«dy);  so  that  substituting  the  value  of 
X  ftom  (48),  we  have 

ind  by  integration 

h^h^df  f  ._  -r«(Alco«ViMwn«c>)  1  ,,^^. 

'^  ~  27r(h\  oosV+Al  sinV)  I  )  ^  ^ 

Making  r  =  co  we  get  as  the  probability  that  the  error  will  fall  some- 
where on  this  sector  extended  to  infinity, 

p=  AlMf      ._  (50) 

'       2.T(A2  cosV  4- Ai  sinV)"  ^ 

[f  now  it  is  require<l  that  p  ==  ^p,  we  have  the  relation 

e  =}, 

ind  restoring  x  and  y  from  (47)^ 

^(*,UM^^)  ^  j^  .    ^2^2  ^h2y2  =  (log  2)-^(log  e). 

Giving  to  A}  and  A,  their  values  as  in  (44), 

hi  =  l-^2{e,dxy,        hi  =  \-^2{e^dy)\ 
we  get  the  equation  of  an  ellipse, 

[(log4K(log«)](«^dr)2  "•"  [Tlo^K(T^ej]^dyj»""^' 
whose  semi-axes  are  the  square  roots  of  the  denominators  in  the  first  mem- 
ber.   Their  values  are 

a  =  1.17741(«ida;),  b  =  1.1 7741  (^arfy),  (51) 

w  that  they  are  proportional  to  e^dx  and  e^dyy  the  quadratic  mean  errors  in 
the  X  and  y  directions.  Hence  for  example,  in  the  group  of  shot-marks  al- 
rady  considered,  if  we  find  the  free  axes  and  the  quadratic  mean  deviations 
from  them,  and  construct  an  ellipse  with  semi-axes  a  and  6  as  in  (51)  coin- 
ciding with  the  free  axes  of  X  and  Y  respectively,  this  will  be  the  ellipse  of 
pnbable  error,  in  the  sense  that  it  is  an  even  chance  whether  a  particular 
fotore  shot  will  strike  inside  or  outside  the  ellipse.  And  if  two  straight 
lines  are  drawn  from  its  centre  making  any  angle  with  each  other,  it  is  an 
efen  chance  whether  shots  which  fall  ))etween  them  will  fall  inside  or  out- 
fiiWof  the  ellipae. 
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« 

There  is  a  correspondence  between  some  of  our  results  and  those  which 
have  been  reached  by  Andra  and  others  in  the  theory  of  the  error-ellipfle 
(die  FehljerMip9e)y  which  is  one  of  the  more  recent  developm'ts  of  the  method 
of  least  squares  as  applied  to  the  location  of  a  point  by  triangulations.  The 
true  position  of  the  point  should  be  at  the  common  intersection  of  several 
straight  lines,  whose  directions  are  given  free  from  error^  but  whose  positions 
laterally  are  subject  to  errors  of  observation,  so  that  the.  lines  do  not  in  gen- 
eral have  a  common  intersection.  Each  of  them  may  be  represented  by  an 
equation  of  the  form 

cw?  +  6y  +  /  =  0, 

where  x  and  y  are  the  coordinates  of  any  point  in  the  line,  referred  to  rec- 
.tangular  axes  taken  in  the  vicinity  of  tlie  desired  point,  a  and  — 6  are  the 
sine  and  cosine  of  the  acute  angle  which  the  line  makes  with  the  X  axis,  on 
the  +X  side,  and  /  is  the  perpendicular  from  the  origin  upon  the  line.  The 
angle  and  the  perpendicular  are  essentially  -f  or  —  according  as  thay  lie 
above  or  below  the  JTaxis.  The  various  intersecting  lines  furnish  a  number 
of  observation  equations  of  this  form,  which  being  solved  by  the  method  of 
least  squares,  give  the  desired  coordinates  x  and  y  of  the  most  probable 
point  of  common  intersection.  It  is  then  shown  that  all  other  points  whose 
probabilities  are  equal  are  ranged  about  the  most  probable  point  in  ellipses 
which  are  similar  and  similarly  situated  and  concentric.  The  directions  of 
their  major  and  minor  axes  are  given  by  a  formula  which  bears  an  external 
resemblance  to  (31).  See  for  instance  Jordan's  Handbuch  der  Vermeasung*^ 
kunde;  I.,  pp.  120  and  123. 

The  dimensions  of  the  ellipse  within  which  it  is  an  even  chance  that  the 
true  point  will  fall,  have  been  ascertained  by  Helmert.  {Attagleichunga' 
rechnunffj  p.  236.)  He  makes  its  semi-axes  bear  to  the  corresponding  quad- 
ratic mean  errors  of  the  point,  the  same  ratio  1.17741  which  I  have  obtained 
in  a  different  way  in  (61).     Hence  they  bear  to  the  corresponding  probable 

errors  the  ratio 

1.1 7741 -=-.6745  =1.7456. 

His  demonstration  will  be  found  in  Schlomilch's  Zeitachrift  fx(r  Matii.  uml 
PAy«.,  1868,  pp.  75  to  79.  The  probability  of  a  given  deviation  of  the  p't 
from  its  most  probable  place,  is  expressed  by  the  same  form  of  function 
which  I  have  found  as  the  equation  (43)  of  the  probability  surface. 

It  may  be  questioned,  however,  whether  the  theory  of  the  error-ellipse 
affords  proof  of  the  universality  of  that  law  of  facility,  for  all  accidental  er- 
rors in  the  situation  of  a  point  in  a  plane.  It  seems  to  me  that  when  taken 
in  this  extended  sense,  the  method  is  open  to  the  same  kind  of  theoretical 
objeetion  which  we  noticed  in  connection  with  (46).  An  observed  point  of 
error,  or  intersection  of  two  erroneous  observed  lines,  is  the  result  of  the 
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of  two  independent  errors,  each  of  which,  it  is  assum- 
bI  by  the  theory,  follows  an  esponential  kw  of  facility  such  as  is  expressed 
by  Ihe  probabitity  curve  (1).     The  probability  that  any  particular  point  in 
the  plane  is  the  tme  one,  is  regarded  as  proportional  to  the  probabilty  of  the 
concurrent  happening  of  all  the  independent  errors  represented,  by  the  per- 
pendicular distances  from  that  point  to  all  of  the  observed  lints.    The  most 
probable  point  is  that  which  renders  the  sumof  the  squares  of  the  distances, 
each  square  being  multiplied  by  the  weight  due  to  its  observed  line,  a  min- 
imam.  (Helmert,  in  the  ZeUsehrift,  pp.  76  and  89 ;  also  Jordan,  II.,  p,  223.) 
For  the  case  of  intersecting  straight  lines  which  lie  in  only  two  mutually 
mdicular  directions,  the  demonstration  is  evidently  similar  in  principle 
)  that  which  I  remarked  upon  in  connection  with  (46).     My  own  proof  of 
3),  however,  is  a  direct  proof,  which  docs  not  fake  (I)  into  account  at  all, 
niidi  as  it  does  not  assume  that  the  x-  and  //-  errors  nf  a  point  happen 
mdently  of  each  other.     But  it  includes  the  prtwjf  of  (1)  as  a  special 
!,  for  it  the  elementary  points  of  error  are  all  on  one  line  which  is  made 
t  axis  of  -V,  90  that  the  given  polynomial  (2)  is  reduced  to  one  dimension, 
1  its  coefBcictits  being  zero  except  those  on  the  horizontal  line  through  the 
Idle  of  the  square  group,  the  last  equation  in  (23)  disapjiears,  and  of 
e  two  equations  (30)  only  the  first  one  remains,  with  Uj  =  0  and  j"  ^  0. 
n  the  centre  of  gravity  of  the  masses  i  is  made  the  origin  and  centre  of 
r  group,  by  imagining  terms  with  zero  coefficients  to  be  added  if 
',  we  get  Oj^O,  and  only  the  first  of  the  two  differential  equations 
[]  exist  in  (35)  and  (3d),  the  integral  being 


The  condition  (41)  is  reduced  to 

1  r'«h  - 1. 


.  hjdx 


V7I 

7e,  likcy  in  (1). 
be  further  illustrated  by 
irked  with  two  num- 
iT  i-epresenting  the  x 
error,  reckone<l  from  the 
Iroe  pcunt,  or  place  of  error  kcto,  as  an  origiu.  Each  ball  is  replaced  as 
tma  as  drawn,  and  they  are  all  mixed  so  as  to  keep  the  chancer  the  same. 

Suppose  for  example  that  the  urn  contains  20  ball^  marked  as  follows; 
VKtif  them  IB  marked  0,  0,  four  are  marked  1,  0,  live  1,  L,  lour  0,  1,  one 
— 1,  I,  three  — I,  — 1,  and  two  0,  —1.  Then  if*  drawings  are  made,  the 
pnAnWIitj  that  the  algebraio  sum  of  the  first  or  x-nurabers  on  the  balls 


■nd  I  incomes  the  ordinate  to  the  probability  i 
The  otciirrence  of  errors  in  two  dimensions 
the  drawing  of  balls  from  an  urn,  each  ball  being 
hm  which  may  be  positive  or  negative,  the  first  nm 
the  second  the  if  coordinate  of  the  point  of 
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drawn  will  be  /,  and  that  at  the  same  time  the  snm  of  their  sec'd  or  y-nam- 
bers  wiU  be  v,  is  the  ooe£ficient  of  ^*  in  the  expansion  of  the  poljDomial 
(52)  to  the  k  power,  this  poljnomial  being  a  case  under  the  general  form  (2). 
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To  find  the  centre  of  gravity  and  the  free  axes  of  the  coefficientB  >l,  we 
may  disregard  for  the  present  the  divisor  20  common  to  them  all,  and  write 
them  in  the  rectangular  form  (53).  Their  centre  of  gravity 
is  at  the  point  whose  coordinates  reckoned  from  the  middle  [qt i ; 41  /cox 
term  I,  are  u'  =  J  Ju,  v'  =  J  Jv,  where  Ju  and  Jv  are  the  ■ — '— — * 
intervals  between  the  terms  in  (53),  horizontally  and  verti- 
cally. Drawing  horizontal  and  vertical  axes  of  U  and  V  through  this  cen- 
tre of  gravity,  the  abscissas  u  of  the  terms  in  the  three  columns  are 

— JJu,  — JJu,  }Ju, 

and  th(i  ordinates  v  of  the  terms  in  the  three  rows  are 

Denoting  the  terms  in  (53)  by  M,  and  applying  (31),  we  find 
2'{Muv)  =  i^JuJv,      2'(ifu»)  =  ^{Ju)*,      I{Mv')  =  J^K  Jr)». 

Taking  for  convenience  Ju  =  Jv,  so  that  (53)  is  a  square,  we  have  tan  2f 
=  —  ^,  wherefore  ^  =  —  40°4'.  This  is  the  angle  which  one  free  axis 
makes  with  the  horizontal,  at  the  centre  of  gravity,  and  the  second  free  axis 
is  at  right  angles  to. the  first.  Designating  these  axes  as  Xand  F,  we  get 
from  (33)  the  relation  between  the  new  c<x)rdinates  and  the  old, 

X  =  u cos 0  —  V sin  0,  y  =  usinO  -{-  v cos d,  (54) 

where  0  =  —  f  =  40°4'.  Squaring  x  and  y,  multiplying  them  by  Jf,  and 
summing  the  results  for  all  the  terms  M  in  the  system,  we  have 

y{M^)  =--  - (3/u»)  cos^/?  ^-  IXMv") sin'tf  —  2I{Muv)  sin  /?  cos  tf,  I     , . ., 
l\Mf)  =  l\Mu^)  sin*/?  +  IWv")  co8»<?  +  2I{Muv)  sin  0coB0.f    ^^^^ 

We  assign  to  the  sums  in  the  second  members  their  values  already  found, 
and  take  for  simplicity 

Jx  =  Jy  =  Ju  =  Jr,  (56) 

and  so  get 

IXMx")  =  6.90d(Jx)%         l\My^  =  18M8{JyY. 

Dividing  tKese  by  20,  since  X  =^  Jtf^20,  we  obtain  the  squares  of  the  ra- 
dii of  gyration  of  the  masses  X  al)ont  the  Fand  JTaxes, 

/•;  =  .3454(Ja?)*,  r\  =  .9294(Jy)«. 
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Snppow  that  the  nnrober  of  drawings  from  the  urn  is  ft  —  4.    Then  in  the 
ezpanded  jwlrnomial  the  squares  of  the  radii  of  gyration  of  the  coefTs  are 

I M>  llM  in  (44)  we  have 

K,  ^  =  1.382,        «;  a=  3.71S, 

Bvd  (4S)  bwotnes 

^ft  .  • .  log  I  =  S.8464  —  .16712i»  —  .05840/.  j  ^^^' 

^^BUs  if  the  ecjitatJon  of  the  limiting  surface  which  represents  approximately 

^^^e  eoatonr  of  the  coefKcients  in  the  expansion  of  (52)  to  the  tburth  power. 

H   Sloca  the  centre  of  gravity  preserves  in  the  expansion  the  same  relative 

poaitMn  which  it  had  in  the  first  power,  its  coordinates  reckoned  from  the 

I      middle  point  will  be  four  times  as  great,  or 

^K  u'  =  Ju,  v'  ^  Jv. 

^M     The  expansion  contains  81  terms,  wich  occupy  the  centres  of  the  small 

^■Bquares  to  the  subjoined  6gure,  and  the  centre  of  gravity  falls  at  the  next 

term  diagonally  from  the  middle  one.     The  axes  of  U  and  V  have  their 

origin  at  this  point,  as  do  also  those  of  A'  and  }'.  From  the  coordinates  u  and 

»  for  the  several  terms  we  compute  the  values  of  x  and  y  hy  (54).     A  few 

DeH«et  the  origin  being  tabulated  as  in  (59),  the  rest  can  l>e  readily  fonnd 

fnm  them  by  their  diS'erences.     The  values  of  s  e 

^B  I  i  =  X-i'Jx  j  =  y-i-Jy 

H  —1.4091— .6441  .122 

V  I—  .765       0        .795 

~  :—  .122[     ,644|l.409 

being  mnltiplied  by  1000,  they  are  as  shown  in  the  first  half  of  the  accompa- 

nyiag  table,  omitting  decimals.     Also  by  actual  expansion  of  (52)  to  the  4th 

power  we  get  the  true  ooe£Bcients,  which  being  multiplied  by  1000  like  the 

(1000  s). 


computed,  and 
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othen,  are  as  shown  in  the  second  half  of  the  table.  The  general  agreement 
bvtweea  the  two  seta  of  coefficients  is  evident,  though  it  is  not  very  close 
bman  i  ^  4  is  Dot  a  large  number.     It  will  be  seen  that  the  largest  tab- 


Igebraic  sura  of  the 
1  be  some  one  of  d 


ulated  numbers  form  groups  elongated  iu  the  direction  of  the  free  axis  of  Y 
In  accordance  with  (56),  the 
square  as  in  the  6gure. 

The  position  of  the  axes 
of  [/Fand  of  Jfl' arc  then' 
shown,  and  also  the  ellipse 
of  probable  error.  Tliesemi- 
ascs  of  this  ellipse  as  givtii 
by  (61)  and  (57),  are 
a  =  l.SRdx, 
b  =  2.27  dn, 
where  <ix  =  dp  is  the  side  ol 
one  of  the  small  squares  in 
the  figure. 

The  ellipse  encloses  rather 
more  than  nine  squares,  al- 
lowing for  fractions,  hut  we 

can  see  that  it  is_not  far  from  an  even  chance  that  thi 
X-  and  y-numhers  on  the  balls  drawn  from  the  urn  v 
nine  pairs. 

0,  2  1,  2  2,  2 

0,  1  1,  1  2, 1 

0,  0  1,  0  2,  0 

The  most  probable  result  ia  1,  1.  By  following  the  analt^  of  this 
ample  we  can  construct  an  equation  such  as  (58)  to  represent  the  expani 
of  any  given  polynomial,  and  to  show  the  distribution  of  the  errors 
ing,  in  a  given  number  of  trials,  from  a^y  set  of  elementary  errors  we 
to  assume. 

It  should  be  noticed,  however,  that  the  coefficients  of  a  polynomial 
scnting  probabilities  are  all  positive,  whereas  the  general  problem,  to 
sent  the  limiting  form  of  ^a  fexpaasion  when  some  of  the  coeffici"entB 
negative,  may  give  rise  to  special  cases  not  included  in  our  present  inw 
gation.  The  limiting  surface,  if  there  is  one,  will  in  gen'l  be  the  prol 
surface  (43),  but  not  always.  In  (29)  it  may  happen  that  j3j  or  ^j,  or 
of  them,  are  zero,  so  that  the  difterential  equations  (35)  vanish,  and 
process  fails.  In  such  a  case  it  is  no  longer  sufficient  to  consider,  ae  we 
in  connection  with  (26),  that  the  element  of  the  surface  is  a  plane  sui 
Its  curvature  must  be' taken  into  account,  and  the  limiting  surface 
most  likely  consist  of  an  infinite  series  of  undulations,  analogous  to  tb( 
the  higher  curves  discussed  in  my  former  article.  (See  Anai-YBT,  Sept. 
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TUEORIA  MOTUS. 


BY  PROFESSOR  ASAPH  HAI, 


FTTbiu:  at  Harvard  College  Observatory  in  1858,  I  began  reading  Da- 

'  truwlatioti  of  the  Theoria  Motue.     Since  my  mathematical,  knowledge 

1  been  g>jt  wholly  from  the  small  text  books  of  our  schools,  the  difficulty 

If  icadiog  such  a  work  as  this,  and  of  obtaining  a  clear  idea  of  the  processes 

1  b^  the  anthor,  was  very  great.     I  well  remember  that  at  first  the  style 

jftlw  work  fairly  took  me  off  my  feet,  and  seemed  to  leave  me  dangling  in 

e  air  for  a  month  or  two  before  I  could  get  a  firm  foot-hold ;  and  how  at 

t  the  beauty  and  power  of  Gauss'  methods  were  seen  and  felt.     Having 

D  IcnctifT  nor  any  one  to  assist  me,  I  made  it  a  rule  to  work  out  every 

■uatJOD  imd  all  the  numerical  examples  before ^oing  on;  and  in  this  slow 

f  I  mui  to  article  164.     The  rest  of  the  book  was  passed  over  with  lees 

The  whole  reading  occupied  me  nearly  a  year;  and  I  consider  myself 

very  fortunate  in  having  almost  by  chance  hit  upon  one  of  the  most  perfect 

'books  ever  written  on  theoretical  astronomy.  Admiral  Davis' translation  was 

sharply  criticised  in  the  American  Journal  of  Science,  Volume  26,  p.  147, 

and  some  mistakes  were  pointed  out.     There  are  in   fact  a  few  errors  of 

tnnalation  that  confuse  the  meaning,  but  on  the  whole  the  translation  seems 

D  me  well  done,  and  the  errors  in  the  formulte  are  very  few. 

I  wi&b  to  notice  here  a  few  of  the  points  and  reductions  that  gave  me  the 

t  trouble;  and  I  have  found  since  that  these  are  also  the  ones  over  which 

tdenld  are  apt  to  stumble. 

(1).     In  article  3  GJausa  uses  a  linear  form  for  the  equation  of  conic  sec- 


r  +  ax  +  ^  =  r, 

1  which  T  is  always  positive;  and  he  calls  this  the  characteristic  equation  of 
tiwee  curves.  We  see  at  once  that  Ihls  is  an  equation  of  the  second  degree, 
and  bMioe  the  reader  pays  but  little  attention  to  it;  hut  by  referring  to  the 
M^nique  Celeste,  Tome  I,  p.  165,  the  correctness  and  meaning  of  the 
Uitalrmcnl  wtl)  be  seen. 

I     |2).     Among  the  formula  of  article  8,  the  following  seem  to  me  better 
r  bt  computing  the  true  anomaly  and  the  radius  vector  than  those  that  Gauss 
nooin  mends, 

T-ain«  =  ocosfsin^, 

roosi'  =  a(coa£— e). 
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(3).  The  indirect  method  given  in  article  1 1  for  the  eolation  of  Kepler's 
problem  is  probably  the  best  way  of  solving  this  fiunons  question  that  has 
ever  been  given  in  the  case  of  orbits  where  the  eccentricity  is  not  very  small. 
The  opportunity  that  is  left  for  the  computer  to  use  his  judgement  and  make 
a  dose  guess  is  a  great  advantage. 

(4).  S^ce  the  coefficient  of  df  in  article  16  is  generally  found  with  dif- 
ficulty I  give  my  reductions.   Substituting  the  values  of  ^  and    ^"^<^ 


Xdv,  the  value  of  dv  being  taken  from  the  preceding  artidci  we  have 

*:  =  ^+?.tan«,8m*.dlf+  /  (8+«c«'t>)esint^_cogycogt>_g^^    ^, 
r        a     r        ^  (ooB^l-i-eooBv)    IH-ecosr  J 

By  successive  reductions  and  noticing  that  e=sin  f^  the  coeffideut  ofdf 
takes  the  forms 


,  26in^  sin  t^'+oos  t?  sin  y^sin  p^ — 2coetysinf*— ooet>coey^*— 2aiBy 

C0Sf(l +€00617)  ' 

28in  ip  cos  tT'+sin  y^oos  «*H-co8  v  sin  ^p'+oosipoosj^, 

cosf  (l+€Coet^)  ' 

(l+CC06t?)'.C06r 

co&ip{l  +  ecoGvy 

Hence  since 

a  ^  1  +  ecosv 

r  ""       cosf*     ' 
we  have 

dr  =  -.da  +  a  tan  y  sin  v  •  dM  —  a  cos 0 cos  v  •  dw. 
a 

On  sending  the  above  reduction  to  Dr.  Briinnow,  then  Prof'r  of  aetmio- 
my  in  the  University  of  Michigan,  in  return  I  received  from  him  the  fol- 
lowing solution. 

All  the  equations  between  E,  v  and  f  can  be  found  firom  the  formuIiB  of 
spherical  trigonometry  by  \neans  of  a  triangle  given  by  B.  Nicolai,  a  sta- 
dent  with  (rauss  at  Gottingen,  and  afterwards  Director  of  the  Observatory 
at  Mannheim.  From  the  equations  given  in  article  8  we  may  assume  tlie 
spherical  triangle  whose  angles  are  90^+-^;  90^— v;  and  f ;  the  sides  op- 
posite being  90^— E;  90°— t;,  and  ip.    Thus  we  have 


.    1;,       coscpsmv  Tp        cos«  +  «. 

smE  =  -^—r^ .'  cos  ^  =  rr-\ —  / 

lH-«cost;  l+«cos« 

cos^sin^  COB  J? — e 

Sm  V   =  -. — 3- =,.•  000  17  s=s =,. 

1— «COS-E^  1— «cosJE 
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From  tkeae  eqnataone  we  find 

cobEoosv  bb  — =— r-^ .•  BinEcoBv  =  — =^^-- ; 

1  +  eOOBV  l+€OOBt^ 

1 — €006  J?  1 — «006^ 

If  we  multiply  the  equation 

«/^  j?o;«^  —  ^^^sint;  +  esint; 
COS  2if  Sin  «  =  5 , 

l+«oost? 
by  cos  f,  and  subtract  the  product  from  the  value  of  sin  jE7cob«  we  have 

8iiijEeost>-oosJEsintyoosy=:~^^y^^"^  =  — esin^. 

1  +  €006t; 

Since  €  =  sin  f , 

COS  JBcoe«c^«>  =  <X)sy-coBysint>>  +  8inyco6yoost; 

1  +  6COS1; 

B=  cos  ^  —  sin  JE^sin  v. 
Hence 

oos{9  =  Bint^sin£+  oosvoos^oosfpy 

siDf  sinJ^sa  —  oosvsin  JE7  +  sint^oos  J^oosf, 

mn  f  COS  J?  =3  sin  f  oosf'. 
Simflarly 

00s  ^  =  sint7sin  J7  +  cosvoos^oos^, 

6in5PBinf;  =  6in900Sj&  —  cosvsin  J^cos  f, 

mn  f^  COS  t;  s=  COS  V  sin  5p; 

and  these  are  the  fundamental  equations  of  spherical  tligonometiy. 
If  now  we  differentiate  the  equation 

rmasa{l — eeosE) 

and  then  substitute  the  value  of  dE  we  find 

^■Dr.db  + Atanf  flin«.€iif+a.<  sinf  sinvsin  J? — cosf  oosJ?  Lcl^. 

Kioolai's  triangle  gives 

cosf  s=  sinvsin^  +  cos^cos^oos^, 
sinf  sinv  =  sinvcosJE^—  cos  v  sin  ^  cos  f. 
Hence  the  coefficient  of  ady  in  the  value  of  (2r  is  —  cos  f  cos  v. 


• 


—se- 
es) In  computmg  the  maximum  error  for  the  hyperbola  in  section  VII 
of  article  32, 1  was  obliged  to  solve  a  complete  equation  of  the  fourth  de- 
gree. The  numerical  results  agreed  with  those  given  by  Grauss,  but  perhaps 
they  may  be  got  more  easily,  since  in  the  other  cases  they  are  found  by 
quadratic  equations. 

(6).  In  article  64  we  have  the  el^ant  equations  used  by  Grauss  for  the 
solution  of  a  spherical  triangle  when  from  one  side  and  the  adjacent  angles 
the  other  parts  are  to  be  found.  These  formulse  were  published  by  Delam- 
bre  in  1807  (Conn,  des  Tems,  1809,  p.  446);  and  formulse  resembling  them 
were  given  by  Professor  Mollweide  in  Germany;  but  it  does  not  appear 
that  Delambre  or  any  one  made  use  of  these  formulse  until  they  were  appli- 
ed by  (rausSy  and  their  convenience  had  been  pointed  out  by  him.  In  his 
review  of  the  Theoria  Mot.  (Conn,  des  Tems  1812)  Delambre  says:  '^Quand 
j'eus  trouve'  ces  formules  j'en  cherchai  les  applications  qui  pouvaient  etre 
vraiment  utile;  n'en  voyant  aucune,  je  les  donnai  simplement  oomme  cu- 
rieuses."  When  we  remember  that  (rauss  had  used  these  formulse  several 
years  before  their  publication  by  Delambre,  and  that  it  was  through  Gauss' 
example  that  they  came  into  general  use,  it  seems  to  be  only  fair  that  they 
should  be  called  the  Gaussian  formulse,  although  of  late  the  French,  and 
some  English  writers,  call  them  Delambre's  formulse.  These  formulse  are 
frequently  used  when  it  would  be  better  and  more  accurate,  I  think,  to 
apply  the  three  fundamental  equations  of  spherical  trigonometry,  with  ad- 
dition and  subtraction  logarithms. 

(7)    The  method  given  in  articles  (65)  and  (66)  for  computing  the  equa-* . 
torial  coordinates  of  a  planet  is  simple.     In  the  appendix  Admiral  Davis 
has  added  other  equations  given  by  Grauss  in  his  first  paper  on  this  method, 
and  among  these  the  convenient  equation  for  checking  the  calculation,  into 
which  it  will  be  noticed  all  the  auxiliary  quantities  enter: 

-      . sin  6  sin  o  sin  (C  —  B) 

sin  a  cos  A 

By  an  error  of  print  the  denominator  is  given  as  sin  a  sin  ^,  This  meth- 
od of  computing  by  rectangular  coordinates  is  objected  to  by  Hansen  who 
prefers  polar  coordinates  as  being  more  accurate.  Differential  formulse  can 
be  found  for  changing  the  Gaussian  auxiliaries  from  one  equinox  to  anoth- 
er, but  they  do  not  seem  to  give  any  practical  advantage. 

(8).  The  continued  fractions  given  in  articles  90  and  100  are  explained 
by  Gauss  in  one  of  his  memoirs.  [See  Runkle's  Mathematical  Monthly, 
Vol.  Ill,  p.  262.] 
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(9).  A  very  el^ant  and  satisftotoiy  discussion  of  Lambert's  equation 
for  each  of  the  conic  sections  will  be  found  in  articles  106  to  110.  Many 
of  the  discussions  of  this  problem  given  in  recent  books  on  astronomy  and 
rational  mechanics  are  not  much  more  than  Grauss'  discussion  spoiled.  In 
section  IV^  will  be  found  a  condensed  but  pretty  complete  statement  of  the 
miist  useAiI  relations  between  several  places  in  space,  such  as  that  used  by 
Olbers  in  computing  the  orbit  of  a  comet. 

(10).  I  will  give  one  more  note,  and  this  on  the  derivation  of  the  check 
equations  at  the  end  of  article  140;  the  last  of  which  gave'me  as  much 
trouble  as  any  thing  in  the  whole  book  notwithstanding  Gauss  says:  '*qua- 
ram  tamen  derivationem  non  ita  difficilem  brcvitatis  caussa  supprimimus." 

If  in  figure  4  we  extend  the  great  circle  B^'B  to  meet  the  circle  AA"  in 
iV,  and  apply  equation  I,  article  140,  we  shall  have 

0  =  sin^r— OsinjV'^  — sin(r— 08iniV'^'+sin(f- 0»in^'^".  (1) 

Proceeding  now  as  in  the  beginning  of  article  140,  and  dividing  equation 
\\)  by  R"  we  have  the  first  of  the  check  equations.  •  For  the  second  equa- 
tion, transpose  and  get  the  value  of  6  from  the  first,  and  if  we  notice  that 

-    I  A'f-nf     vt\      sin  B  sin  BB!^      '    /  at/     j»\      sii^  B^  sin  BB' 
sin  {A  U — o  )  = T-  ->- —  ;  sm  [AU — o)  = ; — , ; 

sm  e  sm  e 

we  shall  have 

h  =  :?_l?!5i!? sin  BB'' Fs.  3s.  (r-Z)s.  ^+s.  ^'s.  (f-Qs.^n 

R'  sin  y '  •  sm{y-ir)8iu(AD'^)  sin  e'  L  sin  {I"—  I)  J 

But  we  have 

sin  N'A  sin  N'  =  sin  3  sin  B:    sin  iV'il"sin  N'  =  sin  <J''sin  B'\ 
and  by  (1)  the  factor  in  the  brackets  is  reduced  to 

sin  N^A^  sin  N'. 
From  the  last  equation  of  article  110  we  have 

•     i>i>//       sin  (a" — a)cosfloosfl" 

sm  BB"  =  i —TrT^ ^-—3 

cosir 
lod  the  value  of  6  becomes 

6  =  5>L^:.-_,j^«?!l?^g'         --,.8inK'-a)8iniVM 
R  sin  3^    sin  (3'—  ff) sm  (AlZ—d)  sm  e'       ^ 

It  is  required  therefore  to  reduce  the  factor  sin  (a"  —  a)  sin  N'A'  tan  N' 
to  the  form 

tan  fi  sin  (d"-r)—  tan  jS"  sin  (a-f)  =  8. 

For  this  purpose  I  put 


a"—  a  =t  (a"-^)  —  (o-T) 

and  expand  sin  (a" — a):   From  the  points  B  and  ^'  let  &11  perpendiculars 
on  the  great  drcle  AA",  and  denote  the  points  of  intersection  by  a  and  a". 
We  have 

IfA'  =  Ifa—ia—r):  IPA'  =  ^o"— («"— f),  (2) 


sin  N'a        sin  jV'a"' 

By  means  of  these  equations  the  factor  sin  {a" — a)  sin  N'A'  tan  IP  takes 
the  symmetrical  form 

+8in  (a'-T)  tan  ^  C06*(a— T) — sin  (a'-T)  tan  ^  C06(a — f)  sin  (a— r)cot  N'a 
-sin  (a-r) tan j9"cosV-f)+8in  {a—t)  tan  /9"sin  (a"-f )  cos  (a"-^)cot  N'a". 

If  now  we  change  cos*  to  I  —  sin',  we  have  the  value  of  8  and  the  re- 
maining terms  reduce  to 

sin  {a"-^)  sin  (a—T)  tan  JV.  ^  cosCiV'a"— (« '-^)]— ooe[2V'o— (a— 0]  J^ =0, 
by  (2).     Hence  we  have  the  value  given  by  Gauss 

^  ^  R'  sin  a^ :^^^fi^'^ 

jB" sin  J"*sin  (^  —  <y) sin  {AJy  —  ^  sin  c'* 

The  preceding  reduction  is  long,  and  quite  likely  it  may  be  rimpliited. 
It  will  be  seen  that  the  relation 

sin  {a— a)  sin  N'A'  tan  -^'  =  tan  j9sin  (a"— f)— tan  jT  sin  (a— T) 

may  be  stated  as  a  general  theorem  in  spherical  trigonometry,  and  perhaps 
some  one  may  give  a  proof  of  it. 

In  reading  a  ))ook  like  the  Theoria  Motus,  the  student  is  apt  to  be  dis- 
couraged by  the  feeling  that  the  writer  of  such  a  book  was  a  man  of  won- 
derful power,  and  that  his  own  efforts  can  not  have  much  value.  Now 
while  such  men  were  no  doubt  gifted  with  great  natural  ability,  yet  the 
history  of  their  lives  and  their  manner  of  work  is  full  of  encouragement  to 
every  earnest  student.  Thus  we  know  that  the  first  method  devised  by 
Granss  for  computing  the  orbit  of  a  planet  was  rude  and  clumsy  oompaivd 
with  the  elegant  form  in  which  it  was  published.  It  was  by  keeping  the 
the  problem  steadily  before  his  mind  for  several  years,  and  carefully  work- 
ing out  all  its  parts,  that  Gauss  brought  his  solution  at  last  to  a  form  almost 
perfect.  In  the  case  of  Laplace  we  know  that  at  first  he  had  erroneous  no- 
tions on  several  subjects,  and  made  mistakes,  but  he  had  the  good  sense  and 
perseverence  to  correct  his  own  errors,  and  at  last  produced  the  Mecaniqfie 
Celeste. 
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BY  G.  W.  HILL^  NAUTICAL  ALMANAC  OFFICE,  WASHINGTON,  D.  C. 

[Continued  from  page  40.] 

The  coordinates  usually  preferred  by  astronomers  are  the  logarithm  of  the 
radius  vector,  the  longitude  and  the  latitude.  We  suppose  that  the  two  last 
are  referred  to  the  plane  of  maximum  areas.  Let  these  coordinates  be  de- 
noted by  the  symbols  log  p^  X  and  )9;  and  let  the  subscript  (q)  be  applied 
to  X  and  p  when  we  wish  to  designate  the  similar  coordinates  corresponding 
to  the  variables  Xy  y^  z,  x'^  y'^  ^^     Then  we  have 

/oco8)9cos^  =  rcos)9QCOs^Q  +^'co8  j9qCos  ^q, 
/o  cos  )9  sin  ^  =  r  cos  j9q  sin  X^  +  w'cos  jS'osin  ^'q, 
psinfi      ^    =r8in  ^0  +  w'sin  /3q 

From  the  first  two  equations  are  readily  obtained  the  following  two : — 
/>  cos  j9  cos  {X — Xq)  =  r  cos  j9o+ xr'cos  jSqCos  {Xq — Xq)j 
p  cos  )98in(^ — Xq)  =  xr'cos  jS'^siu  (X'q  — Xq). 

In  the  developments  in  infinite  series  which  follow,  the  eccentricities  of 
the  orbits  will  be  regarded  as  small  quantities  of  the  first  order,  the  squares 
of  the  inclinations  of  the  orbits  on  the  plane  of  maximum  areas  as  quanti- 
ties of  the  third  order,  and  x  also  as  a  quantity  of  the  third  order.  Then 
all  terms,  whose  order  is  higher  than  the  sixth,  will  be  neglected.  This 
degree  of  approximation  will  be  found  amply  sufficient  for  the  most  refined 
investigations. 
Under  these  conditions,  we  get 

log  />  =  log  r  +  Jlog[^l +2/«+,*^*  j 

T  T 

We  will  write  rj  for  sin'  \i.    Then,  to  the  sufficient  degree  of  approxima- 
tion, 

;f-  #  =  — ;f -coe(t?— v-fgr— gr')+2x(7+g;7— 8in(f+5')8in(r+5r'). 

T  T  G 

Id  like  manner 

rooB  pq  t 

—rf-  sin  {Zl-r -\-Zg-g')+xf  ^Atx{1+1' -^  g+g'). 
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The  expressions  for  Xq  and  fi^  in  terms  of  elliptic  elements  are  given  by 
Delaunay.'*'     Log  r,  as  well  as  the  following  expressions 

^'^i^'+g')  =  -|«''^S''+[l-Je^'^(r+i^')+[Je-t<''»]"*(2r+i7') 

a  sin  ^    Bin  Bin         •^/i-*         *'-*Bm 

COR  fiOB 

Bin  Bin 

Bin  ^*Bin 

Bin  Bin         • 


are  found  in  a  memoir  by  Prof.  Cayley.f     With  these  data  we  get 
logp  =  loga  +  K  +  ift^e*  +  ^  +  ^^ 


n 

—  [«-K— 5^]  COS  i-[f«»_^+^]  C06  21 

-  i^-  -fi^]  cos  Sl-m<*-{iit>2  «»  4/ 

—  11^  cos  5i— ff^cos  6? 

->t^{  [l-e»-J«'»-(?+?')']«»  (^-^'+^-'7') 

+[|e_^_|«e'*]  ooe  (2?-i'+i^-/)+[-|«'+f«»«  ] 

+[— i«-K+i«c'*]  COS  (^-iz+yO+CK— l«''-K«T 

Xoos  (^2r+fir— gr') 
+W00S  (3Z-i'+i7-sr')— J«»C06  (i+i'— (7+sr') 
+|«e'oo8  {g—g')—iee^  cos  (2Z+S'— jr') 
— Je«'co8  {2l'—g+g')+le^  00s  (2^—2/'+^—^) 
+§«'»  cos  (l-Sl'+g— g')+ie^  COS  {l+l'+g—g') 
+ii^  COS  (4i-i'+(7-<7')-T>^  COS  {2l+l'-g+g') 

-f^e'  cos  (3i+<7— <7')+A«*«'  COS  {l—g+g') 
+\ye'  cos  (3?— 2/'+^— g')— tV^«'  008  {l+fU'—g+g') 
— ^e'*oos  (Sr— ^H-^)+^e'»oo6  (2Z— 3f'+g— ^) 
— ^e'*co8  (i'+g—^O+iV*'*  008  (2Z+Z' +5^—5'') 
+ie'»cos  {l-4P+g—g')+.^oos  {l+2l'+g—g') 


*TMorit  du  Mouvement  de  la  Lune.    Tom.  I.  pp.  56-69. 

f  Tables  of  the  Developments  of  Functions  in  the  Theory  of  Elliptic  Motion,    Mem,  Roy.  Astr. 
Soe.,  Vol.  XXIX,  p.  191. 
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+{7j+,l'Y  cos  {l+l'+g-\-g')j 
+i«»^coe  (21-21' +2g—2g'), 


+[M<^-*K]  «n  ^i+LW^-m^^  Bin  4i 
+1^1^  sin  U+i^^Bin  61 

+[— 7*— 3y*+4:y*<^8in  (2H2^)+J7*8in  {4l+4g) 

+l—2yfe+3^7f^-]am{Sl+2g)+[27fe—irf(f^sm(l+2g)     . 

— yi)y»Ain  (4H'-^)— fV'Ain  2^ 

+f««'8in  (g-g^y-^e'Bin  {2l+g-g')+iee'6m  {21'— g+^ 
+f  ee'flin  (2f— 2i'+^— /)+fe'*sin  {l—^'J^-g—^) 

+^e^Bm{l^l' +g-g') 
+^8in  {U-V -\-g-g')-\-^Bm  {2l+l'-g+g') 
— f^«'8in  {Sl+g—g')—^e'  sin  {l—g+g') 
+^«'8in  {Sl—2l'+g—g')+^e'Bin  {1+21'— g+g') 
+TVe"8in  {3l^+g')+^e'*8m  {21-U' -\-g-g') 
—^^Bm{l'+g—g^-\-^e^Bm  {21+1' -\-g—g') 
+ Kmo  {1-41' +g-g')+i^Bm  {1+21' +g-g') 

-ifwii{'Slr-l'+Zg-^)+7f*An{l+l'+g+g')  \ 

+ix»^*sin  {21-21' +2g-2g'), 
a 

fi  =     [27— 276*+  ^7««]  sin  {l+g)—iii'  sin  {m+Sg) 
+[27* — -Jj?^]  Bin  (2^+fl') — 23ye  sin  <7 
+»'?«•-¥'?«•]  «n  (3i+fl')+[i7«'— a^?«*]  sin  {l-g) 
+|7^  sin  (4i+5')-t- J^e*  sin  {^—g) 
+mV^  sin  (5i+«;)+^7««  sin  {Sl-g) 
— 7»«sin  {'^+3g)+7fe  sin  {lU+Sg) 

+x^|  78in  {2l-l'+2g-g')+[7j+27i^  sin  (P+flrO 

+47«sin  («-^'+2sr-sr')-f5e8in  (i_i'+2<^_/) 
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— f:yc'  sin  (2l+2g—g')+i7je'  sin  {2l—2l'+2g—g') 
+i[7+2'?']  esin  {l+l'+g')-ll,j+27iq  e  sin  (l-l'-g') 

+iLV+^Vl e'Bia{2l'+ff')-^ri+27j'yBing'  |. 

As  written,  these  expressions  give  the  coordinates  of  Jupiter.  Those  of 
Saturn  are  obtained  by  removing  the  accent  from  all  tlie  accented  symbols, 
and  applying  it  to  those  which  are  unaccented,  x  excepted,  for  which  we 
have  x'  =  x.     Also  it  is  to  be  remembered  that  we  have  h'  =  h+ 180°. 

The  coordinates  of  the  two  planets  are  obtained  by  employing  in  these 
formulae,  for  the  quantities  involved  in  them,  the  values  they  actually  have 
at  the  time  in  question.  The  latter  are  determined  by  the  differential  equa- 
tions previously  given;  but  instead  of  integrating  these  equations  in  one 
step,  we  may,  as  Delaunay  has  done  in  the  lunar  theory,  divide  the  process 
into  a  series  of  transformations  of  the  variables  involved;  each  of  which 
must  be  made  not  only  in  the  expressions  for  log  />,  i,  j9,  log  p',  i',  )9'|  but 
also  in  R, 

As  the  introduction  of  /  as  the  independent  variable  does  not  appear  to  be 
advantageous,  we  will  suppose  that  the  six  variables  L,  i',  F,  l,  Vj  y  are 
employed  and  that  t  is  the  independent  variable. 

Delaunay^s  method,  somewhat  amplified,  amounts  to  this: — selecting  the 
argument  ^  =  tZ  +  i7'  +  V'xj  suppose,  for  the  moment,  that  R  is  limited  to 
the  terms 

— -B— ^jcos  («+t7'+i"r)— ^200s2(tf+t7'+i'V)+'.  •  • , 
where  By  A^  <&c.,  are  functions  of  L^  L'  and  F  only.    Then  if  it  is  found 
that  the  differential  equations,  corresponding  to  this  limited  i2,  are  satisfied 
by  the  infinite  series 

d  =  dQ{t+c)  +  ^isin  ^o(Hc)+flaSin  20Q{t+c)+  .  .  .  , 
r  =  {l^)+r^{t+c)+l\sm  <?o(<+c)+Z'a8in  2<?o(<+c)+  .  .  .  , 

r  =  (r)+ro(«+o)+ri8in<?o(«+o)+r28in2<?o(Ho)+  . . . , 

L=  LQ+L^cos0Q{t+o)+L^coB2dQ{t+o)+  .  . . , 
L'=  L'f^+L\co&0Q{t+c)+L'^co&2dQ{t+o)+  .  .  .  , 

^  =  /o+Acosl?o(<+o)+Acos2l?o(<+o)+  .  .  .  , 
where  c,  (l),  (V)  and  {fj  are  arbitrary  constants,  the  last  three  being  equiva- 
lent to  two  independent  constants,  as  we  have  the  relation 

m+i'{P)+i'\r)  =  0, 

and  all  the  other  coefiScients  are  known  functions  of  three  other  constants 
a,  a'  and  e,  we  can  replace 

L  by  Lo+LiCoa{U+i'l'+i"r)+L3COB2(a+i'l'+i"r)+  .... 
L'  by  L'o+L\ooB{U+i'l'+i"r)+L',oos2(U+i'l'+i"r)+  •  •  • , 


r  by  /„  +f\cos{ii+i'/'-^i"rHr,cm2{u-\-i'r-^i"r)+  ..., 

thy  I   +  tjBm{U-i-i'l'-\-i"r)+  l,Bin2{U+i't'+i"r)+  ..., 
ehy  I'   -{■  f,ain  (il-^.i'l'+i"r)+  I'^sin  2{U-\-i'l'  f  i'V)+  ■  •  • , 

rhy  r  +riBm{it^i'i'+i"r)+r2Bm2(U+i'i'+i"r)+  .... 

and  will  have,  ibr  determining  the  new  variables  /,  /',  j-,  a,  a',  e,  precisely 
the  same  differential   equations  as  we  started  with,  provided  we  make  all 

»e  SDbetitutioQs  in  the  function  B,  and  regard  the  new  variables  L,   L' , 

■s  connected  with  a,  a',  e  by  the  relatione - 

It  will  be  perceived  that  as  long  as  we  are  dealing  with  terms  of  R,  whose 
gument£  involve  I  or  V  or  both,  the  second  members  of  the  three  equations, 
Bt  written,  have  values  which  differ  from  the  elliptic  values  of  i,  U  and 

only  by  quantities  of  the  second  order  with  respect  to  disturbing  forces, 
enoe,  if  we  propose  to  neglect  third  order  t«rms,  until  we  have  reduced  K, 

K  fanctioD  of  the  argum't  y  only,  we  can  assume  that  X,  X'  and  /'which 
etheelementsconjugate  to  theargunienta/,  i'  and  ;-,  are  expressed  througb- 
tt  in  terms  oi'  a,  a'  and  e,  in  the  same  way  as  in  the  elliptic  theory.  It 
»y  be  added  that  these  third  order  terms  are  found  in  experience  to  be 
lucb  smaller  than  those  which  arise  in  other  ways. 

£To  be  contiaued.] 


803[E UELATIONS DEDUCED  FROM EULER'S  THEOREM 
ON  THECURVATURE  OF  SURFACES. 


r  CHAS.  H,  KtnruELL,  tJ.  8.  COAST  AND  GEODETIC  SURVEY,  WASH.,  D.  C. 
Let  a  =  angle  of  any  normal  section  with  line  of  maximum  curvature, 
K  =  curvature  of  this  normal  section, 
i.^  maximum  curvature, 
i.  =  minimnm  curvature;  then  by  Euler's  theorem  : 

*a  ^  A„cos*a-(-^8iD*a,  (!) 

.'.  ^Vsir  =  ^siu*a+A,eoe*a. 
Adding,  we  obtain  the  well  known  relation : 

*■+*-+«,  =  ft„+h.  =  constant.  (2) 

But  multiplying  we  have 

KK^iiw  ^  (tS+^)sin*acos'fl-|-A„A,(eos'a  +  3in*a) 

=  iCi-  +  i»)'ain'2a-4-*„i.eos'2a.  (3) 
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*m«=  l/(*m*n),  (5) 

then  ^a^a+x»  =  ^m-H  Bin*  2a + ^  cos'  2a.  (3') 

From  (4)  and  (3')  we  can  form  the  quadratic: 

i»-2*^+,*+ i»„+,8in«2a+iJLco6«2a  =  0,  (6) 

whence  K  =  *m+n+cos  2a|/(i2+^— Aii,).  (7) 

This  formula  although  apparently  more  complicated  than  (1)  is  never- 
theless of  greater  practical  value  for  the  following  reasons: 

The  prin'l  curvatures  k^  and  h^  on  any  surface  are  given  by  the  quadratic 

hence  by  (4)  Jfc-^ (1 +9*)r-2py>+(l +p'X  /g) 

and  by  (5)  *^  =  Xt^f-^'  ^^^^ 

Thus  we  see  that  these  two  quantities  are  directly  given  without  solving 
a  complete  quadratic.     Their  geometrical  signification  is  as  follows: 

We  have  evidently  .    4,^+*  =  ^w,  (11) 

also    h„^  =  J  0*"^"  "^  J  0^^  ^  ^J  0^*"*  cos»a+ft^sin*a)da  (12) 

=  \fl  [i^+cos  2ax/{h^^—KJ)yia 

=  Un  +  [^^^'-•^'7^""'^  Bin  2a]]  J, 

it  is  therefore  the  mean  curvature. 

Since  kjc^  is  the  measure  of  curvature  according  to  Gauss^  therefore 
l-T-^ma  IB  the  radius  of  a  sphere  of  the  same  curvature  (13);  also 

1    _    C'^^^  f'^da  =  -  C"" da 

kmn      J  oka' Jo  TcJ  Ok^oosfa  -h  A;„sin'a 

_         1         r^  dai/(kr^K)sec^^ 
"  W{KKy  Ol+(*.-f-ki.)tan«a 

_     1 

l/(k-k.)* 
Thus  we  see  l-r-k^  =  mean  radius  of  curvature. 
Beplacing  a  by  a+ J;r  in  (3')  we  have 

k.+3^,k^^,  =  kJl^  COS*  2a+ki.  Bin*  2a, 
Adding  this  to  (3')  we  obtain  the  very  remarkable  relation 

kak«+ji,+k^j<,k.+5^,  =  k2+,  +k2^  =  constant  (15) 


*Thi8  IB  Monge'8  notation ;  p  =  (<ir-!-<fe) ;  q  =  (diH-dy) ;  r  =  (<i«f-!-<fe«) ;  s  =  (d«f-*HMr)  1 
i  =  (dU-i-dy*). 
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I 


^  the  sum  of  the  products  of  the  curvatures  of  one  pair  of  cross 
gecHoDB  and  of  another  pair  of  cross  sectione  bisectiDg  the  first  ia  constaiU. 

This  remarkable  theorem,  aDal<^oua  to  (2),  is  t>ut  a  particular  case  of  a 
more  geneml  one,  which  I  give  without  proof,  which  is  easy  however. 

If  a  pair  of  cross  sectioDS  in  coDtiouall}'  bisected  and  after  .V bisections 
the  prodact  of  curvatures  taken,  and  if  we  add  ta  this  the  product  of  the 
corvataree  of  a  system  of  sections  bisecting  the  first,  the  sum  is  constant. 

From  the  examination  of  some  special  cases  by  Mr.  Alex.  S.  Christie  of 
U.  S.  Coast  Surv.  it  eeemed  probable  that  in  general  the  sum  of  N  curv- 
atures ei'enly  distributed  around  a  point;  the  sura  of  their  products  by  two, 
by  three  .  .  .  ,  hy  N — 1  ie  also  constant;  but  that  their  product  depends  on 
the  azimuth.     To  prove  this  I  proceed  as  follows: 

We  have  by  (7),  if  for  brevity  we  place  k„_  =  i/(k„+,*-  k^J),         (16) 
k,  =  k„+„-i-k„_„coB2a.  (7') 

We  have  then  J'J->[k.+,^ff),]  =  Nk„+.=  constant,  (17) 

r?-»tk,V^^>>]  =  Nk2^  +  kl,.^-^  -i  ens'  2[a+(.-^N>]  J- 

=  Nk'J+.  +  ik„U^r'  -!  l+«)94[a-[-(>/-^N);r]  } 
=  Nk^  -I-  jNk2_  =  constant.  (18) 

Hence  since  JJ" '  [k ,V,^^*]  =  [2J->  (k.+{^^)7 


-2Jr'[k--K.^.v)pk>^ 


>]. 


we  have  the  sum  of  the  products  by  two 

ir-  [k«.,e^n,k«■,..+J.l,]  =  lN'k3„-}Nk  V-JN(t:,.-kl 

=  JN.!{2N— 3)k;,.  +  lNkJ.  =  coiut.  (19) 
Ipin  .^r'tkJM.*-.!,]  =    Nkle.+fNk.^.k>_. 

=  SNk>+,— |Nk„+.ki.  =  constant.     {W) 

8i««  ff->[k»„..,J  =  [J;-'(k„<*„,)]'-3[.!';-'(k.«^™)iT'  ) 

(k>„.,.,,)-i'f(k.V^,„)]-6J-;-'(k.«^„k.+,.,+,,.k„,.„„, 

=  -2[Jr'(k.«.t,,l]H6r;-(k.+„„)^(k.t.^,^k.+,.,^.„) 

+  32T>(k..„.^_,„)-6J';-'(k.+i.+,„k.+,.,^.,„k.+,.„^,J,      (21) 

we  infer  that  the  sum  of  the  products  by  three  of  the  JV  curvatures  is  const. 

It  is  easy  to  see  that  the  sum  of  the  powers,  as  well  as  the  prralucts  by 

fimr,  6ve,  etc.,  must  be  constant,  but  with  this  exception,  that  it  does  not 

bold  for  the  sum  of  the  JVlh  p<iwcrs  nor  the  product  ot  the  N  curvatures; 

fcwehave  i'f-'[klH,+jT.]=constant+kl,i';->  ^  cos»2[<i+(>.-i-JV);r]  J. 


1    ,." 


{  oe  2(Ah 


+  constant 
(22) 


=  const- +2^k^^eoe2iffa; 
B  also  the  product  of  the  curvatiu-es  is  not  constant 
sot  of  Greek  torts  llie  talMcript  p  ii  here  writtan  for  <r,  and  Bulwc'pt  e  eUnilB 
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A  BRIEF  ACCOUNT  OF  THF  ESSENTIAL  FEATURES  OF 

GRASSMANN'S  EXTENSIVE  ALGEBRA*. 

[Given  by  the  author  in  Grunerf  a  Archiv,  Vol.  VI,  1845.] 


TRANSLATED  BY  PBOP.  W.  W.  BEMAN,  ANN  ABBOB,  MICH. 

I.    Aim  op  the  Extensive  Aloebba  as  Such. 

1.  My  Extensive  Algebra  forms  the  abstract  foundcdicm  of  Gkometryy  i.  e., 
it  is  the  'pure  nuUhemaiical  science  divested  of  all  spatiai  considerations^  whose 
special  application  to  space  is  Geometry. 

Geometry,  inasmuch  as  it  rests  upon  something  given  in  nature,  viz., 
space,  is  not  a  branch  of  pure  mathematics,  but  an  application  of  the  same 
to  nature ;  yet  not  a  mere  application  of  algebra,  even  when  the  algebraic 
quantity,  as  in  the  theory  of  functions,  is  regarded  as  varying  continuously; 
for  algebra  lacks  the  notion  of  different  dimensions,  which  is  characteristic 
of  geometry.  Hence  we  n6ed  a  branch  of  mathematics  which  incorporates 
with  the  notion  of  the  continuously  varying  quantity  the  notion  of  differences 
(Verschiedenheiten)  corresponding  to  the  dimensions  of  space.  This  branch 
is  my  extensive  algebra. 

2.  ITie  tlieorems  of  the  extensive  algebra  are  not  mere  transkUions  of  geo* 
metrical  theorems  into  abstroAst  language  \  they  have  afar  more  general  signif- 
icance,  for  while  geometry  is  restricted  to  the  three  dimensions  of  spaoe^  the 
abstract  science  isfre/efrom  these  restrictions. 

In  geometry,  lines  may  be  generated  by  the  movement  of  points,  surfaces 
by  the  movement  of  lines,  volumes  by  the  movement  of  surfaces,  but  further 
geometry  cannot  go.  On  the  contrary,  if  we  conceive  abstract  notions  in- 
dependent of  space  to  be  introduced  in  the  place  of  the  point  and  movement, 
these  restrictions  disappear. 

3.  Htmce  it  follows  that  the  theorems  of  geometry  have  a  tendency  toward 
genei*alUyy  which  finds  no  satisfaction  in  geometry,  on  account  of  its  restriction 
to  three  dimensions,  but  does  find  complete  satisfaction  for  the  first  time  in  the 
extensive  algebra. 

A  couple  of  examples  will  make  this  plain.  (1)  Two  right  lines  in  the 
same  plane  intersect  in  one  point,  likewise  a  plane  and  a  right  line,  two 
planes  intersect  in  one  right  line,  provided  that  the  right  lines,  or  the  plane 
and  the  right  line,  or  the  two  planes,  do  not  coincide,  and  the  intersections 
at  infinity  are  included.  If  the  point,  the  right  line,  the  plane,  and  the 
solid,  be  regarded  SyfeeTdsl^uebiete)  of  the  first,  second,  third,  and  fourth 
orders  (Stufe)  respectively,  then  in  this  is  suggested  the  general  theorem, 

*Prof.  Clifford's  translation  of  "AusdehnuDgfllehre''.    Tr. 
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if  a  Geld  of  the  ath  order  and  one  of  the  £th  inlersect  in  a  field  of  the 
eth  order,  but  not  ia  a  6eld  of  lower  order,  they  will  have  a  field  of  the  {a+ 
A— c)tli  order  in  commou.  Geometry,  however,  can  illustrate  this  theorem 
only  when  c  is  equal  to,  or  less  than,  4.  {2)  The  area  of  a  triangle  is  half 
wAtt  of  a  parallelogram  whose  sides  are  equal  in  leugth  and  parallel,  to  two 
Mes  of  tl>e  triangle;  the  volume  of  a  tetraedron  is  one  sixth  that  of  the 
ptrallelepiped  whose  edges  are  equal  in  length  and  parallel,  to  three  edge« 
of  the  letiaedroD  meeting  in  a  common  point.  In  this  is  evidently  suggest- 
ed the  theorem,  that  the  space  included  within  n  points  taken  together  in  a 


1 


-th 


field  of  the  n  th  order  (and  not  in  a  field  of  lower  order)  is  — ^-^ — -. — y-  ■" 

of  the  space  enclosed  hy  a  figure  (Gebilde)  whose  bounding  lines  (edges)  are 
equal  in  length  and  parallel,  to  the  right  lines  joining  one  of  the  n  points 
(o  all  the  rest.  But  even  here  this  theorem  does  not  appear  id  all  ita  gen- 
sali^.  On  the  contrary,  in  the  extensive  algebra— in  these  two  cases,  and 
in  all  others  —  the  theorems  hold  true  in  their  most  general  form.  Thus 
■Tary  where  geometry  takes  tlie  first  step  toward  generality,  but  without  be- 
ng  able  to  reach  it,  strikes  against  the  barriers  set  up  by  the  idea  of  space, 
wfaidi  barriets  only  the  ahetract  science  of  extensive  algebra  is  capable  of 
htetkiag  down. 

4.  The  Jiffure  ( GAUde)  in  tke  extensive  algAra  tohich  corresponds  to  the 
Sm  ii  the  affffregaie  of  the  elements  reaalUng  from  a  continaoiu  variation  of 
ihe  itate  of  the  orufinat  elemeail. 

The  line  may  be  re^rded  as  the  a^regatc  of  the  points  resulting  Irom  a 
oootinuous  change  of  position  of  a  point.  If  we  substitute  here  for  the  p't, 
-nore  generally,  any  object  susceptible  of  a  continuous  variation  of  any  state 
n  which  it  is,  and  then  divest  it  of  every  other  property  and  every  singu- 
Uri^  of  its  state,  and  call  the  object,  thus  divested  of  every  other  properly, 
tbe  eicment,  we  arri  .e  at  the  idea  set  forth. 

5.  ff  BOW  the  element  ooniinuoualy  varies  iis  stale  in  the  same  tcay,  so  that 
ojter  passaiff  from  an  element  a  of  the  fffure  {Gebilde)  to  a  second  element  b 
nfthe  lame  by  one  suck  variation,  ^  a  second  ice  pass  from  a  to  an  element 
eafthe  same  figure,  we  obtain  the  figure  oorrespondinff  to  the  BIGHT  line,  viz., 
tkt  field  of  the  second  order. 

The  right  line  is  generated  by  the  point  oontinualiy  varying  its  position 
ia  the  same  direction;  if  we  substitute  for  direction  mode  of  variation,  we 
arnf«  at  the  idea  set  forth.* 

[To  be  continued.]  i^     f.  J^if 

*If  t^  ligfal  ltD«  and  the  figure  correeponding  lo  it  are  to  be  infinite  botb  waja,  tlic  point 
iht  tkntfttt)  maiA  rary  ita  puaition  in  th«  upporilc  direction  (its  aUte  in  the  oppoaite  inan- 
k«^  tlao^  m  tliought  which  ht  umplicitj  we  hare  neglected  here. 
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NOTE  ON  PROF.  HALL'S  QUERY  IN  VOL.  VH,  NO.  FOUR. 


BY  PROF.  ORHOND  STONE. 

As  V^  ^^^^  iiot  assume  eight  values  at  the  surface  of  an  attracting  body, 
Todhunter  does  not  give  the  explanation  mentioned  by  Prof.  Eddy  in  the 
last  number  of  this  journal.  What  Todhunter  does  say  is  that  '^Vt?  is  an 
aggr^te  of  three  terms^  each  of  which  has  two  values;  so  that  there  are  in 
all  eight  comhinations,  of  which  one  gives  the  value  of  Vt?  agreeing  with 
that  found  for  an  internal  particle,  and  the  other  gives  the  value  of  Vt? 
agreeing  with  that  found  for  an  external  particle;  the  other  six  remain 
without  meaning.'^  In  other  words,  there  are  only  two  values  of  Vt?,  name- 
ly, — inp  and  0.  The  reason  that  the  remaining  combinations  are  "without 
meaning^'  lies  in  the  fact,  as  I  have  before  stated,  that  the  second  differen- 
tial coefficients  of  v  with  regard  to  x,  y,  2  are  not  independent  of  one  another. 

Answer  to  Query  (see  page  63)  by  W.  E.  Heal.— There  are  several 
methods  of  elimination  between  equations  described  in  the  query. 

The  following  methods  are  explained  in  Salmon's  Higher  Algebra,  third 
edition:— Elimination  by  Symmetric  Functions,  Elimination  by  Greatest 
Common  Divisor,  Euler's  methbd,  Sylvester's  dialytic  method,  Bezout's 
method  and  Caley's  statement  of  Bezout's  method. 


Solution  op  Prob.  338  (see  p.  31)  by  Prof.  Ormond  Stone. — Let 
a  and  3  be  the  heliocentric  right  ascension  and  declination  of  the  perihelion 
of  the  comet's  orbit ;  the  comet  will  evidently  approach  a  point  opposite  the 
perihelion,  i.  e.,  a  point  whose  right  ascension  and  declination  are  a-hl80^ 
and  —5.     To  find  a  and  d,  we  have 

tan  (a—  S)  =  cos  i  tan  (;r — i2), 
sin  8  =  sin  i  sin  (;r--.C), 

where  i  is  the  inclination  of  the  orbit  to^e  equator  and  n — ii  the  distance 
of  the  perihelion  from  the  node. 


Note  by  Prop.  E.  B.  Seitz.— Eq.  (4)  of  Mr.  HeaPs  solution  of  334,  p. 
60,  is  wrong.  From  (1)  and  (2)  we  see  that  the  tangents  of  the  angles  b^ 
the  tang^t  lines  and  the  axis  of  a:  are — 6cosfl-f-asinl?and  — bcoB^-^asiuf; 
hence  by  the  formula  for  the  tangent  of  the  diff  of  two  angles 

.        __/6cos^ bcosd\      /,  ,  6*cos^eos^\ a&(sinl7cos^ — cosffsin^) 

Vasin^     asindf      \       a^smOsiuip/       a'sin^sinfp+fr^oos^oos^* 
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SOL  UTIONS  OF  PROBLEMS  IN  NUMBER  TWO. 

Solutions  of  problems  in  No.  2  have  been  received  as  follows: 

From   Prof.  L.  G.  Barbour,  340;  Prof.  W.  P.  Casey,  340,  341;  G.  E. 

Curtis,  339,  340;  Prof.  E.  J.  Edmunds,  340;  Geo  Eastwood,  340,  345; 

Prof.  A.  B.  Evans,  340 ;  W.  E.  Heal,  340;  Prof.  E.  W.  Hyde,  343;  Wm. 

Hoover,  339,  340;  Prof  D.  J.  Mc  Adam,  340;  C.  H.  Metcalf,  340; 'Prof. 

E.  B.  Seitz,  344;  E.  Vansickel,  340;  R.  S.  Woodward,  339,  340,  345. 


^339.     "Required  the  average  distance  from  the  center  of  a  circle  to  all 
points  in  the  surfece  of  a  sector.'^ 

SOLUTION  BY  G.  E.  CURTIS,  YALE  COLLEGE,  CONN. 

*  Let  the  arc  of  the  sector  be  denoted  by  a  and  the  distance  from  the  cen- 
tre to  any  point  of  the  surface  by  p.  Then  the  sum  of  the  distances  from 
the  center  to  all  points  of  the  sector  will  be 

p.pdpdO  =  ir^a 

Hence  the  average  distance  is  Jr'a-r-Jr^a  =  f r 

340.     "Integrate  -^—^ ." 

sina:  +  cosa? 


•/     A»/      A 


SOLUTION  BY  PROF.  W.  P.  CASEY,  SAN  FRANCISCO,  CAL. 

/dz  r        6\nxdx  C  dz  ... 

sinx+cosa;      •^  sm*a:  + smrccosa:      •^  1— 2'H-(l-~r)^2 
By  integrating,  reducing  and  restoring  the  value  of «,  we  find 

/dx  1  X     7r\ 


141.  "Show  that  'Every  even  number  is  the  sum  of  two  prime  numbers, 
and  every  odd  number  is  the  sura  of  three  prirae  nurabers.'  Barlow's 
Theory  of  Numbers,  page  259/' 

SOLUTION  BY  PROF.  E.  J.  EDMUNDS,  SOUTH'n.UNIV.,  N.  ORLEANS,  LA. 

It  is  well  known  that  every  prime  number  is  of  the  form  6a?±l,  x  being 

My  integer.     Hence 

6a?+l  +  ba:— l  =  12a? 

whidi  is  an  even  number.     We  have  also,  putting  x  =  n, 

2n+l  =  6a:  +  l-f  6ar — 1  +  1  =  an  oild  number. 
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ft 

342.  No  solution  received. 

343.  ''If  f  be  the  sum  of  the  square?  of  the  edges  of  a  tetrahedron, 
F^  the  sum  of  the  squares  of  the  areas  of  the  faces  and  V  the  volume,  show 
that  the  principal  semi  axes  of  the  ellipsoid  inscribed  in  the  tetrahedron, 
touching  each  face  in  the  center  of  gravity  and  having  its  center  at  the  cen- 
ter of  gravity  of  the  tetrahedron,  are  the  roots  of 

*'  ~FT3**  +  2^:3**'"  2^3  ""  ^" 

SOLUTION  BY  PBOP.  E.  W.  HYDE. 

Let  the  equation  of  the  ellipsoid  be  Spipp  =  I,  in  which 

<pp  =  aSa'p+^Sp'p+rSr'P' 

Let  a,  )9,  y  and  d  be  the  vectors  from  the  center  of  gravity  of  the  tetra- 
hedron, taken  as  the  origin,  to  its  vertices;  then  ^  =  —  (a+^+y). 

The  vector  from  the  origin  to  the  c.  g.  of  fiswe  opposite  a  is  — Jo,  and  the 
perpendicular  on  this  face  from  the  origin  is 

and  similarly  ^)9  =  3  V{Sra—oip -  ^"l^^  «^ ; 

<pr  =  3F(3a)9— )9r— r«)fi^^«A'- 
Now  for  the  axes  fp  must  coincide  in  direction  with  />;.'.  make 

fp  =  —  lo'^pt  (f +i"'^)/o  =  0. 
Operating  by  8.p  this  gives  for  the  value  of  i,  f  =  !Pp,    It  may  be 
easily  shown  that  the  discriminating  cubic  is 

%+*-a)a(v?+A-a)i9(^+*-a)r  =  0; 
or  expanding 

The  coefficient  of  k~*  givee  on  substituting  its  value  for  fy,  etc., 
-gl^  [3(  V*afi+  V*^+  V^a)-2{8.^  Va^+8.ra  Vfir+SLafi  Vya)^ 

For  the  coefficient  of  k"^  we  find 


il.     Let  M  and  N  be  two  random  points  withia  the  circle  whose  center 
1 0,  and  AB,  CD  random  chords  drawn  through  them.     Draw  tlie  radii 
plff,  OK  perpendicular  to  AB,  CD. 
'  Let  OA  =r,AM  =  x,  CN  ^  y,  AB  =  z',  CD  =  y',  ZAOH^O, 
I COK  =V,  I  HOK  =  [1,  and  to  =  the  angle  Oi/| 
Btkes  with  a  fised  radius,    Then  x'  =  2r9in  d,  y  - 
Srsio  f ;  an  element  of  the  circle  at  ^  is  r  sin  Sdddx,  \ 
it  ^  it  ia  r  sin  ipdfdy,  and  for  elemental  changes  in 
die  directions  of  AB  and  CD  we  have  dw  and  dji. 

The  limits  of  9  are  0  and  \jc;  of  tp,  0  and  ",  and  I 
#iod  iff;  of /I,  9 — If  and  #-t-y>,  when  if  <0,  and  ^  I 
4  ud  ^  +  (',  when  ^  >  ^,  and  the  result  doubled  ;  | 
1,0  and  2)1 ;  of  x,  0  and  x' ;  and  of  ^,  0  and  y'.    Henoe,  since  the  whole 
Mmber  of  ways  the  two  chords  can  be  drawn  is  ^r*)-*,  the  reqnir'd  prob'tyis 


!_  P'  p"  pi'    f   pf'   r  p  p- 
r*J  n  J  If  J  Q  \Jq    \_J  qJ  ^ 


ipdfdfi 


I  [Oar  space  will  not  permit  the  insertion  of  the  integration  in  detail  as 
a  by  Prof.  Seitz,  nor  of  the  second  part,  at  present,  but  we  will  insert 
■oalysiit  f>f  the  the  second  part  in  a  future  number.] 
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345.  "The  great  circle  from  A  (y^,  l^)  to  B  (^3,  X^)  passes  north  of 
the  parallel  of  latitude  f^ ;  what  is  the  longitude  l^  of  the  point  P  on  this 
parallel  so  that  the  course  APB  shall  be  the  shortest  course  from  AU}  B 
which  does  not  pass  north  of  this  parallel?" 

SOLUTION  BY  R.  8.  WOODWARD,  DETROIT,  MICH. 

Since  the  coui*se  APB  is  to  be  a  minimum,  AP  and  PB  must  be  arcs  of 
great  circles.     Designate  them  by  s^  and  8^  respectively.    Then 

co8  9|  =  sin^i  sin  f>o+^^^fi  ^^^f  o  cos(>Iq — X{)  (1) 

cos  «2  =  sin  ^3  sin  tp^  +cos  <p^  cos  ^ ^  cos  (^3 — X^)  (2) 

Since  («i  +«2)  is  to  be  a  minimum  with  respect  to  Xq^  (1)  and  (2)  give 

dja^+B^)  __  cos y^  cos  yo  sin  (i^Q — X<^)     cos ^3  cos tp^  sin  (^3 — X{) ^ 

dXQ  sin^i  sin  83  ' 

whence 

cosy^sin(;o— ;^)  ^  sin^  ^ 

cos  ^2  sin  (^3  —  ^0)         sin^j'  ^  ^ 

Call  the  angles  at  P  between  PA  and  the  meridian  of  ^q  and  between  the 
latter  and  PBy  0^  and  0^  respectively;  then 

cos^i  sin  (Xq — ^1)  __  sin  8^  sin  0^  ^  ,^x 

cos  (p2  sin  (^2 — Xi)        sin  82  sin  0^ ' 
(3)  and  (4)  give 

sin  0^  =  sin  0^  or 

0^  =  0^  or(180°— fl,). 

Now  the  two  spherical  triangles  whose  common  side  is  (90*^ — ^q)  give 

cot  0    =--  *^"^i  —  ?i""?^_^fo  ^(ip— ^l) 
^  sin(AQ— Aj 

=  ±cot  I?    =  ±^"  ^2  cos  ^0— si"  ^0  cos  (^2— -io) 
^  sin(A2— ^0)  ' 

from  which  Xq  may  be  readily  found. 

[Mr.  George  Eastwood  has  given  an  extended  discussion  of,  and  demon- 
stration of  the  affirmation  contained  in,  the  Query  at  the  foot  of  p.  31,  but 
the  space  at  our  command  will  not  permit  its  publication  in  this  number; 
we  hope,  however  to  be  able  to  present  it  to  our  readers  in  a  future  number. 

We  take  this  opportunity  to  notify  our  readers  that,  in  consequence  of 
our  intended  absence  from  home  during  the  fore  part  of  June,  No.  4  will 
probably  not  be  mailed  to  subscribers  until  about  the  10th  of  July. — Ed.] 


—ios— 

PROBLEMS. 


\  346.     By  P^oJ  '^'  "'•  HendriclcBon. — Chorda  ol'  the  parabola  y  =  4(u; 
e  drawn  through  the  fixed  point  {h,  k) ;  required  the  locus  of  the  iiitersec- 
of  normals  drawn  at  the  extremities  of  the  chord. 
J  347.     By  Prof .  A.  Hal!.— Giwen  z  ^  asiD(x-\-a) +bemi-y+li),  reduce 
%U>  the  form 

[,  348.     Bt/  R.  S.  Woodioard,  Detroit,  Mich.  -Sliow  how  to  determine  the 
blues  *>fx  and  2  which  will  render 

u=  -f2a,C0B(  qz-i-iq'x-{-^j)ainiqx 
-\-2a^cos{2gt-{-  5j:+^2}sin  qx 
+2«gC09(39J+f5a:-j-^B)8in  ^qx 

+ 

+2a^ms{tiqi+^ix+^.)3in^qx, 
tt  max.  or  min.,  a^,  a,,  etc.,  /9j,  |9,,  etc,  and  q  being  constants. 

349.  £1/  ^ro/'.  W.  W.  Johnson. — From  any  point  B  of  a  circle,  whose 
radios  is  9,  a  perpendicular  BR  is  drawn  to  a  fixed  straight  line  whose  dis- 
tmoe  from  the  centre  is  b;  and  from  R  a  perpendicular  RD  is  drawn  to 
the  tangent  at  B.  Produce  RD  to  P  making  DP  =  RD.  Find  the 
nvlangular  equation  of  the  locus  of  P,  and  of  the  evolute  of  this  locus. 

[This  is  a  re-etatement  of  321,  as  the  solution  of  that  problem  by  Prof. 
Casey  indicates  tliat  it  wa8  not  understood  as  Prof  Johnson  intended.] 

350.  Btf  Request. — A  series  of  circles  touching  each  other  at  a  point  are 
mt  In'  a  fixed  circle;  show  (by  third  Book  of  Euclid)  that  the  intersections 
of  the  pairs  0*"  tangents  to  the  latter,  at  the  points  where  it  la  cut  by  each 
if  the  other  circles,  lie  in  a  straight  line. 

S&l.  By  Marcus  Baker,  U.  S.  Coaat  Surv.,  Washington,  D.  C— In  a 
plaoe  triangle  ABC,  a  line  from  C  perpendicular  to  AC  meets  AB  in  it, 
ud  another  from  C  perpendicular  to  BC  meets  AB  in  N;  knowing  the 
edee  a  and  b  and  the  intercept  MN  ^  m,  it  is  required  to  determine  the 
triangle. 

3o2,  By  Arlenuia  Martin,  M.  A.,  Erie,  Pa, — Two  chords  of  equal  but 
nokw^wn  lengths  are  drawn  at  random  in  a  given  circle;  find  the  chance 
uf  their  iat«reection. 

353.  By  WiUiam  Hoover,  Wapakonela,  Ohio. — Required  the  average 
(RB  o4'  the  cirdex  described  on  the  lixial  chords  ol  n  given  ellipse  as  diam- 
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353.  By  Prof,  H,  T.  Eddy^  OineinnaHf  Ohio.— A  cube  slides  down  an 
inclined  plane  with  four  of  its  edges  horizontal.  The  middle  point  of  its 
lowest  edge  comes  in  contact  with  a  small  fixed  obstacle  and  is  reduced  to 
rest.  Find  the  direction  of  the  impulsive  reaction  of  the  obstacle,  and  show 
that  it  is  independent  of  the  velocity  of  the  cube  and  of  the  inclination  of 
the  plane.  Determine  also  the  limiting  velocity  that  the  cube  may  be  ou 
the  point  of  overturning. 

Query  by  Pbof.  A.  Hall. — '^Observations  on  the  motions  of  the  sun- 
spots  have  also  established  the  fact  that  the  sun  is  not  strictly  a  fixed  body, 
around  which  the  earth  revolves,  but  that  it  has  a  motion  of  its  own  thro' 
space.*'     Physiography,  by  T.  H.  Huxly,  F.  R.  8.,  2nd  Ed.,  p.  365. 

How  can  the  above  fiict  be  determined  by  observations  of  the  sun-spots  ? 

Query  by  Prop.  W.  W.  Johnson. —Let  u  =  ^^°^'^. 

a 

Now  if  a  =  CO,  u  =  0  independently  of  the  value  of  x,  therefore  we 

should  have  -i-  =  0  when  a  =:  oo.    But  we  find  -=-=:  cos  oo?  which  is  es- 
dx  dx 

sentially  indeterminate  when  a  =  oo.     What  is  the  explanation  of  this 

paradox?  « 

Note  by  William  Hoover. — In  Todhunter's  PUme  IHgonometry,  p. 
142,  Third  Edition,  1864,  we  have  the  following  problem: 
Eliminate  8  from  the  equations 

{a+b)  tan  {0 — y)  =  (a — b)  tan  (^+f  )| 
cos  2^+6  cos  9  =  e. 
The  coefficient  of  the  first  term  of  the  left  member  of  the  second  equation 
is  omitted.    The  cofficient  of  cos  2^  is  a. 

This  erratum  is  pointed  out  as  Todhunter's  mathematical  works  are're- 
markably  free  from  typographical  errors. 
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r  ISVEBTIGA  TION  OF  THE  MA  THEM  A  TICAL  RELA  TIONS 
OF  ZERO  AND  INFINITY. 


BY  PROF.  C.  H.  JODSON,  GHEEJiVILLE,  S.  C. 

"We  have",  says  Pascal,  "three  principal  objects  in  the  study  of  truth : — 
De  to  discover  it;  another  to  demonstrate  it;  and  a  third  to  discriminate 
from  the  false,  when  it  js  examined". 

The  object  of  the  present  article  is  to  dinpr-lmtnate  the  true  from  the  falae 
fnth  res[)ect  to  mathematical  infinity — the  infinitely  yreat  and  the  infinitely 
tail.    "We  shall  endeavor  to  show  that  these  terms  admit  of  exact  definition, 
d  consequently  of  a  dricfly  logical  calculus. 

Let  it  l>e' premised  however  that  we  set  up  no  claim  to  originality,  as  we 
all  employ  these  terms  in  the  sense  in  which  they  have  been  used  by  such 
mnte  thinkers  as  Locke,  Sturm,  Du  Hamel,  De  Morgan  and  others:  and 
rther,  le&t  it  be  objected  that  because  the  disciisi^ion  contains  little  that  is 
•V  or  original,  it  is  therefore  useless,  we  shall  call  attention  to  the  mis- 
e  of  thesp  terms  in  some  of  our  best  Text-books,  and  to  the  confusiou  and 
rruT  arising  therefrom. 
We  begin  by  asking  the  reader  to  admit  the  following  Postulates: — 
(!).  A  number,  or  other  quantity,  as  a  distance,  may  lie  conceived  as  iu- 
cnnaing  without  limit.  We  mean  that  we  can  conceive  of  no  number  so 
Itreat  hot  that  we  can  readily  conceive  a  greater.  We  cannot  conceive  of 
ipoce  as  limited,  beyond  which  limit  there  is  no  space ;  and  we  can  not  oon- 
«ive  a  number  beyond  which  there  is  no  number.  Let  it  be  granted  then 
lliai  number  and  spat%  are  Infinite,  in  the  sense  of  unlimited, 

(2).     I*t  T  be  a  variable.     That  is,  let  a;  be  a  symbol  which  ma^  repre- 
Jentanvand  every  number.    Then  by  (1)  x  may  be  increased  without  limit, 
(3).    &in(«  X  may  be  increased  wOhout  limit,  it  may  be  considered  as 
n  any  cciuiant  whatever,  i.  e.,  greater  than  any  aaairpiaiU  num- 


—106— 

ber.  The  value  of  x  being  wholly  arbitrary,  the  instant  we  assign  a  value 
to  any  other  symbol,  as  a,  we  may  suppose  a;  >  a. 

(4).  We  employ  the  symbol  oo  to  represent  a  variahU  which  increases 
indefinitely,  and  which,  by  reason  of  its  indefiniteness,  may  be  considered 
greater  than  any  assignable  number.  The  expression,  x  =  oo,  may  be  read 
"when  X  increases  without  limit";  or,  "when  x  increases  indefinitely";  or 
even,  "when  x  is  infinite"  (is  unlimited),  not  "when  x  is  equal  to  infinity^'. 
As,  however,  we  require  a  name  for  this  symbol,  oo,  we  shall  call  it  infinity. 

(6).  Infiniijfy  then,  is  a  variable^  considered  as  greater  than  any  aamffnar- 
hie  number,  and  as  increasing  without  limit. 

According  to  this  definition  infinity  is  not  a  value  that  can  be  "reached", 
or  that  can  be  "approached";  nor  is  it  a  limit  of  any  value,  or  values. 

In  Davies  and  Peck^s  Mathematical  Dictionary,  article  Infinity,  we  find 
the  following  very  singular  statement: 

"Mathematically  considered,  infinity  is  always  a  limit  of  a  variable  quan- 
tity". If  now  we  turn  to  the  word  Limit,  we  find  that  "  a  limit  is  a  quan- 
tity towards  which  a  varying  quantity  may  approach  within  less  than  any 
assignable  quantity  but  which  it  cannot  pass".  .  Did  these  writers  really 
mean  to  assert  that  they  had  any  notion  of  infinity  as  a  value  that  might 
be  "approached  within  less  than  any  assignable  quantity^'?  They  appear 
to  reach  the  notion  in  this  way.     Consider  the  relation 


m — n 
If  a  is  a  constant  and  n  is  very  nearly  equal  to  m  then  ^  is  very  great ; 
and  "finally,  when  n  equals  m,  t  is  infinite".  Just  here  is  the  source  of  all 
the  confusion  and  error.  The  quantity  t  is  not  infinite,  they  hold,  so  long 
as  m — n  differs  from  zero;  but  "finally  when  m  =  w"  or  when  m  —  n  =  0, 
then  t  =  csD.  Observe  that  the  symbol  0  is  put  for  m  —  m,  it  is  the  abso- 
lute nought.     If,  however,  we  turn  to  the  article  2ero  we  find  that  when 

^  =  0, 

CSD 

'Hhis  kind  of  0  differs  analytically  from  the  absolute  nought,  obtained  by 
subtracting  a  from  a;  a  —  a  =  0*'.  "jR  is  in  ctmsequenoe  of  confounding 
the  0  arising  from  dividing  a  by  oo  with  the  absolute  0  that  so  much  oonfa-- 
sion  has  been  created  in  the  discussions  that  have  grown  out  of  (his  subjeof\ 
(Italics  mine.)     It  appears  then,  that  when  we  write 

--  ==  <x>  and  —  =  0 
0  CO 

we  have  two  different  kinds  of  nought.  No  wonder  there  is  confusion. 
However,  when  we  turn  to  the  article  Nothing,  we  are  consoled  by  the 
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Irment  tbat  "Noihtnif  is  fast  falling  into  disuse  as  a  mathematical  term, 

]  tht  projMM-  lorn)  zero  (=infi|]it(>8im&l)  is  acqiuring  its  true  place  io  the 
ktheuMitic&]  vocabulary".  Alisolute  r^ro  is  worth  nothing;  we  will  there- 

e  tiitriw  it  away.     Ar«  we  then,  when  the  mathematical  milleniuni  shall 

?e  arrivwJ,  to  write  a — a  =  infinitesimal? 

T"  ix>n)plet«  the  "confusion",  we  are  told  that  "In  arithmetic  infiniti/  is 

B  lart  lerm  of  the  series  of  natural  numbers".   There  b  then  a  last  term  of 

a  wn«8  I,  2,  3, . .  .  which  cannot  be  )>as8ed  1 

Pn>f€EBor  Hackly  (see  Algebra,  pp.  17  .>-6)  admits  that  -l-co  is  the  limit 
f  increasing  magnitudes  and— (>3  the  limit  of  decreasing  niagnitndes;  and 
brtlier  that  if  we  have  the  relation 


i  1  iDcreasee  from  a  value  less  than  7i  to  a  value  equal  to  n  a;  becomes 
F+eo,  while  if  z  decreases  from  a  value  greater  than  n  to  a  value  equal  to 
IX  I)ecorae8  equal  to  — c-^.     Minus  infinity  therefore  differs  from  plus  in- 
inity  only  as  mima  zero  differs  from  pine  zero. 
We  tliink  the  foregoing  references  are  sufficient  to  show  that  the  subject 
iDsndfi  reinvestigation.     We  now  retuin  from  this  digression. 
(6).     If  one  variable  a:,  may  increase  without   limit,  then  ita  reciprocal 
\-i-x,  will  decrease  without  limit.     If  we  put  z^  l-i-x  then  as  x  increases 
tnitcly  i  decreases  indefinitely.     As  x  never  ceases  to  increase,  x  never 
s  to  decrease  ;  or,  in  other  words,  as  x  never  reaches  any  limit  of  in- 
e,  m  z  can  never  reach  any  limit  of  decrease. 
(7),    A  variabU  tohich  decreases  indefiniieiy  and  which,  by  reason  of  tis 
idQSntteiu-M,  tnai^  be  cotisidered  aa  less  titan  ani/  assignable  value,  is  called  rm 
iifitulemnal.    We  shall  make  use  of  a  horizontal  0  to  represent  an  infinites'l. 
Tlius,  read  when  ;-r=  o,  when  x  decreases  iiidefi'ly,  or  when  3:  is  an  infinites'l. 
(8).     If  a  be  a  constant,  the  expressions 

—  =  00  and  —  1=  c 

are  rigidly  exact.  The  first  asserts  that  if  the  numerator  of  a  fract.  is  const. 
tad  the  denominator  decreases  indefinitely  the  value  of  the  fraction  increases 
without  limit.  The  second  asserts  that  if  the  denominator  increases  wilh- 
wt  limit  the  value  of  the  fraction  decreases  indefinitely.  Though  the  value 
(ppraacheH  nought  as  a  limit,  it  decreases  mOiout  limit  since  it  can  never  be- 
oome  nought  by  any  increase  of  the  denominator. 

(S).  The  limit  of  a  variable  is  a  txmstant  which  the  variable  indefinitely 
tfproachea. 

Gtr.  I.  The  variable  can  never  reach  its  limit,  otherwise  the  approach 
not  be  iiidetinil«. 


-108— 

[Though  the  forgoing  Proposition  and  Corollary  are  tme  when  referred 
to  the  particular  variable  alluded  to,  and  many  others,  yet  they  can  not  be 
accepted  as  generally  true.  For  instance,  the  limits  of  a  variable  sine,  or  co- 
sine of  an  arc,  are  zero  and  unity,  constants,  either  of  which  the  variable 
may  reach. — Ed.] 

Oor,  11,  Since  the  symbols  oo  and  o  represent  values  wholly  indetermi- 
nate and  unassignable,  it  is  evident  that  we  may  have  the  following  relat'ns, 

00  dza  =  oo;   QoXa  =  oo;  oo-r-a=Qo. 

The  symbols  oo  in  different  members  of  these  equations  do  not  represent 
the  same  values,  as  they  never  represent  definite  values  at  all. 

Also  oXoo=0-5-Ois  wholly  indeterminate.  We  cannot  write  a  ±  o 
=  a  nor  can  we  write  a  dz  o  =  <j,  if  o  is  a  constant. 

( 10).    By  the  Binomial  Theorem  we  may  demonstrate  that,  limit 

(1+1)'  =  2.7181,  and  (l_l)'  =^^,  when  .  =  oo. 

But  all  powers  of  1  are  1 ;  .  * .  o  is  something  real,  but  different  from  0. 

Since  1  +  o  differs  from  1  —  o  it  is  not  true  that  "an  infinitesimal  must 
be  rejected  as  having  no  value  in  comparison  with  a  finite  quantify*'. 

(11).  If  a  -^  0  does  not  properly  represent  infinity,  what  interpretation 
are  we  to  give  this  expression?  We  reply  that  it  is  the  symbol  of  impoMt- 
bihty,  not  of  quantity.  This  will  be  evident  from  the  discussion  of  questions 
which  give  rise  to  this  symbol.  The  eq'n  t=a'i'{m — n)  given  in  (5)  is  the 
answer  to  the  problem  of  the  couriers;  "In  what  time  will  A  overtake  jB?*' 
(m  being  the  rate  at  which  A  travels  and  n  that  of  jB.)  If  m=n  or  m — n 
=  0,  then  it  is  impossible  for  A  to  overtake  jB.  To  say  it  will  require 
an  infinite  time,  is  to  give  an  affirmative  paradoxical  form  to  the  n^ative 
proposition,  A  can  never  overtake  B. 

(12).  We  have  in  Trigonometry  sin  a?  -*-  cos  a?  =  tan  a?.  If  a?  =  J«:,  then 
sina;  =  1,  cosa;  =  0^  and  we  have  l-j- 0  =  tan  J;r.  But  when  a?  =  J;r  the 
secant  is  parallel  to  the  tangent  and  hence  cannot  meet  it.  Therefore  the 
tangent  of  ^n  is  impombk,  since  by  its  definition  it  is  termincUed  by  the  se- 
cant. The  symbol  1-^0  represents  this  impossibility.  The  true  and  correct 
statement  is  tan  (|;r  +  o)  =  ±  oo.  That  is, as  the  arc  indefinitely  approach- 
es ^zr,  the  tangent  increases  without  limit;  if  the  arc  is  less  than  };r  the  tan. 
is  positive,  if  greater  than  ^n  the  tangent  is  n^ative;  but  when  the  arc 
=r  ^K  the  tangent  vanishes. 

(13).     Again,  in  the  problem  of  the  lights, 

at/nh 
x=        ^ 


l/mdzi/n 
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Ill  and  n  representing  the  inteoBities  at  a  unit'e  dietoDce  and  x  the  distance 
from  t}i«  bri|^bter  light  to  the  point  equally  illuminated. 

If  m  =  n  the  first  value  of  a;  is  Jo;  the  second  is  a-s-0,  showing  that 
there  ie  no  second  point  of  equal  illumination.     This  is  the  exact  truth. 

To  say  that  there  is  a  second  point  of  equal  illaminatioD  infinitely  remote 
in  Da«  direction  but  none  in  the  other,  is  to  make  a  &lse  Btatemeut.  The 
two  intensities  being  equal,  there  is  as  much  reason  to  assume  a.  second  point 
infinitely  remote  to  the  right  as  to  the  left.  But  if  o-i-0  indicates  impi>ssi- 
bility  we  have  one  point  only, 

Again,  if  m>n  and  a  =  0,  then  x^O.  This  case  has  always  presented 
a  difEcully ;  since  there  ought  to  be  no  point  of  equal  illumination  when 
the  intensities  are  unequal.  Now  when  1  ^  0  and  a  ^  0  the  expressions 
fwr  Ihe  intensities  become 

whidi  are  symbols  of  impossibility.  The  true  solution  therefore  follows  the 
right  interpretation  of  the  symbol  a-i-0;  i.  e.,  there  is  no  pctint  of  e<]ual  il- 
,Jiimituition. 

Prof.  De  Moi^n  says  that  he  dates  his  first  clear  conception  of  mathe- 
infiuity  from  the  time  when  he  rejected  the  relation  a-^0  ^  00. 

'hen  a  student  I  was  taught  that  a-irO  =  00  by  the  following 
[! — Division  is  a  short  method  of  subtraction.  To  divide  a  niim- 
we  subtract  0  from  tlie  number,  and  tiien  5  from  the  remainder 
'tm  aotil  the  number  is  exhausted.  The  number  of  Bubtractiona  is 
tile  quotient.  Now  to  divide  8  by  nought  we  first  subtract  nought  and 
then  subtract  nought  from  the  remainder,  which  is  8,  and  again  subtract 
nought  from  each  successive  remainder  and  soon  for  ever,  without  exhaust- 
ing ihe  dividend.  Therefore  the  numlter  of  subtractions  is  unlimited  and 
(lie  iiuotient  is  infinite. 

This  reasoning  is  as  falacious  as  it  is  specious.  To  subtract  nothing  is 
Kd  inbCract  any  thing.  If  five  books  are  lying  upon  the  table,  how  many 
timei  can  you  take  away  no  book?  The  question  is  without  meaning.  To 
divide  by  nothing  Js  meaningless  if  it  does  not  mean  nQt  to  divide  at  all. 
Heooe  we  conclude  that  a-M)  is  not  a  symbol  of  value,  or  symbol  of  quan- 

(IS).  Dr.  Whewell  lays  down  the  following  axiom  (?^  of  limits,  which 
kaa  been  adopted  by  Davies  and  Peck  and  many  American  authors: — 

"Whatever  is  true  up  to  the  limit  ia  true  ai  the  limit".  Jjet  us  test 
ihii  by  Trig<muinetry. 

ir  ¥  <  )ff,  sec  «  meet*  tau  x.     This  is  true  up  to  the  limit  J.T.     Henw 
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according  to  the  axiom,  the  secant  of  ^n  meets  the  tangent  which  is  parallel 
to  it.  Again,  if  2;  <  };r  tan  x  is  positive  up  to  the  limit  ^tc;  .* .  tan  ^n  is 
positive.  If  a;  >^;r  and  decreasing,  tan  x  is  negative  up  to  the  limit;  .*. 
tan  |;r  is  negative.  Hence  also  two  parallel  lines  meet  in  opposite  directions 
and  inclose  a  space;  all  of  which  is  absurd. 

Again,  let  us  test  the  axiom  by  analytical  geometry.  Trace  the  curve 
whose  equation  is 

If  X  is  less  than  a,  y  is  imaginary.  This  is  true  up  to  the  limit,  re  =  a ; 
therefore  when  x  =  a,yi^  imaginary.  Secondly,  let  x  be  greater  than  a, 
and  y  is  real.  This  is  also  true  as  x  decreases  up  to  the  limit  ^  s=  a;  .  * . 
when  a;  =  a  y  is  real.  The  results  are  contradictory,  hence  the  so-called 
axiom  cannot  be  true. 

The  true  analysis  is,  if  a;  <  a,  y  is  imagiruiry,  and  if  :<;  =  a,  y  is  impossi- 
ble; i.  e.,  the  ordinate  does  not  meet  the  curve.  If  ^  >  a,  y  is  reed  and 
meets  the  curve.  If  a;  =  a  +  <=>>  y  meets  the  curve  at  an  indefinitely  g^Bat 
distance;  hence  the  line  x=a,  parallel  to  the  axis  of  y  is  an  asymptote;  all 
of  which  is  rigidly  exact. 

(16).  As  a  further  illustration  of  absurd  conclusions  arising  from  the 
assumption  that  a-^  00  =  0,  let  us  inscribe  a  regular  polygon  of  n  sides  in 
a  given  circle.  If  Ay  By  C,  &c.  represent  the  angular  points  of  the  poly* 
gon  and  a,  one  of  the  equal  angles,  the  sum  of  all  the  angles,  na  =  2(n  —2). 
(The  right  angle  being  the  unit  angle.)    Hence  a  =  2 — (4-^n.) 

Let  the  number  of  sides  become  infinite,  then  4-r^  =  0  and  a  =  2.  But 
if  two  lines,  AB,  BCy  meet  so  as  to  form  an  angle  equal  to  two  right  an- 
gles, then  ABf  BC  form  one  straight  line.  The  same  is  true  of  jBC,  CD 
&c;  hence  the  entire  perimeter  is  a  straight  line.  Therefore,  since  the  pol- 
ygon "coincides  with  the  circle",  the  circumference  of  a  circle  is  a  straight 
line  I 

Assumptions  from  which  such  conclusions  are  logically  deduced  must  be 
erroneous. 

[We  dissent  to  this  conclusion  of  Prof.  Judson.  The  equation  is  mani- 
festly true  for  all  finite  lines,  AB,  BCy  <&c.;  but  when  the  number  of  sides 
is  infinite  the  lines  are  reduced  to  points,  which  are  without  length,  and 
therefore  can  have  no  curvature :  Just  as  in  the  motion  of  a  projectile  whose 
initial  direction  is  above  the  horizon ;  we  know  there  is  a  moment  of  time 
in  which  the  projectile  neither  ascends  nor  descends  but  has  uniform  horizon- 
tal motion ;  .  * .  during  that  moment  its  track  is  not  curved,  and  yet  every 
finite  portion  of  its  path  is  a  smooth  curve. — Ed.] 
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{\7),  Agniti,  the  lomidution  of  the  DiSerential  Calculua  is  ot't«u  iiiid  on 
ibe  aasamption  tti&t  an  infinitesimal,  when  added  tH  a  finite  quantity,  must 
bs  rejected  ae  zero. 

The  resiilla  of  (10),  which  all  accept,  are  a  snfficient  refutation  of  this  as- 
#Dinptioa. 

Mr.  Price  in  his  very  valuable  I'reatise  on  the  Infinit«Bimal  Calculus  (Ox- 
(i>rd)  devotes  some  ten  pages  of  his  introduction  to  a  discussion  of  the  terms 
innniic  and  infinitesimal,  and  the  login  of  his  work  is  greatly  marred  by 
reason  of  hie  inexaet  notion  and  use  of  these  terms. 

T^us,  he  says  that  if  a  grain  of  aloetic  acid  be  added  to  five  pounds  of 
pure  water,  it  imparts  a  crimson  color  to  the  whole  volume,  "The  grain  of 
acid  is  divided  into  thirty-five  millions  of  partA  which  arc  so  smalt  as  to  be 
berond  the  limits  of  our  vision ;  .  .  .  they  are  infiniiemmal,  though  the  sum 
iifili'tm  is  finite;  and  as  they  ai;e  so  small  there  must  be  an  infinity  of  them." 
[ofinity  it  would  seem  depends  on  the  perlwtion  of  our  organs  of  vision  I 

Again,  he  says,  "the  distance  of  the  star  Ca^ielia  is  20  billions  of  miles; 
bot  af  it  is  determinable  ii  is  tinit«;  ihouf/h  on  the  verge  nftlie  infinite.  The 
distaui'e  of  the  stars  which  have  no  paralax,  he  holds,  is  infinite.  Here 
jgaJn  the  infinite  is  made  ti  depend  on  the  perfection  of  our  instruments  of 
measurement  and  that  of  onr  organs  of  vision,  Surely  mathematical  sci- 
eiKV  should  aim  at  greater  exactneaa. 

Nought,  he  holds,  is  a  relative  term,  tike  small,  or  great;  and  one  noth- 
ing may  be  infinitely  smaller  than  another.  If  so,  then  nought  cannot 
i«prcsent  the  altsence  of  value,  as  5 — 6  =  0.  We  ueed  another  word  and 
iMthBTsymlw*!  tor  the  reltiiitv  nought. 

(18).  Messre.  Thomson  and  Quiwby  give  the  following  iltnstration  of 
I  hlfie  interpretation  of  o-K)  =  oo,  (Algebra,  Art.  348,  p.  146.)  "Given 
^+xy  =10(11,  and  xy  +,¥*  =  16  (2),  to  find  x  and  y. 

L«*  =  M/.    Then,  from  (1), 

y»  =  ^-^i2_  (.5),  and  from  (2)  f  =  -i^  (6). 

From  (5)  and  (6)  108+10  =  15:^+15^(7);  .■.s  =  ior— 1. 
SohrtitntJdg  —  1  for  z  in   (6|  or  (6)  we  have  y  =  ±oo,  .•.i  =  rpoc; 
hence  =*'—  0='=  15  and    at'  —  oe'=  10". 

TliHt  these  results  are  incorrect  is  manifest ;  lor  if  we  eliminate  y  between 
'  ■'.'-!  -'^)  we  have  an  equation  of  the  seiond  degree,  which  should  have 
:-  only.  But  if  +  Xi  be  roots,  then  au  efjuation  of  the  second  deg. 
I.;  I  iM- (iior  roots.  Adding  (1)  and  (2),  J!*+2xy+//' =  25,  .-.  ar+y  = 
—  6.  By  sobstjttiting  in  (1)  ±  5ar  ^  10,  or  sr  =  ±2.  Substituting  in  (2), 
±SysE  15,  .'.  .¥  ^  ±3;  and  these  are  the  only  roofs. 
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The  correct  interpretation  of  this  example  is,  since  when  z  =  — 1,  ^  = 
16-^Oy  •'•  2  =  — 1  is  an  impossible  value  for  (1)  and  (2.) 

Prof.  Loomis  admits  ±  oo  as  roots  o(x  and  y  in  simultaneous  equations, 
as  in  0^+^  =  <^»  ^+y  =  &•  But  the  first  is  divisible  bj  the  second,  and 
the  resulting  eq'n  is  of  the  4th  d^ree.  The  direct  solution  (see  Young's 
Algebra)  gives  4  roots  for  x  and  4  for  y.  Can  we  have  6  roots?  If  the 
equations  were  not  simultaneouSi  we  admit  that  if  y  increases  without  limit 
X  will  be  negative  and  increase  without  limit.  In  simultaneous  and  inde- 
pendent equations  the  values  of  x  and  y  are  not  indeterminate,  and  we  may 
by  elimination  obtain  a  single  equation  with  one  unknown  quantity. 

Can  infinity  be  a  root  of  an  equation  of  the  form  aaj*+6af~^  +•••+63? 
-f-  m  =  0?  The  theory  of  equations  is  utterly  at  variance  with  an  affirm- 
ative answer.  We  conclude  that  infinity  is  never  a  root  ofemuUaneouB 
equations, 

(19).  Whatever  may  be  the  estimate  of  the  value  of  Dr.  Davies'  contri- 
butions to  the  educational  literature  of  our  country,  it  must  be  confessed 
that  his  mind  never  seemed  to  settle  down  upon  anything  as  satis&ctry,  even 
to  himself,  in  relation  to  zero  and  infinity.  We  search  his  works  in  vain  for 
any  consistent  or  rational  exposition  of  this  subject.  In  his  Logic  of  Math- 
ematics, §306,  he  says,  ''The  terms  eero  and  infinity  are  employed  to  des- 
ignate the  limits  to  which  decreasing  and  increasing  quantities  may  be  made 
to  approach  nearer  than  any  assignable  quantity''.  But  (page  302),  ''The 
science  of  mathematics  employs  no  definition  which  may  not  be  clearly 
comprehended". 

In  his  view,  an  infinitesimal  is  that  which  has  no  appreciable  value;  in- 
finity is  that  which  exceeds  our  appreciation  (Logic  of  Math.,  p.  282);  and 
demonstration  is  that  which  is  free  from  ^*appreciabk  error^'. 

"The  common  impression",  says  Dr.  Davies,  "that  math^atics  is  an  ex- 
act science  founded  on  axioms  too  obvious  to  be  disputed  and  carried  for- 
ward by  a  logic  too  luminous  to»  admit  of  error,  is  certainly  erroneous  in 
regard  to  the  Infinitesimal  Calculus".  This  frank  acknowledgment  will 
be  admitted  so  far  as  it  relates  to  hi»  own  expositions. 

It  is  highly  important  that  teachers  require  of  their  pupils  greater  accu- 
racy of  expression,  as  inaccuracy  of  language  leads  to  inacouraqr  of  thought. 
Thus,  the  phrases,  "erf  infinity",  "continued  to  infinity",  "when  we  reach 
infinity",  and  the  like,  should  be  wholly  discarded  Instead  of  saying  "the 
tangent  is  infinite  when  x  equals  90^"  we  may  say  the  tangent  becomes  in- 
finite as  X  approaches  90^.  In  tracing  curves,  i{y=sf'^{a — x),  we  should 
say,  y  becomes  infinite  as  x  approaches  a;  and  not  "when  x  equals  a". 

Again,  if  ^  =  cuc+b,  and  y  =  a'x+b'  be  two  lines  the  tangent  of  thdr 
included  angle  is 


taaA  ^  —i^. 

l-^-aa' 

If  this  is  a  right  angle  then  1-f  oa'^0;  for  the  tangent  of  a  right  angle 

I     U  imposBibtej  not,  tbo  tangent  is  Infinite.     Again,  log  o  =  —  oc,  not  log 

"^ —  ».     The  log  of  an  infinitcs'l  is  negative  and  increases  without  limit, 

I        Lnckc  (Book  2,  Chapt.  17)  clearly  discriminates  between  infinite  space 

lad  a  !i]iaoe  infinite.     "The  idea  of  infinity",  he  says,  ''consists  in  a  suppos'd 

mSem  proffreanon",  . .  .  "our  idea  of  infinity  being,  as  I  think,  an  endless 

gnving  idea"  f  .  .  .  "an  endless  progression  of  thought".     Again  he  says 

"Hhere  is  nolJiiitg  more  evident  than  the  absurdity  of  the  actual  idea  of  an 

ioSnite  nnmber". 

I»  not  the  tbe"jIogical  use  of  the  terra,  infinite,  very  closely  allied  to  the 

.ticaJ?     When  it  is  affirmed  that  the  attributes  of  the  Deity  are 

as.his  love,  wisdom,  knowledge,  power,  is  it  meant  that  these  may 

'indefinitely  approached",  or  simply  that  they  are  without  limitation, 

m  are  duration,  space  and  number? 

The  writer  would  be  glad  to  meet  with  a  single  example  in  pure  or  app'd 

BttlhemkttcB  in  whicli  the  view  here  imperfectly  set  forth  does  not  afford  a 

ntJONiI  and  consistent  solution. 

Bbplt  to  Criticism  op  Editor,  p.  108. — The  word  limit  is  employed 

in  mathematics  in  two  distinct  senses  —  (1)  as  marking  the  terminus  which 

tannot  be  passed;  (2)  as  a  constant  which  may  be  indefinitely  approached. 

(l).     In  the  etjuation  of  a  circle,  a;'  +  y"  =  r".  the  limits  of  i  ai-e  ±  r. 

Tbeee  limitfi  may  be  reached,  as  there  is  no  indefinite  approach. 

(2).     But  if  a  is  a  function  of  x,  and  x  increases  or  decreases  without  limit, 

(ha  I  can  never  reach  its  limit.     "Limit"  in  Cor.  I,  is  that  defined  in  (9). 

Page  (110).     Is  a  curve  line  "one  no  part  of  which  is  straight",  or  la  it 

"cnaipaGed  of  an  infinite  number  of  infinitesimal  straight  lines"?     If  the. 

fitter  then  the  tang't  coincides  with  the  curve  for  an  infinitesimal  distance, 

ad  we  mast  abandon  Euclid  and  define  an  infinite  number  and  an  iufiuites- 

ia*)  distance,  as  constants. 

The  notion  of  a  line  as  composed  of  an  infinitenumber  of  consecutive  p'te 

t  not  mathematically  exact.     By  what  process  can  the  sides  of  a  polygon 

bi  reduced  to  points  "without  length"?     Certainly  not  by  ioereasiog  the 

DombcT  of  the  sides  without  limit.     What  is  meant  by  the  phrase,  "when 

ibe  oatnber  of  sides  is  infinite"?     And  how  do  we  know  that  the  etjua  ion 

is  oot  trap  then?     My  solution,  of  course,  is  that  4-i-n  is  not  zero,  but  an 

iafiuitesimal  when  n  inurt^ases  without  limit. 

pIVi:  admit  the  (lifficulty  of  constructing  a  line,  which  has  length,  of  points 

vbicbarp  witliout  length;  but  we  cannot  perceive  that  Prof.  Judson's  treat- 

Beoit  of  the  auViject  obviates  that  difficully. — Ed.] 
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A  BRIEF  ACCOUNT  OF  THE  ESSENTIAL  FEATURES  OF 
QRASSMANN'S  EXTENSIVE  ALGEBRA. 

[Given  by  the  author  in  Grunert's  Archiy,  Vol.  VI,  1845.] 


TBANBLATED  BT  PROF.  W.  W.  BEMAN,  ANN  ARBOR,  MICH. 

[Continued  from  page  97.] 

6.  IfaUihe  dements  of  afield  of  the  nth  order  be  subjected  to  one  and  i 
same  mode  of  variation^  leading  to  new  elements  {not  contained  in  that  fiek 
then  the  aggregate  of  the  elements  producible  by  this  mode  of  variation  and  i 
opposite  is  called  afiM  of  the  (n+l)^  order;  thefiM  of  the  third  order  oo 
responds  to  the  plane,  that  of  the  fourth  to  spajce  in  general. 

If  the  points  of  a  right  line  all  move  in  one  and  the  same  direotio 
leading  to  new  points  (not  contained  in  that  right  line),  then  is  the  aggr 
gate  of  the  points  producible  by  this  motion  and  its  opposite,  the  plane,  ai 
if  we  proceed  in  the  same  way  with  the  points  of  the  plane,  we  get  all  spac 
If  we  substitute  here  for  the  spatial  notions  the  abstract  ones  given  abo^ 
and  keep  the  transition  from  one  order  to  the  next  higher  general,  the  id 
just  mentioned  is  obtained. 

II.    Bearing  of  the  Calculus  Employed  in  Mt  Extensive 

Algebra  upon  Geometry  Explained. 

7.  In  my  extensive  algebra  there  appears  a  peculiar  oalaulus,  whieh,  (ran 
f erred  to  geometry ,  is  of  inexhaudible  fertility^  and  here  {in  geometry)  consii 
in  subjecting  spatial  figures  {paints,  lines,  etc.)  immediately  to  calculation. 

For  example,  the  right  line  drawn  through  two  points,  is,  with  respect 
its  position  and  magnitude,  r^arded  as  the  join  ( Yerkniipfung)  of  those  p'l 
and,  indeed,  as  a  peculiar  kind  of  multiplication  (see  No.  15  below);  lik 
wise  the  triangle  included  by  three  points,  with  respect  to  its  area  and  tl 
position  of  its  plane,  as  the  product  of  three  points,  so  that  this  product 
zero,  when  the  area  of  the  triangle  is  zero,  i.  e.,  when  the  three  points  1 
in  a  right  line;  further,  in  a  sense  to  be  explained  more  fully  later  (see  N 
22  and  Prob.  18),  the  point  of  intersection  of  two  right  lines  is  r^aided 
their  product. 

8.  The  effect  of  the  application  of  this  calculus  to  geometry  is  to  unite  i 
synthetic  and  analytic  methods,  i.  e.,  to  transplant  the  advatitages  of  each  in 
tiie  soil  of  the  other,  while  side  by  side  with  every  construction  we  have  a  m$ 
pie  analytical  operation,  and  conversely. 

For  illustration,  take  the  following  example.  As  is  well  known,  the  V€ 
tex  }*  of  a  variable  triangle,  whose  other  two  vertices  a,  p  move  in  fix< 
right  lines  A  and  B,  and  whose  sides  pass  through  three  fixed  points  a,  6, 
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ilcMribMi  a  conic  section.  If  a,  b,  c,  are  tlie  fixed  points  throtigb  which  pass 
the  titles  oppceite  the  vertices  a,  /9, ;-,  respectively,  then  we  see  {No,  7)  that 
jaB  represents  the  vertex  ^,  faBcA,  the  vertex  a,  and,  since  the  points  a, 
h,  J,  lie  in  one  right  line,  their  product  being  zero,  we  have  the  equation 

raBcAby  =  0 
18  the  equation  of  a  conic  section  described  by  y-     We  see  that  this  equa- 
tion is  of  the  second  degree  with  respect  to  ;■,  and  in  this  we  already  have  a 
pmentiment  of  an  important  law  applicable  to  all  algebraic  curves. 
in.    Simplest.  Rules  of  Operation  for  the  New  Analysis. 

The  combinations  which  occur  in  this  part  of  the  extensive  algebra  are 
<  •iMition,  subtraction,  combinatory  multiplication,  combinatory  diviaion. 

9.  f'T  oil  Hnds  of  addiUon  and  svhlractUm,  the  ordinary  proceaaes 
kid  good. 

to.  For  aU  kthda  of  mnttiplicatioti  and  diiriaio7i,  the  following  taw  holda 
ftedt  Jiut^ad  of  muUiplyin;/  or  dividing  an  aggregate  of  ienaa  by  a  aignieaa 
ttfrtadom  in  any  ujay  wlutifver,  we  can,  without  changing  tht  final  resuU, 
mAip^  or  divide  thr.  separaU  terms  in  the.  same  way"*  by  Oaa  expresmm,  and 
Mtk  the  aeparaU  produda  or  quotients  into  an  aggrrgale  by  placing  before 
meh  on£  the  sign  of  thai  term  by  whose  muUiplioatiojt  or  division  U  was  ob- 
tained: furUur  a  numerical  factor  assodaled  with  any  factor  of  the  produd 
tnayfre  aitaoeiated  with  any  other,  or  with  the  prodiiel:  finaUy  A-^A  it  always 
1,  when  A  is  not  zero. 

11,  A  product  a  .  b .  c  . . .  /  call  a  ccmbinatory  product,  when  in  oddiHon 
lo  fate  tio.  10,  the  following  law  holds  good,  that  if  two  consecutive  factors  of 

&e  product  a .  l> .  c be  interchanged,  the  product  takes  the  opposite  value; 

imd  I  call  a,  b,  c, . . .  and  their  sums  or  differences  in  that  case  factors  of  the 
find  order  (Otdnung). 

For  example,  according  to  this,  a.b  .e.d  =  —  a.c.b  .d. 

12.  If  in  a  condtinairiry  producl  two  factors  of  the  first  order  are  equal 
le  taeh  other,  thr  product  i'  zero. 

For  example,  a.b .b  . d^O (as  is  seen  at  once  if  6  and  e  are  made  equal 
m  tbe  example  of  No.  11),  The  following  problems  will  serve  to  elucidate 
this  method  of  multiplication  : 

Prob.   1,     To  develop  the  combinatory  product  {aj^e^  +  n^Sj  +  ajffj) . 
(^1*1  +  ^,=a-l-J*»«s)-(ri^i+rj«,  +  r3'3).  where  «„«„«3;^„^„ 
T\'  Tit  Ta  tepresent  numerical  quantities,  and  Ej,  £,,  Eg,  combinatory  fac- 
(nre  I'f  the  first  order.     By  applying  Kules  (9-12)  we  finally  obtain  the  ex- 


(2) 
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(^i^ara— «i^8r2+«8^ir2— «8^2ri+«2^8ri— «2^ir8)«i-«2-«8- 

Prob,  2.    To  solve  three  equations  of  the  first  degree,  involving  three 
unknown  quantities,  by  the  rules  of  combinatory  multiplication. 
Let  the  three  equations  be 

(1)  <  «2«+i32y+r2«  =  *2> 

Ia8^+^8y+r82^  =  ^8- 

Multiply  the  three  equations  respectively  by  three  combinatory  ftctors  of 
the  first  order  ^ly  s^'  ^3'  ^^^^^  product  is  not  zero,  add,  and  assume 

"«iei+«2^2+«8^8  =  «J 
^1«1 +^2^2+^38^8  =6> 

,*iei+*2^2+*8^8  —  <^> 

we  then  get  the  equation 

(3)  va  +  yb  +  zo  =  d.  • 

Multiply  this  equation  combinatorily  by  6 .  e,  and  we  get,  since  6  . 6 .  c 
and  e  •  6  •  e  are  zero  (No.  12),  the  equation 

x,a,b,e^d.b.c. 

d ,b . 0  ^ 

,  ,  X  —  — J — f 

a ,  0 ,  0 
and  in  a  similar  way  we  find  y  and  2,  and  get 

/4\  d.b.c  a,d,c  a.b.d 

(4)  X  =  — j-  -   ,       y  = =■ — ,         z  =  — =; — . 

a . 0 . c  a . 0 . 0  a.o.o 

These  expressions  (in  which  the  laws  of  combinatory  multiplication  allow 
no  cancellation  of  the  separate  combinatory  factors)  are  extremely  convenient 
in  analysis.  If  we  wish  the  unknown  quantities  expressed  in  the  ordinary 
form,  we  have  only  to  substitute  from  equation  (2),  to  develop  according  to 
Prob.  1,  and  cancel  e^  £3  e^  (No.  10)  in  numerator  and  denominator;  e.  g. 
we  find 

(6)  aj  =  ^i^2r8— ^i/^3r2 +^3^ir2— ^8^2ri  +^2^8ri— ^2^ir8 
«ii32r8-«ii5dr2+«8i5ir2-«8^2ri+«2^8ri— «2^irs* 

We  see  not  only  how  this  process  is  in  general  applicable  to  n  equations 
of  the  first  degree  involving  n  unknown  quantities,  but  also  how  we  can 
write  out  the  final  result  with  considerable  facility  as  soon  as  the  n  equa- 
tions are  given. 

IV.    Elementary  Notions  of  the  Different  Magnxtudeb 
AND  Modes  of  Combination  in  Geometry. 

13.  The  spatial  magniiudeB  of  the  first  order  are  simple  or  muUiple  points, 
and  right  lines  of  definite  length  and  direction. 


Z'"* 
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If  A  and  B  are  two  points,  I  represent  the  right  line  from  A  to  B,  so 
iar  as  length  and  direction  are  fixed  in  it  but  nothing  more,  bj  B — A;  I 
ay  therefore  that  B — A  can  ))e  equal  to  B^ — A^  then  and  then  only,  when 
the  right  lines  from  ^  to  j5  and  from  ^^  to  j5^  have  the  same  length  and 
direction. 

14.  The  spatial  magmttides  of  the  ntlh  ordei'  arise  from  combinaiory 
multiplication  of  n  magnitudes  of  the  first  order  (Stufe),  which  are  taken  as 
factors  of  the  first  ordei'  (Ordnung). 

In  this  case  if  the  factors  of  the  first  order  are  likewise  magnitudes  of  the 
first  order,  I  call  the  multiplication  an  outer  one  (aeussere). 

15.  If  Ay  j5,  C,  D,  are  points^  then  we  mean  by 

(1)  A  .  Bfthe  liney  which  has  A  and  B  as  extremities,  regarded  as  a  dj^fi- 
tttte  part  of  the  infinite  right  line  determined  by  A  and  jB, 

(2)  A  .  B .Cythe  triangle,  whose  vertices  are  A,  B,  C,  regarded  as  a  defi- 
nUe  part  of  the  infinite  plane  determined  by  A,  B,  C, 

{i)A.B.C.D,ihe  tetraedron,  whose  vertices  are  A,  B,  C,  D,  regarded 
as  a  definite  part  of  infinite  space. 

That  is,  we  put  A  .  B=Ai.B^,  when  both  products  represent  equal  p'ts, 
with  like  signs,*  of  the  same  right  line;  further 

when  both  triangles  are  equal  parts,  with  like  signs,  of  the  same  plane; 

and  finally 

A.B.C.D  =  A^.B^.C^.  i>i, 

when  both  tetraedrons  have  equal  volumes,  with  like  signs. 

16.  If  a,  b,  c,  are  lines  of  definite  length  and  direction,  then  toe  mean  by 

(1)  s,.h,  the  parallelogram,  whose  sides  are  equal  and  parallel  to  a  and  b, 
rtgarded  as  an  area  of  definite  magnitude  and  aspect  ofplane^ 

(2)  a .  b .  c,  the  parallelepiped,  whose  edges  are  equal  and  parallel  to  a,  b, 
c,  regarded  as  a  volume  of  definite  maf/nitude.     That  is,  we  put 

a,b  =  a^  .  bi, 

when  the  parallelograms,  which  are  represented  by  these  products  lie  in 
fuallel  planes,  and  have  the  same  areas  with  like  signs; 

a  .b  .  0  =  a^  •  6]  •  c^, 
when  the  parallelepii)ed8  represented  by  these  products  have  equal  volumes 
with  like  signs. 

17.  27le  side  {right  or  left)  toward  which  a  spatial  magnitude  is  con^^ 
imetedf  determines  its  positive  or  negative  value, 

*Two  magnitudes  have  like  signs,  when  they  have  either  both  a  positiye,  or  both  a  nega- 
dreTalue, 
tl  ny  that  two  parallel  planes  haye  the  same  aspect. 
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(1)  Two  parts  of  the  same  line,  A .  B  and  A^  .  B^^  we  regard  as  having 
the  same  sign^  whep  B  lies  on  the  same  side  o{  AjBB  B^  of  A^. 

(2)  Two  parts  of  the  same  plane  A.B.C  and  Ay^.B^.  C^,  we  regard 
as  having  the  same  sign,  when  C  lies  on  the  same  side  of  il  •  JS,  as  C^  of 
Ay^.By^\  or,  more  plainly,  when  C  is  on  the  same  side  of  one  standing  at 
A  and  looking  toward  B^  as  C^  of  one  standing  at  il^  and  looking  toward 
B^. 

(3)  Two  parts  of  the  same  solid,  A.B .  CD,  and  -4  j .  S^  .  Cj  .  D^, 
we  regard  as  having  the  same  sign,  when  D  lies  on  the  same  side  of  A  .B , 
C,  BsD^  of  Ai  .B^.Ci;  or,  more  plainly,  if  the  point  D  lies  on  the  same 
side  of  a  human  body  whose  head  is  directed  tO¥mrd  A,  ft)et  toward  B,  and 
eye  toward  C,  as  D^  is  of  a  body  whose  head  is  directed  toward  Ai,  feet 
toward  f^,  and  eye  toward  (7^. 

(4)  Two  parallel  surfaces  a  •  b  and  a^  .  6^  we  r^ard  as  having  the  same 
sign  when  the  direction  6  lies  on  the  same  side  of  direction  a,  as  6^  of  a^. 

(5)  Two  solids  a.b.c  and  a^  .6^  .c^  we  regard  as  having  the  same 
sign  when  the  direction  c  lies  on  the  same  side  of  a .  6,  as  c^  of  a^  .  fr^t  i-  ^ 
when  the  direction  c  lies  on  the  same  side  of  a  human  body  in  whioh  the 
direction  a  leads  from  the  feet  to  the  head,  and  whose  eyes  look  forward  in 
the  direction  6,  as  the  direction  c^  of  a  body,  etc. 

18.  There  are  seven  classes  of  spatial  magnitudes  separated  inio  four  or* 
ders  (Stufen) : 

OrH    T        /  (^^  Simple  or  multiple  points. 

'     '       \  (2)  Right  lines  of  definite  length  and  direetiaii. 

O  }    TT      /  (^)  Definite  parts  of  given  infinite  right  lines. 
^  '      '     \  (4)  Plane  surfaces  of  definite  magnihtde  and  aspect  of  plane, 

^  ,    TTT    /  (^)  -D«/intte  parts  of  given  infinite  planes, 
ura.  111.  I  ^gj  jy^^if^  volumes, 

Ord.  IV.       (7)  Definite  volumes. 

Here  volumes  appear  twice,  opce  as  magnitudes  of  the  third  order,  again 
as  magnitudes  of  the  fourth  order,  according  as  they  are  regarded  as  the 
product  of  three  right  lines  of  definite  direction  and  length,  or  as  the  pro- 
duct of  four  points. 

19.  Parts,  with  like  signs,  of  one  and  the  same  whole  have  as  their  sum  a 
part,  with  the  same  sign,  of  tlie  same  whole,  which  part  is  as  great  as  these 
two  combined. 

For  example,  if  A.B  and  ^^  '^i  ^^  parts  with  the  same  direction,  of 
the  same  infinite  right  line,  they  have  as  their  sum,  a  part,  with  the  same 
direction,  of  the  same  right  line,  which  is  as  great  as  these  two  com- 
bined. 
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^1^  (wo  magnitudcB  of  the  same  order,  bui  only  «*cA,  can  be  added; 
mmg  oj  the  addtfion  qf  such  maynitudea  can  always  be  determined,  if 
h^a  to  the  prepiowly  given  sifjnifioafioii  of  these  magniludes  and  apply 
vnAaoJIIL 

Prob.  3.    To  add  two  points,  A  aud  B. 

Ifweput  ^+JS  =  25,  weget-B— 4  =  2{S— 4),  i.e.  S  is  the  mean  be- 
tween A  and  B.     Thus  the  sum  of  two  pointfi  is  twice  the  mean  bet.  them. 
Frob.  4.     To  add  two  multiple  points,  aA  and  ^£,  when  the  coefficients, 
I  and  ^,  are  positive,  i.  e.  to  find  the  point  S,  whieh  satisfies  the  equation 
aA-\-^B  =  {a->r^)8. 
If  this  equation  is  satisfied,  we  must  have 

^{B-A)  =  ia+^){8-A) 
And,  conversely,  from  the  latter  we  get  the  former.     Bat  from  the  latter  is 
tbtained  this  onstniotion ; 

Tike  on  the  line  AS  from  A  toward  B  the  part  (9h-  (a  +  ^)  [or  from  B 
toward  A  the  part  a^(a+^)];  then  the  termination  of  this  part  is  the  p't 
B. — Hence  "the  sum  of  two  multiple  points  with  positive  coefficients,  is  a 
point,  multiplied  by  the  sum  of  the  coefficients,  whieh  so  lies  in  the  line  be- 
I  the  two  points  that  its  distances  from  these  two  points  are  inversely 
proportional  to  the  coefficients  belonging  to  these  points."* 

Pmb.  5.  To  add  a  point  A  and  a  right  line  of  definite  length  and  di- 
jection  C — B. 

Construct  a  right  line  from  A  equal  in  length  to  C — £  and  haviug  the 
Mme  direction.  -  Let  this  be  D — A  ;  then  is  D  the  sum  required ;  for  since 
C—B  =  D—A,  we  have 

A+{C~B)  =  Ai-(D^A)  =  D. 
Hence  "the  sum  of  a  pnint  A  and  a  right  line  of  definite  length  and  di- 

I  is  the  termination  of  this  line,  when  j4  is  its  origin." 
Prob.  6.     To  add  a  multiple  point  aA  and  a  right  liue  of  definite  lengtli 
ud  direction  C—B. 

Construct  a  right  line  from  A  having  the  same  direction  as  C — B,  but  on- 
ijiHi  as  long.  Let  this  be  i? — A,  then  is  oZ)  the  sum  required.  For  since 
p-B  =  a{D—A),  we  have 

aA-i-iC-~B)  =  aA+a{D~A)  =  aD. 
'  Plob.  7.   To  add  two  right  lines  of  definite  length  and  direction,  B — A 
iD-C. 
Vake  E—B  ==  D—C;  then 

{B-A)-\-{I>-C)  =  {B~A)-\-{E—B)  =  E-A. 

*n  b  (HUy  M«n  Uiat  this  poiol  u  the  oenUr  or  gmvitf ,  when  the  coefBcienta  rt^renenl 
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Hence  ^^two  right  lines  of  definite  length  and  direction  can  be  added  by 
putting  the  origin  of  the  second  at  the  termination  of  the  first,  withoat 
changing  length  and  direction,  when  the  right  line  irbm  the  origin  of  the 
first  to  the  termination  of  the  second  is  the  sum  required/' 

Prob.  8.     To  add  n  right  lines  of  definite  length  and  direction. 

The  repeated  application  of  the  solution  of  Prob.  7  leads  at  once  to  the 
solution  of  this  problem.  Hence  ^^n  right  lines  of  definite  length  and  di- 
rection can  be  added  by  so  joining  the  lines  in  a  continuous  series,  without 
changing  length  and  direction,  that  where  one  terminates,  the  next  follow- 
ing begins;  then  is  the  right  line  from  the  origin  of  the  firet  to  the  termi- 
nation of  the  last  the  sum  required." 

Prob.  9.  To  find  the  sum  of  n  points,  -4j,  A^,  A^,  .  .  .  A^  i.  e.  to  find 
the  point  8,  which  satisfies  the  equation 

If  we  subtract  from  both  members  of  the  equation  nR,  where  R  is  any 
point,  we  get 

{A^-R)+{A^-R)+{A^-R)+  . . .  (A^-R)  =  n(8-R). 

Now,  since  the  first  equation  may  be  deduced  again  from  this,  we  have 
the  following:  '^To  add  n  points,  draw  from  any  point  R  right  lines  to  the 
n  points,  join  them  continuously  to  one  another  without  changing  length  and 
direction,  beginning  with  the  origin  of  the  first  at  i2,  connect  R  with  the 
termination  of  the  last  by  a  right  line,  and  divide  this  right  line  into  n 
equal  parts;  then  is  the  first  point  of  division  from  R  the  point  S^n  times 
which  is  the  sum  required." 

Prob.  10.     To  add  any  number  of  multiple  points,  aA,  /9-B,  yC , 

when  the  sum  of  the  coefficients  a  +  j9  +  7*  +  .  .  .  is  not  zero. 

Put  aA+fiB+rC+  . . .  =  (a+/9+r  •  •  0^; 

and  subtract  from  both  members  («  +  i9  +  r  •  •  •) A  where  R  is  any  point ; 
then  we  get 

a(A—R)+fi{B^R)+r{C—R)+  ...  =  {a+^+r+  . .  .){8  —  R). 

Now,  since  the  first  equation  may  be  deduced  again  from  this,  we  have 
the  following:  ^'To  find  the  sum  of  any  number  of  multiple  points  ail,  ^£, 

yC ,  the  sum  of  whose  coefficients  is  not  zero,  draw  from  any  point  R 

lines  to  -4,  -B,  C ,  multiply  these  by  a,  j9, 7* ,  respectively,*  join  the 

lines  so  obtained  continuously  to  one  another  without  changing  direction 
and  length,  beginning  with  the  origin  of  the  first  at  R,  connect  R  with  the 
termination  of  the  last  by  a  right  line,  and  take  upon  this  line  from  R  a 

*In  such  multiplication  by  a  numerical  quantity  a  the  direction  ia  not  changed  when  a  is 
positiye,  as  is  easily  seen,  while  the  length  is  changed  in  the  ratio  1 :  a ;  if  a  is  negative  the 
direction  liecomes  the  oppoRite, 
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ilistance  eciual  to  the       — ^ .  -    th  part:  then  is  the  termination  of  this 

distance  multiplied  by  (fl+/9+r+  •  •  • )  ^^^  sum  required. 

Prob-  11.  To  find  the  sum  of  multiple  points,  a  A,  ^jB,  .  .  .  when  a+^ 
-fr+  ...  =  0. 

Subtract  from  the  sum  aA+^B+yC-i-  •  •  •  ^^he  expression  («  +  ^  +  j'  + 
...)/2;  then  since  this  subtracted  quantity  is  zero,  the  value  of  the  sum  is 
nut  changed  and  we  have 

aA-rt}B+rC+  . .  .=a{A—R)-\-^{B'-B)+r{C'-lt)+  . .  . 
Hence  *'the  sum  of  multiple  points,  the  sum  of  whose  coefficients  is  zero, 
is  a  ri^ht  line  of  definite  length  and  direction,  which  may  be  obtained  by 
drawing  from  any  point  R  right  lines  to  the  given  points,  multiplying 
them  by  the  coefficients  belonging  to  these  points  and  adding  the  products.^' 
Prob.  12.  To  add  two  parts  A  .  B  and  CD  of  lines  which  intersect 
in  £." 

Make  E .F  =  A  .B,  SLud  E .  G  =  CD;  then  A  .B+C  D  =::  E.  F 
^E.a  ^  E.{F+  G)  =  2E.S,  ifS  is  the  mean  of  Fand  G  (Prob.  3). 
Hence  "To  find  the  sum  of  two  parts  of  lines  which  intersect;  take  the 
iHjint  of  intersection  of  these  lines  as  the  origin;  then  twice  the  right  line 
from  tlie  intersection  to  the  middle  point  of  the  two  extremities  is  the  sum 
required."* 

Pnib.  13.  To  add  two  parts  A.B  and  CD  of  parallel  lines,  when  they 
are  of  unequal  length,  and  have  opposite  directions. 

h  A,  B  and  CD  are  parallel,  D — C  must  be  equal  to  a(B — A)y  whese 
fi  u<  any  positive  or  negative  number.  Now,  since  A  .  B  ia  equal  to  ^  .  (i3 
— i),  because  -4.-4  =  0  (No.  12),  we  have 

A.B+C.D  =  A.  (B--A)+C  (D-  C) 

==  A  .  {B—A)+aC  (B—A) 
=  {A+aC)(B—A). 
Il  the  sum  A-^-aC  =  (l+a)iS  (see  Prob.  4),  then  the  last  expression 
=  S.{\-^a){B—A)  =  8.{B—A+D^C) 
rmm  which  a  simple  construction  of  that  sum  may  be  obtained. 

Prob.  14.  To  add  two  parts  of  lines  A .  B  and  C  D,  when  they  are  of 
v\iiz\  length  and  have  opposite  directions. 

If  both  lie  in  the  same  right  line,  their  sum  is  zero.  If  this  is  not  the 
•ase,  we  have,  since  D — (7=  —  {B — A), 

A.B+CD  =  A.{B'-A)+C{D—C) 

=  A .  {B—A)—C{B—A) 
=  (A—C)(B—A). 

*ThiB  is  the  diag^l  of  the  parallelograiii  which  has  these  partA  of  linen  oa  it8  sidcn,  whence 
ve  see  that  the  Bom  of  the  parts  of  lines  is  the  resaltant  when  the  parts  of  lined  repr't  forces. 
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The  sum  therefore  is  an  area  of  definite  magnitude  aD<)  aspect  of  plaue. 

Prob.  15.  To  add  two  surfaces,  a.  6  and  c  •  cf,  of  definite  magnitude  and 
aspect  of  plane. 

If  the  planes  are  parallel,  they  can  be  added  according  to  (No.  19) ;  if 
they  are  not,  both  planes  will  have  a  direction  in  common.  Let  e  be  a  right 
line  having  this  direction,  and  a.6  =  e./,  c.rf  =  e.5r;  then 

a .  b+c.d=:e.f+e.g  =  e.  \f+g\ 

Prob.  16.  To  add  two  parts  A.B.C  and  D .  E.  F  of  definite  planes 
which  are  not  parallel. 

If  the  planes  are  not  parallel  they  will  intersect.  Let  O  .  Hhea,  part  of 
their  line  of  intersection,  and  let  ^ .  5 .  C  =  G  .H.J,  D  .E.F^  O  .H. 
K.    Then 

A.B.C+D.E.F=  O.H.J+G.H.K 

=  G.H.{J+K)^2G.H.S, 
if  She  the  mean  between  J  and  K.  Hence  '^To  add  two  parts  of  planes 
not  parallel,  represent  them  as  triangles  whose  common  base  lies  in  the  in- 
tersection of  the  two  planes;  then  twice  the  triangle  having  the  same  base, 
whose  vertex  is  the  middle  point  between  the  v^oes  of  these  triangles  is 
the  sum  required." 

Prob.  17.    To  add  two  paris,  A  .B.  Cand  D.E.F,  of  parallel  planes. 

If  the  planes  are  parallel,  we  can  make  {E — D) .  {F — D)  =  a.{B  —  A). 
{0—A)f  where  a  is  a  numerical  quantity.     Hence 

A.B.  C+D .E.F^  A.{B—A).{C—A)+D.{E—D).{F—D)  (No.  12) 

=  {A+aD).{B—A).(  C—A) 
=  S.  (1  +a).{B—A).{C^A), 
if  (1  +a)8  is  the  sum  -4+aZ).     The  last  expression 

=  S[{B--A).{C-A)+{E-I)).{F-D)l 
in  which  a  simple  construction  is  again  manifest.     If,  however,  a  =  — 1, 
i.  e.  if  both  figures  are  equal  in  area  but  have  opposite  signs,  then  A  -\-  oD 
is  a  right  line  of  definite  direction  and  length  (Prob.  11).     Let  this  equal 
H—G.    Then 

A.B.  C+D .E.F=  {H—G).{B—A).{O^A)i 
and  hence  the  sum  is  a  volume. 

Prob.  18.  To  add  a  part  A.B  .C  of  b.  definite  plane,  and  a  volume 
(D— ^).(U— ^).(C-^). 

A.B.C+{D^A).{B-A).{G'A)  =  A.{B-A).{a-A)+{I>-A).{B^A).{0-A) 

=  I).{B—A).{C'-'A), 
from  which  the  meaning  of  this  addition  is  easily  seen. 

21.  A  combinatory  product  whose  factors  of  the  first  order  (Ordnung) 
are  magnibudes  of  the  [n  — l)th  order  (Stufe),  but  all  of  which  Ue  in  one  and 
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du  tamt  fidd  of  the  nth  order,  J  oall  a  regrexsive  (eiDgewandtes)  product 
lahn  irilh  reference  to  thai  field,  e.  g.  a  combinatory  product  of  parte  of 
lioM  in  the  plane,  or  of  parts  of  planes  in  space. 

22.  If  henoeforth  outer  multiplication  be  designated  by  simply  writing 
the  facii>«  together,  regressive  multiplication  by  a  point  placed  between  the 
fantiire,  tpc  undiTsland  by  the.  rrgreaaive  pruduci  AB  .AC,  where  A,  B,  C, 
art  any  magnilmUa,  the  prodticf  ABC  .A,  in  which  ABC  a  treated  aa  a  co~ 
^kieitl  brUnujing  to  A,  provided  that  t}te  product  be  referred  to  l/ie  field  of 
lomt/  order  in  which  A,  B  and  C  lie  at  the  same  time. 

Prob.  19.  To  find  the  product  with  reference  to  the  plaii^  jlfiCof  two 
|MUlx  of  lines  A  B.AC. 

According  to  No.  22,  this  is  equal  to  ^BC'.^;  i.  e.  "the  product  of  two 
parte  of  lines  which  intersect  is  their  point  of  iatersection  combined  with  a 
part  of  the  plane  as  a  coefficient."  If  we  regard  a  part  of  the  plane  as  uni- 
ty, th«  jarts  of  planes  by  which  the  point^j  are  multiplied  will  be  actual 
aamvrical  quantitieB,  and  the  products  will  appear  as  multiple  points;  all 
the  magnitades  to  be  compared  must  then  lie  in  the  name  plane,  to  which  the 
products  refer  (as  is  always  the  case  in  plane  geometry). 

Prob,  20.     To  find  the  product  of  three  segments  of  lines  AS,  AC,  BC, 
wilh  refereaoe  to  the  plane  ABC. 
Sol.  AB  .  AC .  BC  =  ABC .  ABC  =  (ABC)^. 

Prob  21.     To  find  the  regressive  profluct  of  two  parts  of  planes  ABC 
utd  ABD  (with  reference  to  the  volume). 
L     Sol.  ABC.ABD  =  ABCD.AB. 

^h    Pmb.  22.     To  find  the  regressive  product  of  three  parts  of  planes  ABC, 
fA£D,ACD. 
r    Sol.    ABC.ABJ).ACD  =  ABCD.ABC£>.A=iABC£)Y.4. 

Prob.  20.     To  find  the  regressive  product  of  four  parts  of  planes  ABC, 
ABD,  ACI>,  BCJf. 
Sol.  ABC.ABD.ACD.BCD  =  iABCDf. 

Sote.  The  product  of  two  parte  of  planes  is  therefore  a  part  of  a  line, 
of  three  a  point,  but  the  part  of  the  line  and  the  point  still  have  a  volume 
or*  piquet  of  %'otumes  as  coefficients,  and  if  we  make  a  definite  volume  a 
Ooit,  Umbb  coefficients  become  actual  numerical  quantities. 


These  tuv  perhaps  the  most  essential  conceptions  which  appear  in  the 
firat  pan  of  my  extensive  algebra.  But  it  is  impossible  in  this  place  to  give 
fiy  tiling  more  than  a  superficial  idea  of  the  infinite  frultfulness  of  this  new 
bod  for  the  treatment  not  only  of  geometry  but,  in  general,  of  all  scien- 

i  which  are  based  upon  spatial  relations.     As  little  could  I  in  this  place 
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give  the  proofs  that  the  rules  of  operation  found  in  111.  are  applies 
the  forms  of  combination  here  set  forth,  but  here  also  I  must  refer  to  ittf 
extended  treatise  in  which  these  proofs  are  drawn  out  with  all  requisite  ex- 
sctness;  and  where  at  the  same  tine  the  development  advances  in  ! 
wa}-  that  every  thing,  which  seems  to  be  arbitrary  in  the  preseutatli 
the  different  ideas,  vanishes. 


GEOMETRICAL  DETERMINA7I0N  OF  THE  SOLJDI^ 
OF  THE  ELLIPSOID. 


BY  OCTAVIAN  L.  MATHIOT,  BALTIUORE,  MABYLND. 

Let  ABCD  be  a  right  cylinder  bounding  a  r^ular  prism  having  an  in- 
finite number  of  sides,  and  let  EFGH  represent  one  of  these  sides.  Draw 
FEI  tangent  to  the  cylinder  at  F  and  meeting  the  diameter  AB  produced 
in  I.  From  /  let  fall  the  perpendicular  IK  to  meet  the  lower  diameter 
CD  produced  in  K.     From  K  draw  KGH  a  tangent  to  the  cyl 

From  B  to  K  pass  a  plane! 
with  cutting  edge  parallel  t^  thel 
lower  base,  and  it  will  produce  I 
the  ellipse  LMNB  containing  a 
polygon  having  MN  for  one  of 
its  infinite  number  of  sides. 

LB,  the  tvntiunatioti  of  KL,  I 
will  be  the  transverse  axis  of  thel 
elli]J8e,  white  the  conjugate  axis  I 
will  be  equal  to  the  diameter  I 
^S  of  the  cylinder. 

From  the  centre  0  of  the  up- 1 
per  base  let  fall  the  perpendic- 
ular 00'  and  it  will   pass  thro' 
the  centre  O'  of  the  ellipse. 

From  0  draw  OE  and  0F,\ 

and  from  0',  O'Jf  and  O'N.  From  the  similar  triangles  BOO'  and 
we  have  BO  :  BO'  ::  01 :  O'K.  Since  BO  is  half  of  AB  and  J 
half  of  B£,  BO  =  semi-conjugate  diameter  =  B,  and  BO'  =  semi-t 
verse  =  A:  .-.01  :  OK  ::  B  :  A  But  01  is  the  subtaugent  c 
ponding  to  the  tangent  line  FEI  of  the  circle,  while  O'K  is  the  Biibta 
frrres|K.uding  to  the  tangent  line  KMNoFthe  ellipse. 
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then  from  the  similar  triangles  NMTsnd  K08  we  have  the  proportion 

MT  :  80  ::   MN  :   OK; 
.  • .  MTX0K=  80XMN.    But  /SOX if j^ equals  double  the  area  OMN; 
.  • .  MTX  OK  =  equals  double  the  area  OMN. 

From  A  the  middle  of  £F  let  fall  the  perpendicular  AO.  Then  from 
the  similar  triangles  EYF  and  OAIwe  have 

EP  :  AO  ::  EF  :   01; 
r .  EYxOl  =  AOXEF.    But  A  OX  EF  equals  double  the  area  EFO ; 
.'.  EYX0I=  equals  double  the  area  EFO. 

Therefore  MNO  :  EFO  ::  MTxKO  :  EYxIO  ::  A  :  -B  (because 
MT  and  EY  are  between  parallels  and  ai*e  therefore  equal,  and  OK  is  to 
OJas  il  to  J5);  .  • .  area'OJfZ^  =  (^-^J?)  X area  OEF. 

Through  the  middle  of  -Bi^draw  UAV  paralell  to  OK  and  bisecting 
MN  in  V^  and  from  A  and  V  let  fall  the  equal  perpendiculars,  ^  TTand 
VZy  on  the  axis  OK, 

The  solid  generated  by  revolving  the  triangle  OMN  around  the  axis  OK 
is  represented  by  area  OMNX^n.  VZ.  Or,  since  MNO  =  {A-^B)X  OEF, 
and  OEF  =  EFX^AO,  the  solid  is  ln.EF.AW.AOx{A'^B), 

From  the  similar  triangles  EYF  and  A  WO  we  find  EF  xAW=:^HQ 
XAO;  and  by  substituting  this  equivalent  for  EFX  AW  in  the  above  ex- 
presBion  we  have  iit.A0^.HQX{A-7'B).  When  the  number  of  sides  of  the 
inscribed  polygon  is  infinite,  AO  ^s  ODss  B^  and  hence  the  above  expres- 
sion for  the  solid  generated  by  revolving  the  triangle  MNO  about  the  axis 
OK,  is  \n.A.BxH.Q.  As  this  expression  is  true  for  all  values  of  HQ  it 
is  true  for  their  suii ;  hence,  substituting  for  the  several  values  of  HQ  their 
sum,  OB  =  B,  we  get,  for  the  solidity  ot  half  the  prolate  ellipsoid  iTrA.B*. 
Hence  the  solidity  of  the  prolate  ellipsoid  is  ^7t,A.B^. 

In  a  manner  precisely  similar  to  the  foregoing  it  may  be  shown  that  the 
solidity  of  the  oblate  ellipsoid  is  l^.iiVfi. 


GENERAL  SOLUTION  OF  THE  PROBLEM  OF" ANY  NUMBER 

OF  BODIES. 


BY  R.  J.  ADCOCK,  ROSEVILLE,  ILL. 

The  masses  of  any  number  of  bodies  being  given,  together  with  their 
positions  and  motions  at  any  given  time  with  reference  to  any  three  rectan- 
gular axes,  to  find  their  positions  and  motions  at  any  other  time. 


^  ^< 
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Let  k^  s=:  the  mutual  attraction  between  two  units  of  mass  at  a  unit's 
distance,  m^,  m,,  m^,  •  .  •  the  given  masses,  (oi,  fr^,  c^),  (oji  &2»  ^2)9  (^89 
^s*  ^s)i  *  -  *  ^^^^  coordinates  at  the  time  t  =  Oy  (a^,  /9iy  y^),  (a,,  /92, 7*2)9 
(«tf  fiz^  rt)f  •  •  •  ^^^^^  initial  axial  velocities,  (a?i,  y^,  zj,  (a?^,  y,,  «j),  (x^, 
Vst  's)v  *  -  -  ^^^  coordinates  and  (u^,  t?^,  k;^),  (u^,  t;,,  t^?,))  (^39  ^8>  ^s))*  - 
thdr  axial  velocities  at  any  other  time  L 

Let  the  initial  distances  between  m^  and  m2y  between  m^  and  mj,  &c., 
Im  cI|,  (i^  •  .Ac.;  and  the  same  for  the  time  ^  be  ^1,  ^2  •  •  ^*     Then 

dl  =  (a,  -o,)«+(6i-6,)»+(6i-68)*, 
«f|  =  (ai-a,)»+{6t-6,)*+(ci-08)», 


«?  =  («i-«a)*+(yi-y,)*+(»i  -«a)*, 
dl  =  (i,-ir,)»+(yx-y,)»+(ai  -a,)*,  ' 

^  ind  the  attractions  between  mi  and  fi»29  *i^i  &ud  mg,  &c.,  are 

~5f— '    — ^-,...iBC. 

The  sums  of  the  axial  components  of  the  attractions  of  each  of  the  bodies 
fi)rm|,  give  the  three  equations  of  modon  for  m^ : 

d«a?i  _  _<;i(a?i— a?a )m2 _*i(a?i— a?8)ma_o  - v 

d'yj *i  (yi  — y  a  Va  _*|  (y^  — y  sK  _&c  r2\ 


Since  every  astronomical  variable  is  a  function  of  the  same  independent 
variable  t,  therefore  by  Maclaurin's  theorem 

y,  ^  b,  -\-v,  t  +  (-^»"*«(^t -^»)-.  VL»(|p^- Ac.)^^+&c., 

In  the  same  manner  may  the  other  variables,  velocities,  &c.,  be  found  in 
an  approximating  series  according  to  the  ascending  powers  of  t  with  coeflS- 
cients  containing  the  initial  constants. 
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Discussion  of  a  PnopieiTiON  ry  R.  J.  Adcock.  —  Propositio 
Earth  is  in  the  Moon's  path. 

Let  ABC  be  the  elliptic  orbit,  nearly  I 
circular,  of  the  moon  described  ab^mt  the 
earth  at  E,  when  unaSected  by  the  sun's 
attraction  at  S.     Draw  CD  at  right  ang'd 
to  ES,  AR  and  BO  making  the  angles   j 
NEB  and  NEA  each  equal  to  about  54°   i 
44'. 

As  the  moon  moves  in   the  same  plane   I 
with  ES,  it  is  shown  in  elementary  astron- 
omy that  the  radial  component  of  the  sun's 
disturbing  action  is  zero  at  O,  A,  B,  R,  ttiat  il  acta  towards  the  eartli 
while  the  moon  moves  from  O  to  A  and  from  B  to  R,  and  from  the  earth 
from  A  to  B  and  from  R  to  O.     And  that  the  component  at  right  angles 
to  the  radius  vector  accelerates  the  moon's  angular  motion  from.  C  to  N  «nd  • 
from  D  to  M,  and  retards  it  from  N  tu  D  and  from  M  to  C. 

If  the  taogentisl  component  of  the  sun's  disturbing  force  act  upon  the 
moon  for  one  entire  revolution,  while  the  moon  is  constrained  to  move  io 
its  instantaneous  fixed  ellipse  the  angular  momentum  or  area  described  by 
the  radine  vector  in  a  unit  of  time  would  be  the  same  at  the  end  afi  at 
the  beginning  of  the  revolution.  But  when  not  thus  constrained,  the  ra- 
dial component  will  cause  a  greater  decrease  of  the  radios  vector  in  tlie 
second  half  of  each  of  the  angles  OEA  atid  BER  than  in  the  first.  And  a 
greater  increase  in  the  second  half  of  AEB  and  of  REO  than  in  the  first. 
Therefore  the  tangential  component  will  make  a  decrease  of  angular  mo- 
mentum in  each  of  the  Ibur  angles  OEA,  AEB,  BER,  REO.  Therefore 
the  angular  momentum  cf  the  moon  will  decrease  at  every  revolution  caus- 
ing it  to  descend  to  the  earth. 


[Granting  Mr.  Adcock's  [)osition  with  respect  to  the  sun's  distarbtng 
influence  on  the  elliptic  orbit  of  the  moon  about  the  earth,  it  follows  that 
the  moon  would,  during  the  lapse  of  a  sufficient  period  of  time,  descend 
in  a  spiral  path  to  the  earth,  or  sufficiently  near  to  cause  disruption  of  the 
moon  and  the  descent  of  a  part  of  it  to  the  earth,  yet  we  cannot  perocive 
that  the  above  proposition,  that  "The  Earth  in  in  the  Moon's  jwith",  Itas 
been  established.  But,  as  the  problem  of  the  moon's  motions  b  by  no 
means  a  simple  one,  perhajis  we  do  not  understand  the  proposition  i 
Adcock  intended  it  to  be  understood. — Ed.] 
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Answers  to  Prof.  Johnson's  Query  in  No.  3.— "Query.    Let  u 

m 

= .     Now  if  a  =  cso,  w  =  0  independently  of  the  value  of  a?,  there- 

ibre  we  should  have  .-  =  0  when  a  =  co.     But  we  find    ,     =  (X)sine  ax 

ax  (ix 

which  18  eBsentially  indeterminate  when  a  =  co.     What  is  the  explanation 

of  this  paradox  ?" 

.  -Bt  B.  J.  Alxxx^K. — When  u=i)  independently  of  x  it  is  not  a  function 

of  Xf  and  therefore  cannot  be  differentiated  with  respect  to  x.     Therefore 

Ike  value  otdu-^dx  is  cos  ax  independently  of  the  value  of  a. 

By  Pbop.  Judson. — If  u  =  0,  independently  of  a;,  then  u  is  not  a  func- 
tion otXf  and  du-^dx  is  without  meaning. 
If  a  is  a  constant,  then  a  cannot  =  cno.     If  a  is  a  variable,  independent 

Sin  /Z3! 

of  2,  and  a  =  co,  i.  e.  a  increases  without  limit,  then  =an  infinites- 

a 

imal  (not  =  0),  and  u  is  therefore  indeterminate;  du-^dx  ^  cos  ox  is  also 

indeterminate,  and  there  is  no  paradox. 

By  Prof.  Barbour.     Let  u  =  ~^^  :  '^-^  =  cos  360:i:.     Now  for  x 

360     '  dx 

=  1®,  or  2^  or  any  other  integral  number  of  degrees,  u  =  0;  ^-   =  cos  0° 
=  1.    Hence  it  is  clear  that  u  may  be  equal  to  0,  and  yet  du-i-dx  =  1. 

SOL  VTI0N8  OF  PROBLEMS. 


342.     By  Prof.  iTeraAner.— "Prove  Schl omilch's  Theorem :  If  X>.,  Z)», . . 
Z).arpdivisor8of  10*+l,8«thatA.=  '^;J"-\  ^;  =  -^^+^  JV.=  ^^^^ 

the  k  digits  or  figures  of  the  whole  numbers  D„—l,  D^ — 1,  X), — 1  are  the 

t  first  figures  of  the  circulator  or  period  <>f  tt-*     ir »     %j7  respectively. 

iV„     iVfc     iV^ 

solution  by  prof.  J.  8CHEFFER,  HARRI8BURGH,  PA. 

A  well  known  principle  relating  to  circulating  decimals  is  as  follows: 
If  l-T-M  produces  a  period  of  2k  didmalSy  the  remainder  after  the  kth 

digit  is  (M  —  1),  and  the  following  decimals  can  be  obtained  by  subtracting 

foeh  digit  from  9. 
Now  let  10*  +  1  =  3f  A",  where  M  and  N  may  be  prime  factors  or  the 

pit)dnct  of  snch;  and  denote  by  x  the  number  which  represents  the  first  k 
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decimals,  theD  we  have  obviously  aocordiug  to  the  above  principle : 

1  -    "  +-^-1    whence  ar  -  <I21±1I-J»f 

but  l(y+l=MN,.\x={MN-M)-i-M=N-l,vhioh  proves  the  theorem. 


Solutions  of  problems  in  No.  3  have  been  receive<l  as  follows: 

From  R.  J.  Adcook,  362;  Marcus  Baker,  351 ;  Prof.  W.  P.  Casey,  346, 

349,  350,  351 ;  Prof.  H.  T.  Eddy,  364;  Prof.  W.  W.  Hendrickson,  346; 

O.  L.  Mathiot,  351 ;  Prof.  E.  B,  Seitz,  349,  351,  352,  353;  Prof.  J.  Schef- 

fer,  347,  348,  351 ;  R.  S.  Woodward,  347,  348. 

346.  "Chords  of  the  parabola  y*  =  4ax  are  drawn  through  the  fixed 
point  {hf  k);  required  the  locus  of  the  intersection  of  normals  drawn  at  the 
extremities  of  the  chord." 

SOLUTION  BY  PROF.  W.  W.    HENDRICKSON. 

Let  the  equation  to  the  chord  be  y^ — k  =  «*i(a?i — h)  ....  (1),  and  the 
equation  to  the  parabola  yj  =  4ax  . .  (2) ;  combining  (1)  and  (2)  we  have 

yfrn^—  4ayi  -\-4ak — 4amih  =  0. 

Let  the  roots  of  this  equation  be  a  and  5,  then  a+S=  — ,  aB=        "^  ' 

^  m,  nil 

Let  m2»  m^  be  the  direction  ratios  of  the  normals,  then 

— a  — B  k — m^h  ,  _  — 2 

^         2a'      ^        2a'      ^    ^         am^^    »      2  •     8         ^^ 

Taking  the  origin  at  (2a,  0),  the  equation  to  the  normal  is  y  =  mx — am*; 
Denote  the  roots  of  this  equation  by  mj,  wig,  m^  ;  then  mj  -{-tn^'^fn^  =  0, 

u  *         I  — 2    ,  2      ,  — y        k—m.h  2 

but  m..  H-mg  =        ,  hence  m^  =  —,  also  m2mgm4  =  — ^  = *-  . —  , 

m^  f7i,  a  anij     m, 

or  y  =  ~ — ^-^ — \     Substituting  this  value  of  y  in  the  equation  to  the  nor- 

mal  we  find  x  =  h+  ^^^^^-^ ;  or  moving  the  origin  again  to  (A,0)  we  have  . 

2(m.h—k)  _  4a — kmi 

y — mn      *--■<-• 

Finally  eliminating  m^  between  these  two  equations,  the  equation  to  the 
required  locus  is 

{Aah—k^){ky'\-2hx)  =  2(2ay+ib;)^ 


347.     "Given  2  =  a  sin  (rc+a)  +  5  sin  (y+^)y  reduce  «  to  the  form 

2  =  Z>sinJ(a:+a+y+i8+*V' 


—131— 


SOLUTION  IIY  R.  8.  WOODWARD,  U.  8.  L.AKE  SURVEY,  DETROIT,  MICH. 

Put  a  =  c+d  and  h  =  c— d.  .  Then 

t  =  c[8in  (a;+a)+8in  {y+P)]+d[sin  (x+a)— sin  (y+^)] 
=  2o8in  i(^+a+y+/9)  cos  K^+a— y— /3) 

Xow  put2cco8  J(xH-a— y — /J)  =  2>c(>sW, 

2d8in  J(a?+a— y— j9)  =  Dsin  i5,  and  we  get 

z=  D3\ni{x+fx+y  +  fi+3). 

348.     ''Show  how  to  determine  the  values  of  x  and  z  which  will  render 

u  =  +2a,cos{  qz-{-iqX'^^i)9iuiqx 
+2a2COs(292+  grjj-f^ajsiu  ja: 
+  2a8COs(372+f(/jr+i93)sin  ^qx 

+ .     -      .      . 

+  2a^  ci}s{nqz -f-  ^'F + z^**  )s" "  ?7^> 
a  max.  or  min.,  tfj,  aj*  ®^*>  ?u  ^2i  ^^^-  ^"^  9  being  constants." 

SOLUTION  BY  R.  S.  WOODWARD. 

For  brevity  this  expression  may  be  written 

u  =  22'^a^cos  {rqz-\-\rqx-\'^^  sin  Irqx, 
Hence  for  a  max.  or  min. 

(1) 


du rt  *v*  /  ^^r^-os  {rqz-\-\rqx-\- Pr)  cos  }^rqx  —  1 

dx  Zzi  \  ra^in  (rqz+^rqx-^^r)  sin  \rqx       } 


==  2qI!rTirar  cos  (r52+  rgx-f  j9^)  =  0. 


(5i) 


—  =  — 252'  ro^in  {rqz+^rqx-\-Pr)  sin  Jrgj:  =  0. 

dZ  r=l 


Subtracting  twice  (2)  from  (1)  there  results 

(3)  2g2';i^ra,  cos  (rgz+^,)  =  0. 

The  last  eq'n  will  give  the  critical  values  of  z.  Denote  them  by  z^z^f 
...  Zm-  Then  the  critical  values  of  »  corresponding  to  z^  will  be  0,  (s,— 2,), 
(zj — Zj), . . .  {z^ — Zj),  since  z^  and  either  of  these  values  of  a:  will  satisfy  (1). 
Collectively  the  critical  values  of  a;  corresponding  to  any  critical  value  of  z 
are  shown  in  the  following  table : 

Corresponding  critical  values  of  a: 


CriL  val's  of  z 


'8 


(«1— «2)>  0,  (23— ^2)*  •  •  •  {^m— 22) 

(«1— «8)»     («2-2f3),  0,  ...  (2«,— Za) 


i    («l-0,     (22—'m\ 


0 


—1  sa- 
lt may  be  remarked  that  the  series  u,  expresses  la  general  terms  t 
rection  for  periodic  en-or  to  the  observed  value  of  an  angle  measured  on  a 
circle  read  by  g  equidistant  microscopes,  z  being  the  reading  of  either  mi- 
croscope and  X  the  angle  observed,  or  the  difference  between  the  means  of 
the  microscope  readings  in  their  two  positions.  When  for  any  iostrumenl 
the  values  of  the  constants  Cj,  u,,  etc.,  ^,,  ^,,  etc.,  are  known,  it  may  W 
important  to  know  what  values  of  z  and  t  will  render  u  a  max.  or  min. 

The  practical  application  of  equation  (3)  presents  no  special  difficulty, 
since  the  roots  a,,  z,,  etc.,  are  not  generally  required  with  any  great  pre- 
cision. By  computing  for  each  term  of  (3)  its  value  for  a  few  equidistant 
intervals  throughout  its  period,  the  curve  represented  by 

I^tra,  cos  [rqt  -f  ^J  =  y,  say, 
may  be  plotted  and  the  values  of  i,  making  y^O,  readily  dele<;ted. 


i 

le  locus     I 


341^.     "From  any  point  £  of  a  circle,  whw^c  radius  is  a,  a  perpenilif 
BR  is  drawn  to  a  fixed  straight  line  whose  distance  from  the  centre 
and  from  R  a  perpendicular  RD  is  drawn  to  the  tangent  at   B.     Pi 
RD  to  P  making  DP  =  RD.     Find  the  rectangular  equation  of  the 
of  P,  and  of  the  evolute  of  this  locus." 

BOLUTION  BY  PROF.  E.  B.  8EITZ,  KIRK8VILLE,  MO. 

Let  AFA'F  be  the  given  circle,  and  GO'  the  given  atrai^t  line.  Draw 
the  diameter  AA'  perpendicular  to  QG',  and  FP  parallel  to  GG^. 

Let  B,  Cbe  two  consecutive  points  in  the  ciroumterence,  and  P,  Q  tlif 
corresponding  points  in  the  locus,  CS  being  drawn  perpendicular  to  GO', 
and  SQ  perpendicular  to  the  tangent  at  C.  Produce  PB  to  A*  in  OA,  and 
^^Cto  Tin  BK,  and  draw  PJf  and  TN  perpendicular  to  OA. 

Lei  OA  =  a,  OH  =  b,  OM  = 
X,  PM  =  y,ON  =  x',  TN  =  y 
lAOB=d,  and  arc  BC  =  i 

Then  since  ZCBR  =  90°  —  (<| 
=  BCT,  Cq  =  CS  =  BR—ie\\iO\ 
=  BP  —  i  aia  d,  and  CT=  BT  +  \ 
(■ain  f;  hence  C^  +  CT=  BP^f 
BT,  or  QT  =  PT.  Therefore  3'  i 
the  point  in  the  evolute  of  the  c 
corresponding  to  P. 

We  have  BP=aoo»  ti—b,  BKt 
=  OK  =  iasecft,  MK. sin  MKp\ 
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=  PM  sin  MPKf  or  («— Ja  sec  0)  sin  2tf  =  y  cos  2tf,  whence 

a? sin  2d — y  oos20  =  asiuO.  (I) 

We  also  have  ifiToos  MKP+PMcos  MPK  =  PK,  or 

(a:  ~  Ja  sec  tf )  cos  2tf+y  sin  20  =  jasec  tf +a  cos  tf— 6,  whence 

a;cos2tf+y8in2tf  =  2a  cos  tf— 6.  (2) 

The  sum  of  the  squares  of  (I)  and  (2)  gives 

3a'co8«tf— 4a6co8fl-(a:*+y*— a*— 6«)  =  0. 
The  8uni  of  (1)  multiplied  by  sin  20 ^  and  (2)  multiplied  by  cos  20  gives 

2a  co8»/?— 26  cos'tf— (a:— 6)  =  0.  (4) 

Subtracting  (3)  multiplied  by  2  cos  Oy  from  (4)  multiplied  by  3a  we  have 
2a6  co8*fl+  2{a:«+y*— a«-6"-)  cos  fl— 3^i  (a:— ft)  =  0.  (6) 

Subtracting  (3)  multiplied  by  26,  from  (5)  multiplied  by  3a,  we  have 
[d(-r»+y«— a*— 6*)+86«]  a  cos  tf— [9a«(a:-6)  -26 (a;«+y'-a«-  6«)]  =  0.  (6) 
Subtracting  (5)  multiplied  by  a:*  -f-  y*  —  a'  —  6*,  from  (3)  multiplied  by 
3a(j: — 6),  we  have  * 

[9aV-A)-26{a:»+y»-a»-6»)]acos »— [12a«6fir-6)  +  2{x^+f-a^-b^Y]  =0.  (7) 
From  (6)  and  (7)  we  find' 

4<  X* +y«— a*)(a:*+ y»- a*— 6«)«  +  36a%(a;- 6X3:* +y'— a*— 6«) 

+32a«6»(a;— 6)— 27aVa:— 6)'  =  0, 
the  equation  of  the  locus  of  P. 

Since  the  angle  PTQ  =  2B0C,  we  have  BC:  J^Csin  BCT::  BO  :  BT, 
ur  I  :  \ico&0 ::  aiBT,  whence  BT=  ^acos  0.     Hence  we  have 

AT  =  Ja  sec tf — Ja  cos  fl  =  ia  sin«»  sec  0,  TN  =  KT  sin  TKN,  or 

y'  =  \a  sin*<?sec  0  sin  2#  =^  a  sin*tf.  (8) 

We  also  have  KN  =  ATcos  TKN  =  Ja  sin'/?  sec  fl  cos  2fl,  and 

ar'  =  Jasec/?-f^asin*/?8ec<?cas2/?  =  fa  cos/? — a  cos'/?.  (9) 

From  (8)  sin  0  =  f^iy'-r-a)-  Squaring  (9),  and  substituting  the  value 
ofmnd,  we  find  4a;'*+4y'*— a*  =  3^(a^y'*),  whence 

(4tx'*-\-4y'^-ay  =  27ay*, 

the  «f nation  of*the  required  evolute. 

The  locus  of  P  consists  of  the  two  bran(*hes  LIU  and  LrL\  forming 
eM|Kat  £  and  Z'.  The  evolute  consists  of  the  two  e<jual  branches  EFE' 
tod  RFE^^  forming  cusps  at  £and  E^ ;  the  parts  EL  and  EL'  giving  the 
bmoh  LIU  of  the  involute,  and  the  imrts  E!L  and  EU  the  branch  LIU . 

It  will  be  noticed  by  the  ei] nation  that  the  evolute  is  independent  of  6, 
or  the  distance  of  the  given  line  from  thr  center  of  the  circle. 
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350.  "A  series  of  circles  touching  each  other  at  a  point  are  cut  by  alli- 
ed circle;  sliow  (by  third  fiook  of  Euclid)  that  the  intersectioDS  of  the  pairs 
of  taugents  to  the  latter,  at  the  points  where  it  is  cut  by  each  of  the  other 
circles,  lie  in  a  straight  line." 

SOLUTION  BY  PROP.  W.  P.  CASEY,  SAN  PBANCiSCO,  CAL. 

Let  RGII,  RCB,  REP,  &c.  be  the  series  of  circles  touching  each  other 
at  the  point  R,  and  0  the  fixed  one  intersecting  them  in  the  points  Q,  S,* 
C,  B;  E,  F;  &c.\  I,  A,  D,  &c.,  the  intersections  of  the  tang'ts  from  theA 
points.  Tlien  will  1,  A,  1 
be  in  a  straight  line. 

For  if  not,  allow  DA  when  pro-l 
duced  not  to  pass   through  /,  JoinT 
OD,  OA  and  01  interseclitig  DjM 
in  J,   and  draw  the   tangent    RSU 
Join  EE  and  produce  it  to  meet  I 
in  x;  EC  and  HG  will  also  pas 
through  x.   Join  YP  and  PQ.  Th 
figure  OQPYX  is  inscriptible  in  a 
circle,  the  angles  OQX,  OPA'andH 
OYX  being  right  angles,  and  . 

Z  O  I'P  =  Z  PQF;  but  O  YP  =  ^AP,  because  AD  YP  is  also  inscripl 
ible  in  a  circle,  an  DOkOY  =  AOxOP,  each  being  equal  to  7J».  There- 
lore  ZPQE^  DAP,  whence  the  figure  APQJ  is  iuscriptible  in  a  cirole, 
therefore  .40X0^  =  ^0X09  =  ie*=0/XOQ,  whence  07=  0^  which 
_  is  impossible ;  .  * .  D,  .d,  7  are  in  the  same  straight  line. 


551.  "In  a  plane  triangle  ABC,  a  line  from  C  perpendicular  to  AC 
meets  AB  in  M  and  another  from  C  perpendicular  to  BC  meets  AS  in 
N;  knowing  the  sides  a  and  b  and  the  intercept  MN^m,  it  !s  required  to 
determine  the  triangle." 

SOLUTION  BY  PROP    J.  8CHEPPEH,  HAHRISBURUH,  PA. 

Denoting  the  angles  uf  the  triaugle  ABC  lying  opposite  the  sides  a  wid 
h  by  A  and  B,  respectively,  and  the  third  side  AB,  by  ar,  we  have  CN  = 
a  tan  B,  CM  =  b  tan  A.     Also  C^Vsin  B+CMaio  A=m,  therefore 
u  tan  B&\a  £+6  tan  ^sin  A  =-m,  or 
a&in'B  ,  bsxx^A 

tiubst'ug  for  sin  B,  cos  B,  Sia.,  their  values,  found  from  the  sides  a,  b,  x, 

l^-^-mX*^2{a*  +  b')J?'^-{a*—b*)*■x—m^a*—^^'}'  •=  0. 


D  dtorda  of  eqaal  bat  tuiksown  lengths  are  drawn  at  random 
Vkagiven  drcle;  fimi  the  chance  of  their  intersection." 

P'rof.  Seitz  obtains  for  answer  to  this  prob'em  2-^)r,  while  Mr.  Adcock 
•Ht  ix.  The  differeoce  in  these  results  arises  from  different  coaceptinns  of 
;  problem.  In  both  solutions  the  first  chord  is  supposed  to  be  drawn 
a  any  fixed  point  to  every  other  point  in  the  semi  cin-umf.,  and  in  Mr. 
intrV  solution  the  intersectjons  are  supposed  to  occur  at  equidistant  points 
B  tb<;  first  chord ;  while  in  Mr.  AdcocJc's  solution  the  second  chord  is  sup' 
I  to  be  drawn  from  equidist.  points  in  the  arc  subi'd  by  (he  first  chord. 
■  these  two  methods  give  diflerent  results,  and  no  good  reason  is  appa- 
f  ooe  should  be  adopted  rather  than  the  other,  we  dismiss  the  quest, 
nt  and  until  further  discussed  by  our  contributors. 
■  of  353  and  354  (incorrectly  printed  353  at  p.  104)  will  be  pub- 
'  a  Sept.  No.- Ed.] 

PROBLEMS. 

'.  Headley,  DIUgborov</h,  Jnd. — The  leugth  of  a  garden,  in 
f  a  parsllelogram,  is  one  rod  greater  than  the  breadth,  Within 
i  is  a  fountain ;  and  a  gravel  walk  extends  diagonally  across  the 
,  from  comer  tn  corner,  and  tbe  distance  from  the  fountain  to  one 
<rf  said  walk  is  three  rods,  and  to  the  other  end  four  rods;  and  from 
t  eod  of  the  walk,  along  one  end  of  tbe  garden,  to  the  next  corner,  and 
9  tbence  to  the  fountain,  is  eight  rods.  Required  the  area  of  the  garden. 
'  3S6.  By  Prof.  Caaey. — In  a  triangle  ABC,  BD  is  perpendicular  to  the 
;  AC,  and  O  is  the  wnter  of  gravity  of  the  triangle.  Join  AO,  DO  & 
CO-  Given  tbe  base  AC  and  the  angles  AOD,  AOCta  construct  the  tri- 
angle ABC. 

357.  By  Prof.  De  Volsim  Wood. — An  elastic  string  without  weight  and 
of  giveii  length,  has  one  end  fixed  in  a  perfectly  smooth  horizontal  plane, 
and  the  other  (o  a  point  in  the  surface  of  a  sphere,  the  string  being  un- 
wnoDd.  The  sphere  is  projected  on  the  plane  from  the  fixed  point  with  a 
Itsear  velocity  c  and  au  angular  velocity  n>,  winding  the  string  on  the  cir- 
eamterence  of  a  great  circle;  required  the  elongation  of  the  string  when 
(ally  stretched,  and  the  sul)sequent  motion  of  the  sphere. 

3M.     By  R.  S.  Woodward. — Given  the  angles  A,  B  and  C  of  a  plane 
brtaoj^Ie,  and  d  log  u,  rf  log  6  and  d  1<^  c;  a,  b,  c  being  the  sides  respectively. 
What  are  the  corresponding  values  of  dA,  dB  and  dC  expressed  in  aec- 
solarc? 
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Query  by  Pbof.  L.  6.  Barbour. — If  it  be  an  axiom  that  the  shortest 
distance  between  any  two  given  points  is  measnred  on  the  straight  line  con- 
necting them,  do  the  writers  on  the  Calculus  of  Variation  really  prove  the 
same  truth? 


Note  by  Prof.  Casey.  —In  reference  to  the  Note  on  Todhunter's  Trig- 
onometry in  Analyst,  No.  3,  p.  104,  the  equation  should  read  acos  2^-f 
6  cos  2(7  =  G,  and  not  acas  2^+6  cos  tf  =  c.  Mr.  T.  has  had  his  Trigo- 
nometry freed  fi*om  both  typographical  errors  long  ago. 


PUBLICA  TIONS  RECEIVED, 


A  Treatise  on  Trigmwrneiry^  by  Profk.  Oliveb,  Wait  and  J0NK8  of  Cornell  UniverritY. 
102  p.    Svo.    Ithaca :  Finch  and  Apgar.     1881. 

The  names  of  the  authors  are  a  sufficient  gnarantee  of  the  value  of  this  work  and  of  iti 
adaptation  to  the  wants  of  students  in  trigonometrj.  We  extract  the  following  fitmi  the 
Preface. 

"It  is  designed  as  a  drill-book  for  class  use  ;  its  leading  features  are  : 

Tlie  general  definitions  of  the  trigonometric  functions  in  terms  applicable  to  all  angles, 
without  regard  to  sign  or  magnitude, 

The  expression  of  the  functions  of  all  angles  in  terms  of  the  functions  of  positive  angles 
less  than  a  right  angle,  by  direct  reference  to  the  definitions. 

The  graphical  representation  of  functions. 

The  general  proof  of  the  formulip  for  the  functions  of  the  sum  and  difference  of  two  angles^ 
of  double  angles,  half-angles,  etc. 

The  differentiation  of  trigonometric  functions,  their  development  thereby  into  series,  and 
the  computation  of  the  trigonometric  canon  by  means  of  these  series."  Ac 

An  AnalyuM  of  JReUUionahipn.  By  A.  Macfarlame,  M.  A.,  D.  Sc.,  F.  R.  8.  £.  From  the 
Philosophical  Magazine  for  June,  1881.     Pamphlet.     10  p.    Svo. 

The  Endovmeni  of  Scientific  Research.  From  the  Annual  Address  of  the  President  of  the 
California  Academy  of  Sciences,  Prof.  George  Davidson,  A.  M.,  D.  Ph.    Pamf^let. 

The  Maihemaiical  Visitor^  No,  6.  ARTEMAfii  Martin,  A.  M.,  Editor,  Erie,  Pa.  This  No. 
completes  Vol.  I,  and  contains  48  pages  and  Index  to  Vol.  I. 


ERRATA, 


On  page  103,  line    2,  for  y  =  4ai,  read  y'  -=  4ax. 
"      "    104,     "      1,  for  353  read  354. 

"      "     105.     **    10,  from  bottom,  insert  of,  after  "conceived''. 
"      "    109,    "    11,     "  ''       for  faladous  read  fidlacioas. 

"       "    111,    "    18,  for  paralax  read  parallax. 
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ON  THE  ELEMENTARY  THEOR  Y  OF  ERRORS. 


t 


BY  E.  L.  DE  POBEST. 

Ora  methods  of  catimating  the  error  in  the  result  of  any  combination  of 
indepeofleDt  observations  rest  upon  a  well  known  elementary  theorem,  de- 
ntonetrated  in  Bome  such  manner  as  this.  Denote  by  Xi  and  x^  tlie  true 
vglneB  of  two  independently  observed  qiiantities  of  the  same  kind,  measur- 
ed lines  ibr  example,  and  let  their  sum  or  difference,  taken  positively  or 
actively  at  pleasure,  be 

A"  =  ±  xi  ±  xj.  (1) 

If  a  single  measurement  of  each  gives  x^  and  x^  with  the  errors  Jj  and 
J^  wbic^  may  happen  to  be  either  iJoaitive  or  negative,  these  will  produce 
IQ  JT  an  error  J  such  that 

X+J=  ±(.,+J,)±(»,  +  J,).  (2) 

Sttbtracting  (1)  from  (2)  and  squaring  the  result,  we  get 

J»  =  JJ+J>±2Jj4„  (3) 

where  the  doubtful  sign  is  +  or  —  according  as  the  signs  of  x,  and  x,  in 
(l)  ape  like  or  unlike.  If  n  observations  of  x,  and  x,  are  taken,  we  have 
H  snch  equations,  and  adding  them  all  together  and  dividing  their  sum  by 
ft,  using  tJie  brackets  [     }  to  denote  summation,  we  get 

M  =  M+M]  ±  2L-'.i''j].  (4) 

Here  tlie  first  three  terms  are  the  squares  of  the  quadraiic  mean  errora  of 
X,  f  I  and  X,.  Denote  these  q.  m.  errors  by  M,  fiy  and  n^.  It  may  be 
pretomH  that  the  mean  of  the  squares  of  the  errors  of  a  single  quantity  will 
wK  wry  much,  whatever  the  number  of  observations  may  be,  provided  it  is 
krgv,  and  we  may  suppose  that  the  number  n  is  very  large,  so  that  if,  /<, 
•od  />,  have  their  limiting  values.     In  other  words,  /i|  for  instauL-e  will 
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represent  the  square  root  of  the  mean  of  the  squares  of  all  the  values  which 
the  accidental  error  J^  can  possibly  have,  from  the  nature  of  the  method  of 
observation  employed,  each  possible  value  being  taken  a  number  of  times 
proportional  to  the  probability  of  its  occurrence. 

The  two  systems  of  possible  errors  J^  ^^^  ^s  <^^  ^^^  supposed  to  be 
necessarily  alike,  for  x^  and  x^  may  have  been  measured  by  two  distinct 
methods.  The  last  term  in  (4)  will  disappear  if  we  make  the  plausible 
assumption  that  the  errors  are  distributed  symmetrically  in  either  direction, 
so  that  positive  and  negative  errors  of  x^  of  given  amount  are  equally 
likely  to  occur;  and  so  also  in  the  case  of  re,.  Then  each  positive  product 
J]  J 2  is  offset  by  a  n^ative  one  equal  in  amount  and  equally  likely  to  oc- 
cur, so  that 

[J,J,]  =  0,  (5) 

and  (4)  is  reduced  to 

M*==fil+  fil  (6) 

a  result  which  has  been  compared  to  the  geometrical  proposition  respecting 
the  ^^square  on  the  hypothenus^",  owing  to  its  similar  form  and  its  impor- 
tant character  as  a  basis  of  further  investigations.*  It  holds  good  approx- 
imately even  when  the  number  n  of  observations  is  not  very  large,  and  not 
the  same  for  a?^  as  for  a?].    If  the  observed  quantities  are  three  in  number, 

so  that 

^'  ==  ±  a?i  dr  a?2  ±  a?3, 

the  q.  m.  error  of  X'  may  be  r^arded  as  that  of  the  sum  or  difference  of 
the  two  independently  observed  quantities  X  and  x^,  and  is  therefore  given 
by  the  formula 

=  /^i+f^l-tfJ^l  ^  (7) 

I'he  theorem  can  thus  be  extended  to  four  or  any  number  of  quantities. 
Each  observed  x  may  also  be  multiplied  by  a  known  coefficient.  Any  ac- 
tual error  of  a^x^  is  a^  times  the  actual  arror  of  Xi,  it  being  understood 
that  the  quantity  observed  is  Xi  and  not  a^^x^^  so  that  in  n  obeeryationa,  the 
q.  m.  error  of  a^x^  is  aifii^  that  oia^x^  is  a^f^^^  ^^^  ^  ^^*  H^i^<^  if  we 
have  any  linear  function  u  of  independently  observed  quantities  x^,  x^  &o.f 

u=s  a^Xi  ^a^x^  +08*8 +^«>  (8) 
where  01^02  &c.,  may  be  essentially  either  +  or  — ,  the  q.  m.  error  fi  of 
u  will  be  found  from  the  q.  m.  errors  /i^,  /i^  &o.  of  Xj^y  x^  &o.,  by  the  for- 
mula 
f^^  =:  (ai/^iy+K/^ay+(a>/^>y+<feo> (9) 

^''Dieser  Satx,  wdcher  aoaaerliche  Aehnlichkeit  mit  dexn  Pjrthagoraiflchen  6ats  der  Geom- 
etrie  hat,  ist  der  wichtigste  Sats  der  gaiusen  AuBgleichungBredmang".  (Jordan,  Vermetmmgt- 
kunde,  p.  10.) 


The  exactitude  of  the  forgoing  demonstration  evidently  depends  on  the 
romcUiess  of  the  assumption  that  the  possible  true  errors  of  any  two  of  the 
obeervec]  quantities  are  so  distributed  as  to  satisfy  the  condition  (5).  All 
writers  on  the  subject,  so  &r  as  I  know,  have  regarded  the  errors  as  true 
errors,  or  deviations  from  the  true  value  of  the  quantity,  and  assumed  that 
in  any  observation,  positive  and  n^ative  envjrs  of  e<iual  amount  are  equal- 
ly likely  to  occur.  The  mode  of  demonstration  T  have  given  is  in  substance 
the  one  usnally  followed.  (See  for  instance  Chanvenet,  Astronomy,  Vol.  II, 
p.  497;  also  Helraert,  Ausgleickunffsreohnunf/,  p.  43.)  Airy  adopts  a  dif- 
ferent intjthod.  {Theory  of  Errors  of  Obaervaitons,  pp.  28  to  33.)  Agsum- 
ing  that  the  errors  of  tlie  two  observed  quantities  x^  and  x^  in  (1)  follow 
the  exponential  law  of  facility 


bile  their  q.  ro.  errors  ;*,  and  /i,  are  in  general  unequal,  soas  to  givedif- 
mt  values  to  h,  and  consequently  to  c,  in  the  two  cases,  it  is  then  proved 
»t  the  law  of  facility  for  the  errors  of  X  is  of  the  same  exponential  form, 
mly  their  squared  q.  m.  error  Jl/-,  is  equal  fo  the  sum  of /;<J  and  fi^.  This 
»de  of  proof,  like  the  other,  evidently  presupposes  that  +  ^nd  —  errors 
f  equal  amount  are  equally  probable,  since  the  exponential  curve  is  sym- 
Ktrical  on  either  side  of  its  origin.  Hence  the  condition  (5)  must  be  satis- 
sd,  in  order  to  prove  the  theorem  (6)  by  either  method. 
Some  recent  investigations,  however,  have  enabled  us  to  demonstrate  a  sim- 
ilar theorem  in  a  manner  which  is  free  from  this  restriction. 

I^  all  the  possible  true  errors  of  the  observed  quantities,  errors  in  the 
lengths  of  the  lines  a:,  and  x^  for  example,  be  expressed  by  multiples  of  a 
single  unit  of  measure  Jx,  which  may  be  taken  as  small  as  we  please,  and 
t  m  be  a  whole  number,  so  large  that  mJa;  is  a  limit  which  the  greatest  er- 
M",  poeitive  or  n^atlve,  will  not  exceed.  Any  observed  value,  that  of  x^ 
r  instaaee,  is  here  supposed  to  be  obtained  either  by  a  single  measurement 
king  the  arith.  mean  of  several  measurements. 
B  probabilities  of  the  occtirrence  of  the  various  possible  errors  in  the 
Bvaloesof  a;,  and  x^,  from  — mJx  to  -\-mJx,  be  represented  by  val- 
B  of  p'  and  p",  ranging  from  pL„  to  p'„  for  a-,  and  from  p!L  topHfor  Xj- 
Write  thcfio  probabilities  as  coelficienla,  and  the  corresponding  numbers  of 
nnite  of  error  as  exponents  of  2,  in  the  polynomials 

pl«*-"-f  .  .  .  +p!-i^^-\-p'o+p'it+  .  . .  +pL»",  (10) 

pZjr'+ . . .  +p::ii->-fp'o'+p'>+ . . .  +p:^~.  (ii) 

If  (be  obaerved  values  of  a:,  and  x^  are  to  be  added  together  to  find  A', 
Mtlut 

A'  =  Kj  -|-  a:,, 
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the  error  in  this  value  of  X  may  occur  by  the  algebraic  addition  of  any  pos- 
sible error  in  the  value  of  x^  to  any  possible  error  in  the  value  of  x^^  and 
the  probability  that  any  two  particular  possible  errors  of  x^  and  x^  will 
thus  occur  in  combination  is  the  product  of  their  separate  probabilities. 
The  probability  that  the  sum  of  the  two  errors  that  do  occur  will  be  a  giv- 
en amount,  is  the  sum  of  the  probabilities  of  all  the  combinations  which 
would  severally  produce  that  amount.  Hence  all  the  possible  errors  in  the 
sum  of  Xi  and  x^  will  be  represented  by  the  exponents,  and  their  probabil- 
ities will  be  the  coefficients,  in  the  product  of  the  polynomials  (10)  and  (11), 
which  we  denote  by 

The  probability  that  the  error  of  the  sum  X  will  be  a  given  quantity 
« Jx,  is  the  coefficient  q^  of  z*  in  this  product. 

To  determine  the  quadratic  mean  error  of  X  from  ihe  q.  m.  errors  of  x^ 
and  x^y  we  employ  two  general  properties  of  polynomials  which,  with  their 
application  to  a  class  of  questions  in  probability,  were  set  forth  by  me  in 
the  Analyst  during  1880,  and  had  never  been  published  before  so  far 
as  I  know. 

In  (10)  for  example,  let  the  coefficients  p'  represent  the  weights  of  mate- 
rial points  ranged  along  an  imponderable  straight  line  or  axis  of  X,  at  in- 
tervals equal  to  dx^  and  let  this  axis  be  a  lever  turning  about  the  place  of 
Po  as  a  fulcrum.  The  distance  from  the  fulcrum  to  the  centre  cf  gravity 
of  the  system  of  weights  is  the  lever  arm  of  the  sjrstem,  and  its  length  is 

Ux  =  {-mTp'^^—  . . .  — Ip'-i  +Op'o +lp'i  +  . . .  +mp'JJx.      (13) 

The  sum  of  the  products  of  the  weights  on  one  side  of  the  centre  of  grav- 
ity, into  their  distances  from  that  centre,  is  equal  to  the  sum  of  the  products 
on  the  other  side.  Hence  the  lever  arm  iJx  is  the  arithmetical  mean  of  all 
the  possible  true  errors  in  the  observed  value  of  x^^  each  possible  error 
being  taken  with  a  weight  proportional  to  the  probability  of  its  occurrence. 
Likewise  in  (11)  we  denote  by  jJx  the  lever  arm  of  the  system  of  weights 
p''  about  the  place  of  pJI,  and  this  arm  is  the  arith.  mean  of  all  the  possible 
errors  in  the  observed  value  of  x^-  Of  course  i  and  ;  are  essentially  +  or 
—  according  as  the  centres  of  gravity  lie  on  the  +  or  —  side  of  the  ful- 
crum. By  one  of  the  general  properties  of  polynomials,  since  (12)  is  the 
product  of  (10)  and  (11),  the  lever  arm  IJx  of  its  coefficients  q  about  the 
place  of  9o  is  the  algebraic  sum  of  the  arms  of  the  two  ftctors,  or 

IJx  =  (t  +j)Jx.  (14) 

This  lever  arm  is  the  arith.  mean  of  all  the  possible  errors  in  the  value 
pf  X    Now  suppose  that  the  systems  of  weights  in  (10),  (11)  and  (12) 
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■volve  ftronnd  their  respective  ccDtres  of  gravity,  and  let  their  radii  of  gy- 
Btion  be  «],  ej  and  E.  By  a  serimd  general  property  of  polynomials,  the 
iquarc  of  the  radius  of  gyration  for  the  product  is  etfual  to  the  sum  of  the 
B  of  the  radii  for  the  two  factors,  or 

E*  =  e\  +e3,  (15) 

KTClation  of  the  same  form  as  that  in  (6).  It  also  has  a  similar  meaning, 
vben  «*e  r^anlei,£,  and  J?  as  quadratic  mean  errors  in  this  modifd  sense, 
that  they  are  the  q.  m,  deviations  of  ij,  x^  and  A',  not  from  their  true  val- 
nes,  but  from  the  arith.  means  of  all  their  possible  values.  These  aritbmut- 
iatl  and  quadratic  means  are  formed  as  already  indicated,  counting  each 
pceeible  value,  and  eaoh  deviation,  a  number  of  times  proportional  to  the 
probability  tliat  such  value  and  deviation  will  occur.  In  (10)  for  example, 
V  tte  8um  of  all  the  coefficients  being  necessarily  unity,  e\  is  the  sum  of  the 
•  prodacte  formed  by  mutiplying  each  weight  p'  into  the  square  of  its  dist. 
ftom  the  centre  of  rotation,  and  these  distances  are  the  possible  errors  of  x,, 
m  the  modified  sense.  They  are  analogous  to  and  yet  distinct  from  what 
mre  known  as  residual  errors,  or  deviations  from  the  arith.  mean  of  a  num- 
ber of  observations  which  is  very  much  less  than  the  whole  number  of  pos- 
nble  errors.  For  want  of  a  name,  the  mean  we  are  dealing  with  might  be 
oiled  the  u/fima/*  arith.  mean,  and  the  deviations,  ultimate  errors.  By  a 
well  known  mechanical  theorem,  the  moment  of  inertia,  aud  consequently 
ibe  rtdios  of  gyration,  of  a  system,  is  a  minimum  when  the  axis  of  rotation 
puae*  through  the  centre  of  gravity.  (See  for  instance  Wei^ach'g  Mfch.) 
The  altimale  mean,  or  arith.  mean  of  all  the  ptissible  values  of  an  oleerved 
qumtily,  is  equal  to  the  true  value  of  that  quantity,  plus  the  lever^arm  or 
arith.  mean  of  all  its  possible  true  errors.  Hence  the  ultimate  meau  is  the 
looal  probable  value  of  the  observed  quantity,  in  the  sense  that  it  is  the 
valnc  which  renders  the  quadratic  mean  of  all  the  jiossible  deviations  from 
it  a  minimum.  (Compare  Chauvenet,  Aatronomy,  II,  p.  476.)  In  aecord- 
snoe  with  ( 14),  the  most  probable  error  IJx  of  X  is  the  sum  of  the  most 
probable  errors  iJx  audyj^r  of  x,  and  x^,  and  the  most  probable  value  of 
A'  is  the  sam  of  the  most  probable  values  of  z,  and  Xj. 
BuppGse  now  that  X  ib  the  difference,  instead  of  the  sum,  of  x,  and  x„  or 

X  ^  Xj  — Xj. 

The  possible  errors  of  — x,  are  the  same  as  those  of  -j-x,,  but  with  con- 

Inry  signs.     Their  probabilities  remain  unchanged,  so  that  the  errors  are 

repmwntetl  by  the  exponents,  and  their  probabilities  are  the  coefficients  in 

tbe  polynomial 
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which  is  (11)  with  its  coefficients  in  reversed  order.  The  lev^  arm  of  the 
coefficients  about  the  place  of  p^  is  the  same  as  before,  but  with  oontrary 
sign.    In  the  case  of  (1 1)  it  was 

{-mp\- . . .  -Ip'li  +0p;,'+ Ip';  +  . . .  +mp':  )Ax  =     jAx,    (17) 
while  for  (16)  it  is 

{^mpZ  -... -Ip'l  +  Op'o' +lp!L,+  ...  +mp'i:)Jx  =  -jJx.    (18) 
The  lever  arm  for  the-  product  of  (10)  and  (16)  is  the  algebraic  sum  of 
the  arms  of  the  factors,  or 

JJt  =  (i-j)Ax,  (19) 

so  that  the  arith.  mean  of  all  the  possible  values  of  X  is  now  the  difiereoce 
instead  of  the  sum,  of  the  arith.  means  of  all  the  possible  values  ofx^  and 
x^.  The  radius  of  gyration  of  the  coefficients  in  (16),  about  their  centre  of 
gravity,  remains  the  same  as  in  (11),  for  since  the  distances  of  each  weight 
p"  from  that  centre  are  unchanged  except  in  sign,  their  squares  are  entirely 
unchanged.  Thus  the  radius  for  the  product  of  (10)  and  (16)  is  expressed  by 
the  same  relation  (15)  already  found  for  the  product  of  (10)  and  (11),  In 
other  words,  the  q.  m.  error  of  the  difference  of  Xi  and  x^  is  the  same  as 
that  of  their  sum.  And  it  is  evident  that  by  changing  the  sign  of  either 
Xi  or  rr^  as  in  (1),  we  shall  simply  change  the  sign  of  the  lever  arm  iJx  or 
iJXf  without  affecting  the  radius  of  gyration  e^  or  ej. 

The  reasoning  by  which  these  results  are  obtained  may  }\e  extended  to 
the  sum  or  difference  of  three  or  more  observed  quantities,  by  r^arding 
each  new  quantity  as  the  subject  of  a  second  independent  observation  to  be 
added  to  or  subtracted  from  the  total  of  the  others,  as  when  we  derived  (7) 
from  (6).  The  errors  in  the  total,  and  their  probabilities,  will  be  exponents 
and  coefficients  in  the  continued  product  of  the  three  or  more  polynomials 
which  represent  the  probabilities  of  error  in  the  three  or  more  quantities. 
Each  quantity  x  may  have  a  known  coefficient  a,  and  the  q.  m.  error  of 
axis  a  times  that  of  x.    Thus  the  q.  m.  error  e  of  the  linear  function 

u  =  ajXi  +  a^x^  +  Og^g  +  Ac., 
whose  coefficients  a  may  be  either  +  or  — ,  is  connected  with  the  q.  m.  er- 
rors e-if  €2  &c.  of  Xj,  X2  &G.  by  the  relation 

e2  =  {a^e^f+ia^e^Y+ia^e^Y+Ao.  (20) 

The  arith.  means  of  all  the  possible  true  errors  of  a^a^^i  (^2^23  ^8^8  ^ 
are  represented  by  the  lever  arms 

a^iJXf        a^jAxy        a^kJx^        &c, 

and  the  arith.  mean  of  all  the  possible  errors  of  u  is  the  sum  of  ihe  al)0ve, 
or  the  lever  arm 

IJx  =  (oji  +  02/  +  Oa^  +  ikfi.)4x^  (2X) 
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>  that  the  most  probable  deviatjon  of  u  from  ita  true  value  la  the  alge- 
uc  sum  of  the  most  probable  deviations  of  a^x,,  fZjX],  &c.  from  their 
He  values. 

I  The  leeult  (20)  is  more  general  than  (9).    Having  been  obtained  without 
j-odutnng  any  condition  aucb  as  (5),  it  will  hold  good  when  the  elemen- 
y  or  ]>oesible  errors  of  the  observed  quantities  are  distributed  in  any 
laaner,  unrestricted   by  that  relation  to  each  other.     The  q.  m.  errors  //,, 
ft,,  &c,  in  (9)  represent  deviations  from  the  true  values  of  a:,,  x^  &C; 
while  the  modified  or  ultimate;  q.  m.  errors  e,,  e^   in  (20)  represent  devia- 
tions from  the  arith.  means  of  all  the  possible  values  of  x^,  x.^  &c.,  these 
values  being  weighted  according  to  the  probabilities  of  their  occurrence. 
I     Xbe  true  value  of  an  observed  quantity  is  usually  unknown  and  undiscov- 
^hnble.     We  may  rensooiibly  assume  that  the  arith.  mean  of  a  large  number 
^Hfobeerved  valnes  of  X]  for  Instance,  is  an  approximation  to  the  arith.  mean 
j^^f  all  the  possible  values  of  x^,  when  each  of  the  latter  values  is  weighted 
1     ^Tor  the  probability  of  its  occurrence.     But  the  mean  of  all  the  possible  val- 
ues is  not  the  true  value,  unless  the  distribution  of  the  pi^issible  true  errors 
is  restricted  so  that  their  arith.  mean,  tlie  lever  arm  idx  in  (13),  becomes 
KTo.    There  is  (some  a  priori  reason  to  believe  that  they  will  be  so  restri(!ted 
in  m(»t  cases,  for  +  and  —  errors  of  equal  amount  are  equally  likely  to 
OGcnr  for  aught  we  know  to  the  contrary,  at  least  there  is  usually  no  reason 
to  expect  a  preponderance  on  one  side  rather  than  on  the  other.    The  di6er- 
CDoe  between  the  demonstrations  of  (9)  and  (20)  is  interesting  chiefly  from 
the  theoretical  point  of  view.    I  think  that  the  new  theorems  respecting  the 
lie\-er  arm  and  radius  of  gyration  in  polynomials  and  their  products,  which 
have  been  employed  here,  enable  us  to  demonstrate  the  principles  of  the 
^^ritb.  mean  and  q.  m,  error  with  greater  generality,  clearness  and  exactness 
^■fcan  heretofore,  and  help  to  jnstify  the  common  use  of  the  quadratic  mean 
^Bi  preference  to  any  other  mean  for  the  purpose  of  estimating  the  amount 
^Hf  error,  and  the  universal  practice  of  taking  the  arith.  mean  of  a  numl>er 
^Hf  obuervatioDS  us  the  standard  value  of  the  observed  quantity,  from  which 
^^Perialioas  or  errors  arc  to  be  reckoued.    The  arith.  mean  of  all  the  po^iblc 
Rvalues  is  always  the  moat  probable  value,  in  the  sense  of  being  the  one 
which  renders  the  quadratic  mean  of  all  the  possible  deviations  from  it  a 
ntniuium.     It  is  not  necessarily  the  most  probable  in  the  sense  of  being 
the  most  likely  to  occur  in  a  single  observation,  although  it  is  approximate- 
ly the  most  likely  to  occur  as  the  arith.  mean  of  a  large  number  of  obser- 
vatiooa.   (Lagrange,  Oeuvres,  cd.  of  1868,  Vol,  II.  p.  199;  also  Analyst, 
'      Nov.  18«0.) 
j  If  for  example  the  coefiicieut  p',  in  (10)  were  zero,  it  would  be  imjHisgible 
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for  the  error  2Jx  to  occur  in  any  single  observation^  though  it  might  be  the 
arith.  mean  of  all  the  possible  errors. 
In  the  probability  curve 

the  function  y,  as  I  have  heretofore  shown,  is  in  general  the  limit  of  the  series 
of  coefficients  in  the  expansion  of  any  polynomial  to  the  k  power^  when  k  is 
a  large  number,  or  infinite.     The  interval  Jz  between  successive  ooeffidoits 
is  represented  by  dx  at  the  limit,  and  this  is  a  unit  of  measure  for  the 
distance  x  of  any  coefficient  y  from  the  origin,  which  is  at  the  cent,  of  grav. 
of  the  series,  and  for  the  radius  of  gyration  r  of  the  ooefi.  in  the  first  power, 
about  their  c.  g.    Thus  hdx  and  IM  are  abstract  numbers.    The  curve 
does  not  necessarily  represent  the  law  offaxAMtj  of  deviation  of  a  single  ob- 
servation from  its  most  probable  value,  but  it  does  represent  the  law  of  fii' 
cility  of  deviation  of  the  arith.  mean  of  a  large  number  k  of  observations  of 
equal  weight,  from  the  most  pn)bable  value  of  the  mean.  For  y  is  the  prob- 
ability of  a  deviation  x  =  idx  in  the  sum  of  the  observations,  i  being  an 
int^er,  and  hence  it  is  also  the  probability  of  a  deviation  x-t-  k  in  their 
mean.     In  order  that  the  distances  of  the  coefficients  from  their  centre  of 
gravity  may  represent  deviations  in  the  mean  rath^  than  in  the  sum  of  the 
observations,  we  have  only  to  bring  the  coefficients  or  ordinates  y  closer  to- 
gether, so  that  the  interval  or  unit  Jx  or  dx  is  reduced  to  ^  -S-  i  or  dx-i-k. 
The  most  probable  value  of  the  mean  of  any  number  of  observations,  that  is, 
the  value  which  rendei*s  the  q.  m.  deviation  of  the  mean  a  minimum,  is  the 
arith.  mean  of  all  the  values  the  mean  can  have  under  the  giyen  system  of 
elementary  or  possible  errors,  and  is  equal  to  the  arith.  mean  of  all  the  pos- 
sible values  of  a  single  observation,  each  possible  value  being  weighted  for 
the  probability  of  its  occurrence.    The  probabilities  of  the  possible  errors 
of  a  single  observation  are  usually  quite  unknown,  but  it  is  natural  to  pre- 
sume that  they  will  generally  follow  some  such  law  of  distribution  as  the 
probabilities  of  error  in  the  sum  or  the  mean  of  a  large  number  of  observa- 
tions do.     In  other  words,  the  sum  or  the  mean  of  a  large  number  k  of 
equally  good  observations  of  one  quantity  may  be  r^arded  as  the  result  of 
a  single  complex  observation,  and  its  proved  exponential  law  of  fiusility  of 
deviation  from  its  most  probable  value  may  be  taken  to  represent  the  most 
plausible  form  of  the  unknown  law  of  facility  for  any  class  of  observationb. 
It  is  in  this  way,  as  it  seems  to  me,  that  a  proof  that  the  curve  (22)  repre- 
sents the  limit  of  the  expansion  of  a  polynomial,  affi>rds  evid^ioe  of  the 
general  validity  of  this  exponential  law  of  probability.    The  ftct  that  the 
origin  and  vertex  of  the  curve  is  located  at  the  centre  of  gravity  of  the 
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Q  of  all  the 


I  the  expaDEion,  Shan's  that  the  arithmetical  i 
pomiUe  results  of  the  complex  observation  is  not  only  the  most  probable 
result  iu  the  sense  of  renderiog  the  quadratic  mean  of  all  the  possible 
deviations  from  it  a  minimum,  but  also  in  the  sense  of  being  the  result 
most  likely  to  occur.  We  thus  reach  as  a  plausible  conclusion,  a  property 
of  tiie  arith.  mean  which  Is  virtually  taken  for  granted  in  the  well  known 

JGauteian  demonstration  of  the  exponential  law  of  probability,  which  ha^ 
t«en  BO  generally  followed  in  elementary  treatises.  One  objection  to  that 
'  demonstration  has  been  that  its  assumed  axiom,  that  the  arith,  mean  of  a 
noinher  of  observed  values  is  the  most  probable  in  the  sense  of  being  the 
ooe  roost  likely  to  'xx'ur,  is  not  really  self  evident,  but  stands  in  need  of 
proof,     (Merriman,  Lfrnf  Squares,  p.  1S6.) 

Tbe  limiting  form  of  the  expansion  of  an  entire  polynomial,  when  its 
coefficients  are  all  positive  and  their  sum  is  unity,  is  so  important  in  the 
theory  of  probability  as  to  make  it  desirable  to  have  the  simplest  possible 
deuonstration  of  it,  omitting  those  considerations  which,  iu  my  former 
proof  (Akalybt,  Sept,  '79),  arose  from  the  possibility  of  n^ative  coeffi; 
'     eieots.     Any  such  polynomial  may  be  written 

adding  terms  with  zero  coefficients  if  required, 
wer  may  likewise  be  written 

L^^''-+  ...  +/-i*-'+/o+'i'+-- 
From  the  relation 

(A_«--t. . . .  +^.r)*  =  L^r'-+  ■ .  ■  +Cj*-, 
.- .      Jt  log  C;i..i-+  . . .  +i„zr)  =  log  i.U.z-'^-i- . . .  +/*,«*"), 

which  holds  good  for  all  values  of  z,  we  get  by  diETerentiation  with  respect 
tot, 

t(_nwU.j— 1—  .  .  .  +»»;„!— '){U-,«"*"+  . . .  -f' *..3*") 
=  (-U«--+  .  .  .  -f-;.r)(-im^_^r*'-i-  .  .  .  +lcml^^z^-K)    (25) 
Forming  the  (coefficient  of  «'~^  in  the  polynomial  product  in  each  mem- 
ber, and  eqaatiog  the  two  to  each  other  by  the  principle  of  indeterminate 
roeScieots,  we  have 
H-mA_J^„—.  .  .  +mU-J  =  {i+m)i_^l^„+  .  . .  +(i— nt);„t... 
Id  the  second  member,  let  that  part  which  does  not  have  tbe  coefficient  i 
be  tiBnaferred  to  the  first  member;  then 


.  ■+Lf\  (23) 

Its  expansion  to  the  k 


(24) 


,.i^.-  . 


.  +mi.l^' 


^{i..Jit.+  ---  +'.1,-. 


(26) 


This  exprefiscB  tbe  relation  between  the  2m  -f  1  coeff's  ^  of  the  given  po- 
tTwmial,  and  any  group  of  2m  +  1  coefficients  I  in  the  expansion  to  the  k 


—146— 

power^  the  rank  of  the  middle  I  of  this  groapi  reckoned  from  l^^  being  t. 
Let  the  coefficients  X  and  I  be  now  represented  by  two  series  of  ordinates  re- 
ferred to  a  common  origin  or  place  of  >lo  and  /q,  so  that  taking  the  constant 
interval  Jx  between  ordinates  as  a  unit  of  measure,  the  distance  of  any  co- 
efficient from  the  origin  is  equal  to  the  corresponding  exponent  of  z.  At 
the  limit^  k  being  very  lai^e,  every  I  becomes  an  ordinate  y  to  the  limiting 
curve^  and  supposing  them  to  be  set  very  near  togelther,  Jx  is  reduced  to 
'  fix,  and  the  abscissa  corresponding  to  y  =  (  will  be 

X  =  idx.  (27) 

The  whole  expansion  will  occupy  the  interval  (2£m-f'1)^9  &nd  this  will 
be  extended  over  the  whole  infinite  axis  of  X  if  we  make  k  an  infinity  of 
the  second  order.  Since  a  finite  number  2m  +  1  of  consecutive  ordinates  y 
will  occupy  but  an  infinitesimal  interval  along  the  axis  of  X,  we  may  re- 
gard the  curve  within  this  interval  as  sensibly  a  straight  line  coinciding 
with  the  tangent  at  its  middle  pointy  and  the  group  of  coefficients 

Will  be  represented  by  the  group  of  ordinates 

y  —  mdyj .  .  .  y, . . .  y  +  mdy, 
so  that  (26)  may  be  written 

—  mX^{—y  —  mdy)  — +  mX^{— y  +  mdy) 

Collecting  separately  the  coefficients  of  y  and  dy,  using  a  and  fi  as  auxil- 
iary letters,  remembering  that  2'>l  ?=  1,  and  giving  { its  value  from  (27), 

we  get 

a  =  — m^— ... +m;^,    ^9  =  (— m)y.^-f  . . . +m*^^,  | 

This  last  is  the  differential  equation  of  the  limiting  curve,  and  a,  fi  and 
{k  +  l){dx)*  are  constants,  the  two  first  being  abstract  numbers,  while  the 
third  is  a  finite  area.  If  we  now  r^ard  the  coefficients  X  as  the  weights  of 
a  series  of  material  points  ranged  along  the  imponderable  axis  of  X  at  in- 
tervals equal  to  the  unit  of  measure  Jrv,  or  dx  at  the  limit,  then  adx  is  the 
lever  arm  of  this  system  about  the  place  of  X^^  and  fi{dx)*  is  the  square  of  its 
radius  of  gyration  about  the  same  point  If  Xq  is  at  the  centre  of  gravity 
of  the  system,  a  is  zero.  If  some  other  X  is  the  place  of  the  c.  g.,  it  may  be 
made  the  origin  or  coefficient  of  z^  by  adding  or  subtracting  a  constant  in- 
teger in  all  the  exponents  of  z  in  (23),  a  change  which  does  not  alter .  the 
coefficients  in  the  expansion.  Any  X  may  be  made  the  middle  of  a  new 
group  of  (2m+l)  coefficients,  the  value  of  in  being  changed  so  as  to  include 
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e  given  coefficieote  and  &  certaiD  number  of  others  which  are  zero.     For 
rtKBiople,  ID  the  polynomial  of  6  terms, 

I  if  we  add  1  to  each  exponent,  and  prefix  two  zero  terms,  we  get  the  poly- 
[  anmtal  of?  terms 

where  the  form  of  (23)  is  preserved,  but  the  origin  or  place  of  the  coeff.  of 
i<*  has  been  transferred  from  the  3  to  the  4.  The  significant  coefiicieoto, 
thai  is,  those  which  are  not  terminal  zeros,  remain  the  same  and  in  the 
same  order,  and  hence  the  two  expansions  to  the  k  power  will  have  their 
tignificant  coefficients  alike,  and  the  limiting  curves  will  be  the  same, 
difi^Dg  only  in  position  relatively  to  the  origin.  In  any  given  case,  if  the 
ori^n  is  placed  at  any  X  we  please,  (28]  is  the  diff.  equation  of  the  limiting 
CTifve,  provided  the  lever  arm  adx  and  radius  of  gyration  ^{dx)'  are  under- 
stood to  refer  to  this  adopted  origin,  as  the  fulcrum  and  axis  of  rotation. 
By  the  law  of  continuity,  if  the  origin  is  placed  at  any  point  intermediate 
between  two  consecutive  coefficients  in  (23),  by  adding  or  subtracting  a 
fractional  constant  in  all  the  exponents  of  z,  a  change  which  does  not  alter 
the  coefficients  in  the  expansion,  then  reckoning  a  and  j9  with  reference  to 
thiK  new  origin,  (28)  still  holds  good.  Here  we  have  the  means  of  causing 
a  to  dieap]>ear,  by  transferring  the  origin  or  place  of  >!„  and  z"  to  the  centre 
of  gravity  of  the  series  of  coefficients  X.  Then  in  the  expansion  the  centre 
of  gravity  remains  at  this  new  place  of  z°,  so  that  it  becomes  the  point  for 
which  z  ^  0  in  the  limiting  curve,  the  diff.  equation  reducing  to 
dy   _         — xdx 

J  ~  (kTWid^f 

Of  by  taking  a  new  constant  h*  =  l-i-2(A+l)j8(<ic)', 

^y  =  _  2h*xdx. 

V 
Hence  by  int^ration 

y  =  ce-"^. 
The  sum  of  the  coefficients  in  the  expansion  is  unity,  so  that 


(29) 


(30) 


kfy" 


wliidi,  aa  is  well  known,  gives  o  in  terms  of  hdx, 
hdx 

ud  the  final  equation  of  the  limiting  curve  stands  as  in  (22),  for  sinoe  k  ii 
I«j«,  or  infinite,  we  may  write  k  for  i+I  in  (29),  The  squared  radius  o 
QtuiuQ  of  the  coefficients  about  their  centre  of  gravity  is  represented  by 
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H  =  «<&)■ 
for  the  giveD  polynomial  and  becomes 

for  the  expansion  to  the  k  power,  enabling  na  to  compute  the  value  of  X 
any  given  case.     Owing  to  the  change  of  i-fl  to  k,  (29)  gives 

in  precise  agreement  with  the  well  known  result 

e"  =  l-=-2A», 

where  e  is  the  q.  m.  error  or  radins  of  gyration  as  found  from  the  curvg^ 
integration.  {Analyst,  May  '79,  p.  69.)  The  article  cited  disciutsea  the 
form  of  the  expansion  of  the  binomial  (p  +  7)",  or  what  is  the  same  thing, 
the  form  of  the  series  of  coefiGcients  in  the  expansion  of  {_p  +  'p)"-  This 
becomes  a  special  case  under  our  present  method,  if  we  suppose  all  the  oimHJ 
ficients  in  (23)  to  be  zero  except  ^Q  =  'p  and  ^1  =  tj.  ^H 

Likewise  in  the  equation  of  the  probability  surface  ^| 


:  Ma^^  g-{*,Wf *-V) 


K- 


^,       h' = ^ 


2ir,a* 


(31) 


the  function  z  represents,  as  I  have  shown,  the  limit  of  the  series  of  coeffi- 
cients in  the  expansion  of  a  polynomial  of  two  variables  to  a  power  whose 
exponent  k  is  large,  when  the  free  axes  of  the  system  of  coefficients  are  ta- 
ken as  axes  of  A' and  Y.    (Analyst,  March,  '81.) 

While  the  surface  does  not  necessarily  represent  the  law  of  facility  of  devi- 
ation of  a  single  observed  point  in  a  plane,  from  its  mo^t  probable  position, 
it  does  represent  the  law  of  facility  of  deviation  of  the  centre  of  gravity  of 
a  large  number  k  of  similarly  observed  points,  from  its  most  probable  place. 
The  function  z  is  the  probability  that  the  sums  of  the  deviations  in  the  ^V 
and  y^  directions  will  be  x  =^idx  and  y^jdy  respectively,  i  andj  b^ng  in- 
tegers, and  this  is  the  probability  that  their  arith.  mean  will  \>ex-i-  k  and 
y-i-k.  If  the  ordinates  2  are  set  closer  together,  so  that  dx  and  dy  are  re- 
duced to  dx-^h  and  dy-^k,  they  will  represent  the  law  of  facility  of  devia- 
tion of  the  centre  of  gravity  of  the  k  observed  points,  from  its  most  probable 
place.  The  most  probable  position  of  the  centre  of  gravity  is  the  centre  of 
gravity  of  all  the  positions  it  can  possibly  ocoupy  under  the  given  system 
of  elementary  or  possible  errors,  and  the  same  as  the  c.  g.  of  all  the  possible 
positions  of  a  single  observed  point;  possible  positions  being  always  weight- 
ed for  the  prob'ty  of  their  occurrence.  Practically,  in  the  absence  of  any 
definite  knowledge  respecting  the  probabilities  of  the  varioiis  possible  errors 
of  a  single  observation  of  a  point,  it  seems  most  natural  topresume  that  their 
distribuiion  will  resemble  that  of  the  prob's  of  deviation  in  the  c,  g.  of  a 
large  number  of  similarly  observed  points  of  error.  In  this  way,  as  it  seems 
to  me,  the  surface  (31)  may  be  held  to  represent  the  most  plausible  law  of 
facility  of  error  in  the  observed  position  of  a  point  in  a  plane. 
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A  DEMONSTRATION  OF MACLAURIN'S  THEOREM. 


BY  J.  S,  HAYES,  HENDEB80N,  KENTUCKY. 


\jET  the  following  be  the  statemeDt  of  this  Theorem: 


^/■('>)+- 


du 


-.^,  &o.,aiid/^0),/'{O),A».  I 


» /{»),/«, 


Ac.,  when  a;  =  0. 

In  the  deraonatrations  usually  given  of  this  Theorem  it  is  necessary  to 
know  the  remainder  after  n  •\-  \  terms,  to  be  certain  that  the  series  is  con- 
Togent,  that  is,  if 

/(•)  =/(o)+«/'(o)+,. . . .  ^rm+^y-^'C"), 

Lwe  mart  know  that  ■/""'"'(^^)  <«n  be  made  af<  small  as  we  please  by 

nffictently  increasing  n,  if  we  would  be  certain  that  the  aeries  will  approx- 
ite  a  correct  result.  This  necessity  makes  it  difficult  in  8ome  cases  to 
mine  the  validity  of  the  expansion.  Lagrange's  and  Laplace's  The- 
me are  instances.  "It  must  be  remembered",  says  Mr.  Todhunter,  "that 
B  qaoting  Maclaurin's  Theorem,  which  serves  as  the  foundation  for  those 
of  Lagrange  and  taplace,  we  ought  strictly  to  have  used  it  in  the  form  giv- 
en iu  Art.  95,  with  an  expression  for  the  remainder  after  n  +  1  terms. 
That  expression  for  the  remainder,  however,  becomes  so  complicated  in  this 
cBde  that  we  have  not  referred  to  it.  The  investigation  of  Lagrange's  and 
L^pt^oe's  Theorems  must  be  confessed  to  be  imperfect,  since  the  teals  of  the 
coDvergence  of  these  series,  which  alone  ean  justify  our  use  of  them  as  arith- 
metical equivalents,  for  the  functions  they  profess  to  represent  are  of  too 
difficult  a  character  for  an  elementary  work."     (Dif.  Cal.,  p.  115.) 

The  demonstration  here  to  be  given  furnishes  tests  of  the  convergence  of 
tbcBo  series  independent  of  any  remainder  and  is  therefore  easily  applied. 
Lm/(»)  =  L  =/(0)  +  i,  =/(0)  +  i/'(0)  +  i,  =  /(O)  +  a:/'(0)  + 


n/"(0)+i.  =/(0)+»/'(0H  . . .  + 


,j~\o)+L.^m+'!i'm 


+  ...+: 


-II 


/->(0)+^/-(0)+i.,.„  i„i„beuigfuno'Bi>fa;.  (1) 

Prop.  I.  To  determiae  the  conditions  under  which  X.+i  and  /"■•"^(O) 
jare  che  same  sign. 

Let  X  have  a  certain  positive  value  x^  and  suppose  x  to  increase  gntdu- 
all;  in  value  from  0  to  x,. 
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From  (1),  Z„  =  — r/"(0)+J^n+i«    Suppose  that  L^^i  is  positive  when 

x  =  x^',  the^  L.  >  —J\0).    But  X.  =  —J%0)  when  a?  =  0,  each  being 

equal  to  zero;  therefore  1^  has  increased  more  with  the  increase  of  a;  than 
—jf\0).    It  therefore  either  b^an  to  increase  faster^  began  to  increase  at 

the  same  rate^  or  bt^an  to  increase  more  sicmly  and  afterwards  increased  so 
much  faster  that  its  increment  became  greater  than  that  of  (x*-^n  I)/*(0). 

Suppose  that  it  began  to  increase  faster.    Then  the  first  small  increase  of 
Lf^  is  greater  than  that  of  {af-^n  !)/*(0).    Let  JL»  be  the  small  increase  of 

i.;  J^/-(0.),  that  Of  J/"(0).     Then  Ji.>  4j/-(0);  .-. 

Ax  Ax  ' 

or,  passing  to  the  limit, 

dx       dxnr  ^  ^'        dx       n— 1  !*'  ^  ' 
But,  differentiating  eq.  (I),  f{x)  =  /'(0)+  .  .  •  +^;   .-.  ^  =  0, 

when  a;  =  0  :* .  • .  -=-?  = =-j/'*(0)  when  a:  =  0.   Therefore  —=-5  increases 

*  .        dx       w— 1 1*'  ^  '  dx 

faster  than  [a:*""^  -^(n — 1  !;]/"(0)  with  the  first  inc.  of  a?.  Suppose  we  have 
found  that        *  > 1  /"(O),  r  being  less  than  n.    Differentiating  (1)  r 

time8,/'(a;)=/'(0)+«/H-i(0)+...+^;  ...  ^-^O^^^AO) 

when  a:  =  0.  Therefore  d'L^-^daT  increases  faster  than  [af""''-T-(ri— r  I)]/*(0) 
with  the  first  small  increase  of  a;;  or  the  first  small  increase  o{  d^L^-^dXr  is 
greater  than  that  of  [flf-'^-5-(n-  r !)]/"  (0).  Let  A{drL^  -4-  daf)  be  the  small 
increase  of  cTX^-^cfa,,  4;i:*-'^-*-(n— r!)]/*(0)  that  of  [aT-'-^Cn— r!)]/*(0). 

Then  4  ^  >  A  -^f-(0). 

dxT  ^      nr-rr  ^  ' 

Dividing  by  Ax  and  passing  to  the  limit, 

But  we  have  found  that 

>/*(0).    Differentiating  eq.  (1)  n  times,  d^L^-^da^  =/»(a?).    Therefore 
/*(«)  >/*(0)  on  the  first  smeill  increase  of  a:.   But  /*(a?)  =  /""(O)  when  «  =  0, 
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UtrmtoKj'ix)  Increases  with  the  Bret  small  iuci^ease  of  x,  or/"(a;)  b^iosas 
na  increaaing  functioD  of  a;.  Therefore /"''''i,  at  the  beginning,  when  i=0, 
i»  pos.,  or/**'  (0)  iepos.    Therefore  i,+  i  and/"''(OJ  have  the  ti&me  sign. 

BnppOM;  that  L,  and  (x*  -f-  n  ij/'^O)  b^in  to  increase  at  the  same  rate. 
Then  by  a  similar  method  of  proof  /"{O}  =  0,  and  may  for  all  practical 
purposes  l»e  couaidered  positive. 

Suppose  that  /.^  begins  to  increase  more  slowly  than  (z"*4-n  !)/"(0).  Then, 
by  a  eimilar  method  of  proof,  /-"(O)  is  negative  and  i.  and  /'(O)  have  dif- 
fermt  Higns.  But,  in  this  case,  L,  begins  to  grow  less  than  {xf-i-n  '.)/'  (0), 
and  afterwards  becomes  greater.  It  must  therefore  pass  through  oo  ot  the 
vaino  of  (ar-s-nI)/"(0).  Therefore  /.„+,  and  /"''^(O)  have  the  same  sign 
anl^s  in  the  increase  of  a;  from  0  to  x^  X„  passes  through  oo  or  the  value 
orta*-—*!  !)/"{0).  Observe  that  L,  cannot  pass  through  c«  unless /(a-)  does. 

The  same  result  is  obtained  if  we  suppose  L„  negative. 

If  fix)  becomes  imaginary  as  x  increases,  X.^.,  becomes  imaginary  also, 
and  thr  preceding  demonstration  docs  not  apply.  In  this  case,  //.+  ]  is  nei- 
ther [loeitive  nor  negative. 

Therefore  if  i  (x)  rfocs  vol  became  imaginary  or  infiniU  as  x  increagea from 
0  to  Xj,  l\+i  "nd  f"*"^  (0)  have  Uw  same  sign  unleM  the  value  of  h^  firtt  be- 
eomem  difftrent  frrim  and  then  equal  io  that  of  [\'-=-n  !)f '  (0). 

The  dcinonetration  applies  and  the  result  is  et^ually  true  when  n  =  0; 
that  us  when  L,  =  L  =/{x)  and  {xT^n  !)/-(0}  =/(0). 

L,  £,, .  . .  L.,  in  eq.  (1),  may  be  called  the  remainders  after  1,  2, ...  n 
terms.  It  is  evident  that,  if  each  of  these  remainders  is  numerically  less 
tban  the  preceding  one,  the  sum  of  the  series  in  Maclaurin's  Theorem  con- 
tmtully  approaches  the  true  value  of /(a;)  as  the  number  of  terms  increases. 
More  tiian  that,  it  approaches  that  value  as  long  as  these  remaindere  are  in 
k  auDerically  decreasing  order  of  progression,  and  recedes  from  that  value 
whenerer  thf^  are  in  a  numerically  increa.sing  order. 

yavrlei/{x)  =  A  +  Bx+Ct'-l  . . . +iij;"-i +5'x"+?ic-+'  -f 

where  i3=/(0),  C=  /'(0)-i-2,  . ..  5  =  /"(O) -f- nl,  Ac;  and  let  Sand 
£,,  C  and  2>j,  S  and  X„  &c ,  have  the  same  sign  under  the  couditioDB  in 
Prop.  1. 

1*.  Let  all  the  terms  after  ftc"-'  have  the  same  sign.  By  equation  (1), 
1^1  ^  iJr*"'  -fi.,  L,  =  Sx"-{-L,+^,  &c.  Therefore  L,  is  numerically 
1^  than  I*^,.  L.+,  less  than  L,,  &c. ;  and  the  sum  of  the  series  continu- 
tlly  approaches  the  value  of /(x).  This  general  result  is  equally  true  if 
ay  lerm,  as  JiaT"^ ,  vanishes. 

2*.  Lei  the  terms  after  Sx'~^  have  alternate  signs.  L,.,  =  &""'  -f- 
Sj^+Ti"*'.     !*._„  ifa"'  and  JV^i  have  the  same  sign,  &c"  g  diff.  sign. 
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Therefore  if  Rxf^^  is  numerically  greHter  than  /8a^,  L^+i  is  numerically 
less  than  L^.^,  and  mee  verm.  So  with  the  succeeding  remainders.  There- 
fore the  sum  of  a  decreasing  series  of  this  kind,  or  of  a  series  of  this  kind 
while  it  is  decreasing,  approaches  the  value  of  f{z) ;  that  of  an  increasing 
sciries,  or  a  series  while  it  is  increasing,  recedes  from  that  value. 

This  result  is  equally  true  if  any  number  of  terms  vanish  between  each 
positive  and  negative  sign. 

In  this  case  we  can  determine  the  nearness  of  the  approximation  at  any 
period.  For  L,^  =  Ssf" — I^+i«  Therefore  Saf  is  greater  than  either  L,  or 
Jjft^i ;  that  is  the  remainder  after  n  terms  is  less  than  Saf".  If  the  limit  of 
Sz"  when  n  is  indefinitely  large,  is  zero,  the  limit  of  the  remainder  is  also 
eero,  and  f{x)  is  equal  to  the  sum  of  the  series 

3^  Let  a  positive  signs  be  followed  by  6  negative  signs,  these  by  o  pos- 
itive signs,  these  by  d  motive  signs,  &c.     Let 

f{x)  =  A+  ...  +Iiz'^+  ...— Sc"— ...+raf+ —  Kb*—..., 

the  number  of  terms  after  Rx"^  being  a — 1,  after  &*,  b — 1,  aflar  Taf,  o — 1, 
&c.  L,  =  jBx**  +  . . .  — Saf" — . . .  +  L^.  Therefore,  if  Rx"^  +  ...  is  nu- 
merically greater  than  8af-\-  . . . ,  L,.  is  numerically  less  than  Ly,  and  vice 
versa.  So  if /8b"-f  •  • .  is  numerically  greater  than  7V4-  • .  •  i  L«  is  numer- 
ically less  than  L„,  and  vice  versa.  Therefore,  if  the  sum  of  the  succeeding 
negative  or  positive  terms  is  numerically  less  than  that  of  the  preceding 
positive  or  native  terms,  the  sum  of  the  series  approaches  the  value  of 
/(a?),  and  vice  versa. 

This  result  is  equally  true  if  some  terms  vanish.  In  this  case,  as  in  the 
preceding,  we  can  determine  the  nearness  of  the  approximation  at  the  point 
where  the  signs  change,  and,  if  the  limit  of  8af  is  zero  f{x)  is  equal  to  the 
sum  of  the  series  indefinitely  extended. 

When  the  signs  of  the  terms  are  the  same,  we  have  not  proved  that  f(x) 
is  equal  to  the  sum  of  the  series,  for,  although  L,  L2  •  •  •  L.,  &c,  continu- 
ally decrease,  their  limit  may  not  be  zero.  It  is  evident,  however,  iikB,tf{x) 
is  either  equal  to,  or  numerically  greater  than,  the  sum  of  the  series.  Their 
equality  will  be  proved  hereafter. 

If  L»  does  not  become  different  from  Saf"  as  x  increases,  f{x)=iA+JBx 
+  ...  +8af.    Moreover,  as 

/.  =  &-=  Jj/-(0),  ^=/"(0); 

therefore  /*"  {x)  =/"  (0),  a  constant,  and  the  succeeding  terms  vanish. 

Suppose  now  that  f(x)  becomes  neither  imaginary  nor  infinite  as  a?  in- 
creases from  0  to  o;^ ;  then  f{x)  is  continuous  and  L^  is  also  continuons; 
that  is,  for  an  indefinite  increase  of  x  there  is  a  corresponding  ind^nite 


yor  L„    Let  x,  lie  ? 


e  value  of  x  such  tliat  L„,  L„+ 


,  Ac. 


fc«v«  l)ecoine  different  in  value  from  fir",  TV^' ,  Ac.,  aa  x  iacreaees  from  0 
toij  l>ut  not  equal  to  them  i^in,  and  such  that  A  +  Bx^  +  Ac.  is  a  de- 
ensstng  series  and  therefore  falls  noder  one  of  the  conditions  in  1',  2°,  3*. 

It  is  evident  that  there  is  such  a  vaUio  of  x  unless  L,  or  some  succeeding 
under  is  always  equal  to  Sc"  or  some  succeeding  term,  in  which  case, 
IBV«  seen,  the  series  termiuatefl,  aud  J{x)  under  an^  circumstance  is 
I  to  the  sum  of  the  series.  Then  f{x^ )  i^  equal  to,  or  numerically 
r  than  A-^Bx^-^&c;  and  L.  is  equal  to,  or  numerically  greater  than 
ft^+Ac,  continued  indefinitely.  Or,  it  ueed  not  be  continued  indefinitely; 
fcr/(*)  IB  numerically  greater  than  A  +  Bx^  +  &c.,  continued  to  a  term 
witli  the  same  sign  that  J{x)  has,  and  L,  is  greater  than  fixj+Ac,  contin- 
ued to  a  term  with  tlie  same  sign  that  L,  has.  Now  suppose  that  x  grad- 
oally  incrcaseH  fromaij,  under  one  of  the  conditions  established  in  1",  2°,  3^. 
L,  will  continue  equal  to,  or  numerically  greater  than  Sc'  -f  Ac ,  continued 
as  before  till  L,  or  some  succeeding  remainder  becomes  equal  to  Sx'  or 
Mme  succeeding  term.  But  L„  gradually  changes  with  the  gradual  in- 
crease of  X,  and  therefore  cannot  become  equal  to  Sx"  till  it  first  becomes 
indefinitely  near  to  that  value;  and  so  with  any  succeeding  remainder. 
But,  in  this  case,  the  equal  or  smaller  quantity  &■"  -f  Ac,  continued  as  be- 
fore, becomes,  or  has  become  indefinitely  near  to  fix" ,  or  the  sum  of  the 
tcTTDS  succeeding  fiar"  becomes,  or  has  become,  indefiuitely  near  zero.  Under 
the  conditions  in  1",  2°,  3",  therefore,  L,  cannot  pass  through  the  valne  of 
Sr'  till  the  Rim  of  the  succeeding  terras,  continued  indefinitely  or  to  a 
term  with  the  sign  of  L, ,  has  become  indefinitely  near  to  zero. 

Now  suppose  that  all  the  terms  after  fie"  have  the  same  sign.  Then  Sx' 
+&C  continoally  increase  numerically  with  the  increase  of  z.  It  never  be- 
comes indefinitely  near  to  Sx" ;  therefore  L„  never  passes  through  the  value 
of  fie".     So  with  any  succeeding  remainder. 

Suppose  that  the  signs  alternate,  and  the  series  decreases  after  Bif  for  the 
nine  of  ij.  Jj.  cannot  pass  through  Sif"  fill  Tsf^'^  —  Vx"'*''^  +  Vx**^  + 
BV**  Ac.,  or  7f^^{T —  Ux)-r-if"^^{  V-  Wx)-\-&c.,  becomes  indefinitely  near 
to  >ero.  T —  Vx,  V —  H'a:,  Ac.  have  the  same  sign  and,  after  the  value  a:, 
■re  oot  indefinitely  near  to  zero.  Moreover,  for  any  value  of  x  less  than 
*,  T—Ux,  V—Wx,  Ac.,  are  numerically  greater  than  T—  Ux^,  F— IKx,, 
ftc.  On  the  gradual  increase  of  x  from  0  to  Xj,  then,  neither  x,  T —  XJx, 
T—  Wxy  Ac.,  baa  become  indefinitely  near  to  zero.  Therefore  L,  has  not 
pMsnl  tlimugh  the  value  of  Ssf.    So  with  any  succeeding  remainder. 

In  (Ik  8sme  way  we  can  prove  that  I^  has  not  passed  through  the  value 
«far"inc«8e3**. 
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I'his  result^  it  is  evident,  is  equally  true  if  some  terms  vanish. 

In  the  first  part  of  this  demonstration  we  had  the  condition  that  L^  must 
not  pass  through  the  value  of  8a^ .  But  as  we  have  since  proved  that  this 
cannot  be  the  case  under  the  conditions  in  1®,  2^^  3®,  we  may  erase  this  con- 
dition and  we  have  the  following 

Gefieral  Result,  In  the  expansion  of  f{x)  by  Maclaurin's  Theorem,  un- 
less f{x)  becomes  imaginary  or  infinite  as  x  increases  from  0  to  ^|  the  sum 
of  the  series  approaches  the  true  value  of /(a?) — 

1.  If  the  signs  of  the  terms  are  the  same; 

2.  If  the  signs  alternate,  and  the  series  decreases; 

3.  If  m  terms  of  one  sign  follow  n  terms  of  the  other,  and  the  sum  of 
the  former  is  numerically  less  than  that  of  the  latter. 

4.  If  the  series  terminates. 

[To  be  continued.] 


SOME  EXAMPLES  OF  A  NEW  METHOD  OF  SOLVING 
PARTIAL  DIFFERENTIAL  EQUATIONS  OF  THE 

SECOND  ORDER. 


CX)MPILED  BY  GEORGE  EASTWOOD,  BAXONVILLE,  MASS. 

Example  1.  It  is  required  to  formulate  a  method  for  integrating  partial 
differential  equations  of  the  second  order,  with  variable  coefficients,  that 
shall  facilitate  their  integration  from  tlie  terms  of  the  first  order.  It  is  also 
required  to  apply  the  method  to  the  int^ration  of  the  equation 

d^u     d^u       da     da 
Hf  _ds^  _  di_Sc  ,p 
"?"      Ic^       7     x^        ' 

/SbZufum.-r-First,  as  to  the  required  method.  Let  u  be  any  fiinction  of  t 
and  X.    Then  since 

'dt~  \di)'^di*'di' 

let  it  be  put  in  the  symbolic  form 

DfU  =  dtU+Dfis.d^u.        *  (a) 

Let  equation  (a)  be  differentiated  with  the  symbol  J|  so  that 

J,D,u  =  JJid,u)+JJiDfi:).d,u+DflJJid,u).  (fi) 

Now  if  in  equation  (a)  we  place  d^u  and  dju  successively  for  tc^  we  shall 
find 


—155— 

« 

Df,dfs  =  dt.d^u+Dfis.d^u  =  dt.dg,u+Dfl.dSu. 
We  ahall  also  find^  D^  and  J|  being  commutativey 

Jt{Dp!).dju  =  Dt.Jp!.d^u  =  J|a:(d<dxU+2)|a?.c5u), 
Dfi}.Jt{dju)  =:  Dp!.d^.JtU  =  A^.Dfc,djn. 
Making^  these  substitations  in  equation  {P)^  we  shall  have 

Equation  (7*)  is  a  very  important  one;  it  enables  us  to  solve  a  certain 
class  of  equations  with  variable  coefficients  and  to  eliminate,  at  one  step,  all 
terms  of  the  second  order  by  substituting 

AJD^u — AJ)fl.dju,  {d) 

for  them.  If  therefore,  in  any  equation  of  the  second  order,  with  variable 
coefficients,  we  substitute  the  expression  {S)  we  shall  find  a  new  feature  of 
btegration-power  that  will  furnish  us  with  the  required  method. 

Secondly,  as  to  the  application  of  the  method.  Multiply  the  proposed 
equation  by  ^,  then 

d^tt_f    d^ul  du,l^  ^=z  Pfi 

whidi  expressed  symbolically  gives 

d?u^-^.dsu^l.d,u+f^.dju  =  pe. 

X  V  X 

From  eqaa'  ioA  (y)  we  have 

dJOfik — JJ)fl.d^u  =  d?u+{Dp!+Jfic)dtd^u+Dfic,Jfic.d]iu. 
CSomparing  this  with  the  proposed  example  we  find  that  it  will  agree  with 
the  terms  of  the  second  order  if  we  assume 

Dps  =  — Jfc  =  <-5-a?. 
Now  these  assumptions  give,  by  differentiation  and  int^ration, 

a?a  =  <a  +  e, 
x^  =  —t^  +  f ', 

X         x^ 
Hence,  by  substitution, 

J,D,u-l^+f^d,u-l.d,u+f^.d,u  =  Pe. 

X      X   /  V  X 


•   • 
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.  • .  J,Dfit—(l-i-t)DM  =  iV, 

Divide  by  t  and  integrate  with  £„ 
Int^rate  again  with  S0 

But      8,tf{^')  =  8,tf{(+2e)  =  ^^+2e)  =  f{ti?+e)i 

EIxAMFLE  2.    The  int^ral  of  the  equation 

is  u  =  -^(a:— crf)+e~*'/(a:+crf).    Show^  by  a  simple  method  how  this  in- 
tegral is  obtained. 
SolvMon. — Put  the  given  equation  into  the  following  symbolic  fonUi  viz. ; 

d?u— a*d|tt+6(ciw+ad;,u)  =  0. 
Then,  since 

d?^a'di  =  {d.+ad^j  [d^-ad:)  =  (d^-od;,)  (ci+a4), 

we  may  use  two  sets  of  independent  variables,  corresponding  to  the  two 

equations, 

DtU  =  d^u  +  adju,j 

J^u  =  d^u  —  ad^u. 
In  these  equations  we  may  assume  D^b  =  a,  and  Jfs=s  — a,  and  since 
the  symbols  D„  Jt,  are  respectively  equivalent  to  the  oompoond  symbols 
d^+adj,,  dt — adx,  the  substitution  of  them  in  the  proposed  equation  gives 

DtJ^u  +  bD^u  =  0. 

Hence  the  following  system  of  simultaneous  equations  is  equivalent  to 
the  proposed  equation. 

J,x  =  -a  V  (I) 

2),4tt  +  b.DtU  =  0.  j 

The  first  and  second  of  equations  (1)  give 

a;  =  o^  -f  f  ,  suppose, 

X  =  —oe  +  f',  " 

while  the  third,  being  integrated  with  the  symbol  8t,  gives 

J,u  +  bu  =  F{$)  =  F{x  —  ai).  (2) 

Now  the  symbols  D^  and  A^  are  commutative,  because  their  equations  d^+ 
(wij,,  d, — ad^  are  soj  consequently  eq.  (1)  may  be  written  in  the  form 

A^D{u,  +  6.D,w  =  0. 
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This  equation  bciug  integrated  with  X,  gives 

D.U  =  £-"/(«')  -  ^-'^(x-i-ai), 
hioh  added  to  etjimtion  (2)  and  the  sum  ec|uut«d  U)  u,  gives 

li  =  F{x—al)  +  s--'f[x-\-ai), 
r  the  required  inb^iral. 

Proof, — That  u  may  be  written  for  -Z),«  +  J,u  +  i«  is  manifest  from  the 
llomog  operatioDs,  viz.: — As  the  proposed  equation  is  represented  by 

D,J,u  4-  hD.u  =  0,  '    (a) 

t  it  be  differentiated  separately  with  the  Byral>ols  D,  and  4,,  and  also  mul- 
plied  by  the  constant  6,  thus; 

DA'Dt^-\-bD,.D,u  =  0, 
D,J,.J,n  +  bD,.J,u  =  0, 
DA .bu    +  ii>, . 6it    =0. 
Hence,  since  D,  and  J,  are  commutative, 

D,J,[-D,u+J,v,-^bu)+bmD,u  +  J.\i+bu)  =  0. 
This  equation  is  of  the  same  form  as  equation  (a),  and  we  loam  from  it 
lat  i),«-f  J,«+Am  will  satisfy  the  projiosed  equation  as  well  as  w  will  sat- 
fj  it.  If  therefore  D,u+J,u-\-bu  contain  the  requisite  number  of  arbit'y 
iDctloas,  it  is  a  complete  integral  of  the  proposed  e4{Uatiou,  and,  being  so, 
c  may  writ«  u  for  it. 
Example  3.     Given  the  equations 

t''d?4'  +  2txd.d.<p+x^d^,p  =  1^3*  :  f^) 

to  find  tlieir  aymbolic  integrals. 

Solution.  — The  late  Prof.  Peirt-e,  in  his  admirable  Integral  Calctihia,  p. 
Z75,  proposed  these  equations  as  exercises,  and  solved  the  first  for  P  ^  fx 
by  one  of  his  own  wnii/ne  methods  of  solution.  A  solution,  by  somewhat 
different  methods,  is  herewith  offered  in  the  hope  that  it  will  not  be  unin- 
teresting to  the  readers  of  the  Asaltst. 

Of  the  first  equation  (a)  it  is  well  known  that  it  consisl«  of  two  indepen- 
dent jwrts;  one  of  them,  independent  of  P^  tc,  is  called  the  absolute  part 
of  the  int^ral ;  the  other  is  dependent  on  P.     These  two  parts,  being  in- 
dependent of  each  other,  may  be  fniind  separately,  and  their  sum  will  con- 
Mitnte  the  complete  integral.    The  absoluto  part  corresponds  to  the  general 
■DppoeiUoo,  P  =  0. 
Under  the  condition  P  =  0,  equation  (a)  may  take  the  form 
{d,  +  ad^)  {d,  +  6<fJi&  =  0, 
ift  whitJ)  we  are  at  liberty  to  assume  D,  =  d,-i-ad„  d,^d,  +  W.,  and  Dfi 
=n,  d^c  ^  b.  The  two  last  being  int^rated  and  increased  by  an  arbitrary 
tot  for  each,  give 
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X  =  at  +  ^,  X  =  bi  +  $\ 

.  • .  f  =  a?  — (Uf  f '  a=a  a?  —  bL 

Hence  equation  (a)  may  be  written 

D,J^  =  P+  Q,  suppose.  iQ  =  0.) 

Integrating  this  last  equation  with  8t  and  2*1,  we  find 

^  =  S,I,P  +  8,Q  +  2,Q 

=  8,1, P  +  F{S)+  f{S') 

=  8,2, P  +  F{x—at)  +f{x'-bt). 

Let  the  function  P  be  expounded  by  (x;  then  as  D^c  =  a,  and  Jfis  =  6, 

we  find 

A(to)  =  a?  +  a^ 

4  (to)  =^  X  +  bL 

If  therefore  we  may  put 

8AP  =  MP  =  ii.S{x+ai){x+bty 
the  integral  of  equation  (a)  may  be  written 

Next,  dividing  equation  (fi)  by  ^  we  have 

ld,  +  {x-H).d,y  =  r-»aj*, 
2),  =  d,  -}-  (a:-i-<).dL. 
Hence,  if  we  put  D?^  =  f^^^a;*,  and  f  s=s  (a? -5-^),  we  shall  have 

'  which  being  integrated  twice  with  /S^^  and  each  integration  increased  by  an 
arbitrary  function  of  f ,  gives 

"^  (o+6)(o+6— 1)  "^  ■^llj  "'"•^(7)' 

This  result  holds  good  for  any  function  o{  z  -i-  t  written  in  the  place  bf 
a  and  b. 

Example  4.    It  is  required  to  int^rate  the  equation 

(d^y  d^_od<^d^   d^,(^V  ^-p(§£\* 
\dxl  '  dfi         dxdt'dtdx'^Kdt)  'dx*~     \^f  ' 

(1)  when  P  =  ^-^^,  and  (2)  when  P  =  0. 

SdtUion. — This  equation  includes  examples  (4)  and  (5)  of  Section  228, 
Vol.  II,  of  Peirce's  "Curves  Functions  and  Forces",  under  a  dij 


btltJon;  and  to  bring  it  within  Uie  domain  of  more  recent  diAciissions  on 
ial  differential  equations  of  the  »K»nd  order,  let  us  deniil« 


dt 


'yP7 


hy  n,  -  rf  Ijy  (/?v''i  and    ,  \,  hv  d}  •!■. 


,  i'i' 


i}f- 


(1) 


:  thn 


(r) 


I  Then,  tlie  given  equation,  expressed  aymholimlly,  gives 

Divide  this  equation  ^J.*f,  then 

-'^d.d^^-VldU'^p. 

q  «ya 

If  now  we  Ijcar  in  mind  that  a:  is  a  function  of/,  and  designate  the  tolol 
ifler^ntial  coefficient  of  ji  and  q  hy  D,p  and  D,q,  when  p  and  q  are  i]iRer- 
EDtisted  with  reference  to  the  variables  x  and  (,  we  shall  find 

D^  =  d^-\'d.p.I)^  =  d,p  +  D^.d,p  =  d?>/'+n^.d4^</',  (a) 

D,q  =  df}-\-d/i.D;e  =  d^+Dfl.d.q  =  d,d„^+n^.dj<;'.  iji) 

Multi{ily  equation  (/3)  by  D^  and  add  the  product  to  etpiation  (a) 

D,p-YDix.Diq  =  d:f4'^2Dp:.d4.'!'-\-iDflY-d}4: 

'  Comparing  equation  (1)  with  equation  (;•)  we  find  that 

D^  =  — p-5-5i  and  D,p-i-Dfi:.D,q  =  p. 

By  tnospf^itlon  and  substitution,  these  equations  give 

p+I)^,q  =  0,  and  I),p — {p-i-q).Diq  =  p;  .' .  D,4'  ^ p-i-D,x.q  = 

qD,p  —  pZ>^    ^  P  ^  _j)j, 

9*  ~S 

1  undeterniine<)  constant,  and 

p-^3  =  -)>'» +  -f(e).- 

B  Bit  =  —  p+5,  gives  —  nc  =  —  v>'(()<J(  +  F^eyit. 
By  int^mtion  we  get 

-«  =  -f(')+<J^e)+/(f), 

=  »-y.(l)+(F(f)+/(f)  =  i-f(()+(Ji-(iS)+/(#).        (2) 
The  coO(]ition  (2),  viz.,  i*  =  0,  is  readily  fulfilled  by  making  D,p  + 
P^c.i),^  =  0,  from  which  we  obtain 

flD,p  —  jtJ),q  _  (J 
S" 
8  of  this  equation,  and  the  condition  D^  =  0,  we  readily  find 
—Df  =  Fif):  whence— I  =  Ui'(5)+/(f), ■ 
.-.  0  =  X  +  (F(f)  +/(f)  =  .  +  (*■(«  +/((!■),  (3) 

■  rewll  that  might  have  been  obtained  by  making  if{t)  =  0  in  eq'o  (2). 
Equation  (3)  is  the  typical  eq'n  of  a  certain  class  of  Ruled  Surfaces. 


Heaoe,  by  iotegratio 


—160— 

Remarks  on  the  Solution  of  Pbob.  362  by  the  Editor. -rThoiigh 
the  solution  of  this  problem  presents  no  difficulty  yet  our  contributors  ob- 
tain different  results.  This  discrepancy  results,  however^  from  the  different 
assumptions  of  the  manner  in  which  the  chords  would  be  drawn. 

If  it  were  required  to  draw  all  possible  chords  perpendicular  to  a  given 
diameter,  then,  it  seems  clear  to  me,  the  number  would  be  proportional  to 
the  diameter  of  the  circle;  again,  if  random  chords  are  drawn  through  a 
point  within  a  given  circle,  the  rays  would  evidently  be  equally  dense  on 
the  circumference  of  a  ciix;le  described  about  that  point  as  a  center;  but  be- 
cause, in  a  given  circle,  if  any  one  point  of  the  circumference  be  joined  to 
every  other  point,  by  straight  lines,  no  two  of  these  lines  will  have  the  same 
length,  and  yet  some  one  of  them  will  represent,  both  in  length  and  direc- 
tion, every  chord  that  can  be  drawn  in  that  circle,  either  through  a  point 
or  perpendicular  to  a  diameter.  I  hold,  therefore,  that  when  chords  of  a 
circle  are  compared,  without  reference  to  any  line  or  point  within  or  with- 
out the  circle,  these  lines  only  should  be  considered  the  extremities  of 
which  are  equidistant  on  the  circumference  of  the  given  circle. 

Since  the  note  at  p.  135  was  written,  a  solution  of  this  problem,  by  Mr. 
H.  Heaton,  has  been  received  which  differs  from  both  the  other  solutions 
referred  to.  Mr.  Heaton  infers  from  the  statement  that  the  chords  are  of 
'^unknown  lengths"  that  all  lengths,  from  0  to  2r  should  be  regarded  as 
equally  probable;  whence  he  obtains  1 — {2-^7r)  for  the  required  chance. 

The  answers  received  are  therefore  as  follows:— 

By  Mr.  Adcock,  the  required  chance  ==  ^n, 

ByMr.  Seitz,       "         "  ''      =2-^. 

By  Mr.  Heaton,    "         ''  "      =1  — 2-f-;r. 

The  solution,  by  Mr.  Adcoek's  method  may  be  presented  as  follows: 

With  the  center  at  C,  describe  the  given  circle  AC.  Draw  any  chord  as 
EF,  at  right  angles  to  the  diameter  AB^  intersecting  AB  in  JD,  and  with 
CD  as  radius  describe  a  circle  concentric  with  the  given  circle. 

The  chord  EF  may  be  denoted  by  2  sin  f>,  and  if  tangents  be  drawn  at 
all  points  of  the  circumf.  of  the  concentric  circle  and  terminate  in  the  cir- 
cumf.  of  the  given  circle,  they  will  represent  all  the  equal  chords  that  can 
be  drawn  for  any  assumed  value  of  f>,  and  the  total  number  for  each  value 
of  f  will  be  2;r,  while  the  number  that  intersect,  for  each  value  of  f>,  will 
be  4^. 

Hence,  summing  for  all  values  of  f>  from  0  to  ^;r,  we  get 


r^=ir-^  =  »'• 
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OLVTION  OF  PROBLEMS  353  &  364,  IN  NUMBER  THREE. 


\  363.     "Required  the  average  area  of  the  circles  described  on  the  fooal 
s  of  a  given  ellipse  as  diameters." 

80LDTIOM  BT  PHOF.  E.  B.  SEITZ,  KIRK8VILLE,  MO. 

Liet  9  =  the  angle  which  a  focal  chord  makes  with  the  major  axis.   Then 
e  lengths  of  the  two  parte  of  the  chord  are 


I  Hence  the  average  area  of  the  cirele  described  on  the  chord  ii 


Let  tan  0  =  >/(l— «»)tan  f,  then 


-<?? 


■e'cos'tf)' 


1— e* 
l-e'cos'fl  ■ 


1 — Ain^^c 
S  =  l/(l— e'icos'gdy  ^  t/(l— <:')dy> 

eoa'y  I  —  6*sin*^p' 

=  0,  and  p  ^  JT,  when  6  ^Jt;  therefore 


if  -=0,  when  d  = 


»"A  cube  slides  down  an  inclined  plane  with  four  of  its  edges  hori- 
LThe  middle  point  of  its  lowest  edge  comes  in  contact  with  a  small 
icle  and  is  reduced  to  rest.  Find  the  direction  of  the  impulsive 
►on  of  the  obstacle,  and  show  that  it  is  independent  of  the  velocity  of 
e  cabe  and  of  the  inclination  of  the  plane.  Determine  also  the  limiting 
dodty  that  the  cube  may  be  on  the  point  of  overturning." 

eoLUnON  BY  PBOF.  H,  T.  EDDY,  CINCIHNATr,  OHIO, 

Let  P  be  the  opstacle  and  r  the  veloci- 
ty of  impact  of  the  cube  whosi!  side  is  2a, 
whose  mass  is  unity  and  whoec  radius  of 
gyration  squared  A*  ^  la*.  Also  PC  = 
ai/2. 

The  velocity  along  PC  is  destroyed  by 
the  impact,  after  which  C  has  a  velocity  u 
pcqieodic'r  to  P<7and  there  is  also  rotary 
f  w  about  C,  such  that  u  ^  au>)/2. 


A 
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Take  the  moments  of  momenta  about  P;  •  • .  ua|/2— «i-1-Jrto  =  0. 

Substitute  the  values  of  u  and  If  in  this  equation,  .  *  •  ato  =  ft;^  •  *  •  tf  = 
«.fl/2. 

The  impulse  /  which  must  be  combined  with  the  initial  momentum  v  in 
order  that  the  cube  may  have  the  resultant  momentum  u  is 

p  =  V+u»-2tm cos  i;r  =  (1  +  ||-f)t;»;  ,  •  ./=  ».i/34. 
To  find  the  inclination  a,  we  have  u'  =  «*+/* — 2^oosa; 

. '  •  cos  a  =  5  -f- 1/34, 
which  is  condani. 

That  this  is  the  correct  result  may  be  seen  by  showing  that  /  applied  at 

P  in  the  direction  a  will  cause  the  angular  velocity  w  found  above.     For 

take  moments  about  C;  Ifw  =/a|/2^in(j7r — a)  =/a(oo6a^sina); 

which  is  the  result  previously  obtained. 

The  initial  velocity  of  the  cube  will  be  just  sufficient  to  overturn  it  when 
the  energy  of  translation  and  rotation  are  sufficient  to  raise  the  center  Cto 
a  point  directly  above  P;  i.  e.,  when 

u*+ Ifw  =  2^ai/2.[l— cos(  J;r— )9)] ; 

.  • ,     «*  =  i^j/2.a5i;i— cos  (iff  — jS)]. 


aOL  UTIONS  OF  PR0BLEM8  IN  NUMBER  FO  KB. 


SoLunoKS  of  problems  in  No.  4  have  been  received  as  follows: 
From  R,  J.  Adcock,  358 ;  Prof.  W.  P.  Casey,  356,  356,  368 ;  George 
Eastwood,  356,  368;  Prof.  Asaph  Hall,  358;  Prof.  E.  B.  Seitz,  366,  368; 
R.  S.  Woodward,  358.    We  also  received  a  solution  of  363,  of  No.  3,  from 
the  proposer,  Mr.  Hoover,  and  a  solution  of  362  from  Mr.  Heaton. 


866.  '^e  lengdi  of  a  garden,  in  the  form  of  a  parallelogrami  is  one 
rod  greater  than  the  breadth.  Within  the  garden  is  a  fountain;  and  a 
gravel  walk  extends  diagonally,  across  the  garden,  from  comer  to  comer, 
and  the  distanoe  from  the  fountain  to  one  end  of  said  walk  is  three  rods, 
and  to  the  other  end  four  rods;  and  from  this  end  of  the  walk«  along  one 
aid  of  the  garden,  to  the  next  comer,  and  fit)m  thenoe  to  the  fountain,  is 

Beqoired  the  area  of  the  garden.'^ 


But  COB  ABF=  sin  CBF,  whence  we  &od  cos*  ABF+cos'CBF=i. 

By  substitutiou  and  reductiou  we  find 

-  Hi-'  4-  153»*  —  680ar*  +  6400:"  +  7683;  +  576  =  0. 

This  eqaation  has  two  positive  roots,  z  ^  3,  and  x  =  4.4236748.     For 

e  first  value  of  x  the  sidi^s  of  tlie  garden  would  be  3  and  4  rods,  and  the 
fountain  would  be  situated  at  D,  the  comer  of  the  garden.  For  the  second 
Tsloe  of  X  the  fountain  is  situated  as  represented  in  the  diagram,  and  the 
am  of  tbe  garden  =  x{x  +  l)  =  23.99257  square  rods. 


356.  "Id  a  triangle  ABC,  BD  is  perpendicular  to  the  base  AC,  and  O 
I  tbe  oeotrt-  of  gravity  of  the  triangle.  Join  AO,  DO  and  CO.  Given 
B  .ilCand  the  angles  AOD,  AOCto  construct  the  triangle  ABC." 

BOLCTION  BY  PROF.  W.  P.  CASEY,  SAN  FKANCXSCO,  CAL. 

I  Anab/si*.     Look  upon  the  line  AC  as  being  given  in  position,  therefore 

e  pmotB  ^,  C  are  given,  and  as  the  angle  A  OC  is  given,  therefore  the  cir- 

B  QAOC  is  given.     Produce  OD  to  Q,  and  as  the  angle  AOQ  is  given, 

efore  the  line  AQia  given,  and,  as  -4  is  a  given  point,  therefore  §  is  a 

,  point.     Draw  BO  and  prodnce  it  to  ^  and  £  is  a  given  point,  then 

■  £L  perpendicular  to  AC  meeting  QO  proiluced  in  L;  and,  BO 

^og  equal  to  20E,  .-.  DO  = 

OL.    Tbe  perpendicular  QH  to 

produced  is  in    position,  and 

.  QH  is  a  given  line.     And  as 

,  :  LOm  make  HE  :  £S;  .-.  j 

5 19  I  given  line  and   S  a  given 

piDl;  and  as  LD  :  DO  so  make 

7;  HP;  . ' .  HI'  is  a  given  line 

ttd  /'  a  given  point;  through  F, 

Oaad  5,  draw  PR,  OG   parallel 

loiC.ftnd  OF,  Gif  par*!  to  BD- 
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Now  HE  :  E8  ::  DL  :  LO  ::  DE  :  EY;  .-.  HD  :  8Y::DE  :  -BF, 
(i.  e.)  ED  :  DIT  ::  EY:  YS;  (1)  and,  again,  QH  :  ITP  ::  ii)  :  DO  :: 
Zi;  :  OY;  .-.  i£  :  §ir  ::  OY  :  HP  or  YF  ::  ED  :  DH  ::  EY 
:  YS,  by  (1);  .\  EY :  Y8  ::  OY:  Fi^  and  (Euc.  VI.,  16)  the  fig.  YO 
ss  fig.  YB;  to  each  add  the  fig.  FJT, . ' .  the  rectangle  OJr=  rectangle  £Z; 
but  the  rectangle  EX  is  given,  whence  the  locus  of  O  is  a  rectangular  hy- 
perbola OEV  whose  asymptotes  are  XG^  XR.  Therefore  0  is  a  given  p't; 
whence  jB  is  a  given  point,  and  l\^ABC\s  given.  The  oonst'n  is  evident. 
Cor.  If  through  a  given  point  a  line  he  drawn  intersecting  two  given 
lines,  and  if  the  portion  of  this  line  intercepted  by  the  two  giveu  ones  be 
divided  in  a  given  ratio,  the  locus  of  the  point  of  section  is  a  hyperbola. 


367.  [No  solution  received.    A  solution  by  the  proposer  is  invited  ] 

368.  ^'Given  the  angles  A^  B  and  (7  of  a  plane  triangle,  and  d  log  a, 
d  log  6  and  d  log  o;  a,  6,  o  being  the  sides  respectively. 

What  are  the  corresponding  values  of  cLi,  dB  and  dC  expressed  in  sec- 
onds oi  arc?" 

SOLUTION  BY  B.  8.  WOODWABD,  DETBOIT,  HIGH. 

Since  in  any  plane  triangle 

An  A  sin  J  ^  sin  C 

a      ~     b  ^' 

dlogsin^  —  dloga  =  dlogsin  jB  —  dlogb  =  dlogsin  C — dlbgo. 

Put  a  ss  log  sin  dif.  for  V^  corresponing  to  -4, 

g  ^^    U       it       it       ti       t€  €t  u    ^ 

y  .^ii     li     a     a     ii  a  u   q 

Then,  dA,  dB  and  dO  being  expressed  in  seconds  of  arc,  the  above 
equation  becomes 

odA-^loga  =  fidB— dlogb  =  rdG— dlogcs  Q  say.  (1) 

Since  ^+5-f-C=180^ 

dA  +  dB  +  dC=^0.  (2) 

Prom  (1)  ^  ^  ^ 

rf^-  g  +  dlogg 

a 

dg»9  +  f^«gfe,  (3) 

r 

which  sabstitoted  in  (2)  giyei 


,  _  ^dioga  -{-yad log b  -i-  a^d\of( o 


ThereTore  b;  (3) 

J  .  __  j9(d  log  «— rf  log  c)+r(^  log  a — d  log  6) 

•D  ;_  T^dlogb — dloga)+a(<^log  6— dlogc 
^H  dC^  "i*^  log  °  ""^  J°g  h)+^ld  log  a — dl(^o) 

'  BOLTTTION  BY  PROP,  ASAPH  HALL,  NAVAL  OBSERVAT'y,  WASH.,  D.  C. 

PnjectJDg  the  uides  6  and  c  of  a  plane  triangle  on  the  aide  a  we  have 

I  a  =   icosC  +  ocosB; 

tad  in  A  similar  manner  we  find  two  more  equations  of  this  kind.     DifTer- 
tDtiatiog  theee,  considering  nil  the  parts  variable  and  noticing  the  condidon 
A   +-B+   C  =  K  =  constant, 
M  hava  the  three  symmetrical  differential  equations  of  a  plane  triangle, 
f  da  =  COS  Cdb  +  cos  B.dc  +  esla  B.d A, 

I  db  ^  cosj4.rfc  -|-  C0&  C.da  +  asin  C.dB, 

dc  =  cosB.da  -{■  cosA.db  -f  fisin  A.dC 
The  qoEDtities  cos  C.db  and  cos  B.de  are  the  increments  of  the  sides  b 
and  e  projected  on  the  side  a;  and  the  sum  of  these  applied  to  da  gives  the 
total  increment  of  the  side  a.  Also  csin  B  is  the  perpendicular  from  the 
angle  A  on  the  opposite  side,  and  the  total  increment  of  a  divided  by  o  sin 
£  gives  dA.  For  seconds  of  arc  we  must  multiply  this  ratio  by  206264.8, 
the  namber  of  seconds  in  radios.     Since 

da  =  «-^°  =  a.rfloga, 
a 

we  nmy  use  the  differentials  themselves  or  d  log  a,  &c    One  shoald  notice 

the  similarity  of  these  differential  equations  to  those  of  spherical   trigo- 

tiomeby. 

Soi-UTiow  OF  PART  (2),  Peob.  344,  BY  Pbof.  Seitz  (8EE  P.  101). — Let 
P  be  tlie  third  random  point,  and  EF  the  random  chord,  through  it. 

Draw  tlie  radius  OL  perpendicular  to  EF.  Let  j>o,  p,,  pj,  j*g  be  the 
respective  probabilities  that  AB,  CD,  EF  will  iutersect  in  0,  1,  2,  3  points. 

LnEP  =  z,EF=  2',  /  EOL  =  ^,  and  /  KOL  =  p.  Then  z'  =  2r 
Xsio  ^;  Ro  element  of  the  circle  at  P  is  r  sin  ^  d^  dz,  and  for  an  elemental 
ohaoge  in  the  direction  of  EF  we  have  dp. 


For  non-infersectioD,  the  chord  CD  being  between 
AB  and  EF,  the  limits  of  S  are  0  and  jt;  oi' f,  0  and 
0;  of  tfi,  0  and  f;  of  ji,  f  —  6  and  8  —  ^/and  of  p, 
ip  —  f  and  If  —  tj).  The  result  of  these  integrations 
must  be  roultiplitHl  by  6  to  allow  for  the  interchange 
of  the  chords. 

For  non-intereection,  the  chord  EF  having  its  ex- 
tremities in  the  arc  BD,  the  limits  of  #  are  0  and  t;  of  ^,  0  and  d  ;  of  (&,  0 
and  tf — f:  oi /I,  2ip—d-\-f  (=  a)  and  8 — ip;  and  of  />,  if-\-iP  and  S-k-ft  —^ 
{=  /3).  This  result  must  be  multiplied  bv  4  to  allow  for  the  positions  o( 
EF,  in  whioh  its  extremities  are  in  the  arc  AC,  and  for  the  positions  of  CD 
and  EFin  which  their  extremities  are  in  the  arc  AOB. 

The  limits  of  (o  are  0  and  n;  o£x,  0  and  z';  of  y,  0  and  y' ;  and  off,  0 
and  e'.  Hence,  since  the  whole  number  of  ways  the  three  chords  can  be 
drawn  is  (ffr'/.;:^  ^  rr'r',  we  have 

^r-J  0 J  0 J  0  J  .  J  ,+v^  0 J  0  ^  0  J  0  xdpdfdMJ. 

_  1  _   6         105 
3         i>   ■*"  4it<' 
We  will  next  find  tbe  probability  tbat  the  chords  CD  and  £:F  will  both 
intereect  AB.     By  reference  to  the  first  part  of  the  solution  we  readily  8«e 
that  the  probability  that  a  third  chord  will  also  intersect  AB  is 


#-e 


Now  P  is  evidently  equal  to  the  probability  that  the  chords  CD  and 
I  both  intersect  ^-B,  and  not  each  other,  pluspg;  .-.  Jp,-f-p3=i*.  (] 
The  probability  p,  that  AB  and  CD  will  intersect,  is  equal  to  the  prob- 
vill  intersect  each  other,  and  not  EF,  plus  the  probability 
rill  both  intersect  AB,  and  not  each  other,  pins  the  prob, 
rill  both  intersect  CD,  and  not  each  other,  plus  pj ;  hence 

iPi  +  ip>  +  Ps=P-  (2) 

+     Pi   +  P>  =  1-Po.  (3) 
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PROBLEMS. 


869,  £y  GfMTge  LiUey,  A.  M.,  Cominy,  Iowa. — Find  the  greatest  and 
Uiit  BUinber  of  balls  of  equal  diameter  (radius  r)  that  can  be  put  in  a  given 
Int,  a  feet  long,  b  feet  wide  and  e  feet  high. 

300.  Bjf  Tho'a  Spencer,  Meritlen,  Conn. — Prove,  of  all  splierical  trian- 
glee  of  equal  area,  that  of  the  least  perimeter  is  equilateral. 

361.  By  John  H.  Ckriatie,  Slate  College,  Pa.— A  right  cone,  radius  of 
biee  Ji  and  altitude  a,  la  pierced  by  a  cylinder  whose  radius  is  r,  the  axis 
of  the  cvlinder  intersecting  the  axis  of  the  cone  at  right  angles  and  at  a 
paint  whose  distance  from  the  vertex  of  the  cone  is  b.  Required  the  so- 
lidity cotniDOn  to  the  cone  and  cylinder. 

362.  By  E.  B.  Opdycke,  Pulaski,  Ohio. — A  section  of  an  embankment 
is  a  feet  long;  the  top  width  of  both  ends  is  b  feet;  the  width  of  the  ends 
at  bottom  is  c  and  d  feet,  respectively,  and  the  corresponding  depths  <if  the 
fwb  are  e  and  g  feet.     Develop  a  Rule,  and  give  the  conlenta. 

863.  By  Prof.  W.  W.  Johnsmt,  V.  S.  Naval  Acad.,  Annap.,  Md.— The 
tugcDt  at  one  end  of  a  chord  of  an  ellipse  is  parallel  to  the  line  joining  the 
«*W  end  with  a  fixed  piiinl  within  the  ellipse.  Show  that  the  area  of  the 
kms  of  the  middle  point  of  the  chord  is  one  half  the  area  of  the  ellipse. 

364.  By  W.  E.  Heal,  Marion,  Ijvd. — Discuss  the  curve  whose  equation 
is*  =  Iog[y-(-i/(y*— 1)],  and  find  its  area  and  length. 

365.  Selected,  By  Prof.  H.  T.  Eddy,  Cincinnati,  OAio.— Show  that 

r^'y/(i-c).de  ^     r 

J  0    1  — ceos"tf  i/{2n) 

when  e  ia  indefinitely  nearly  equal  to  unity,  n  being  a  positive  quantity. 

366.  By  R.  S.  Woodward,  Detroit,  Jtf/cA.— What  is  the  probable  error 
b  a  eysletu  of  errors  (y)  given  by  the  equation 

y  =  «,  cos  (   «   +   ^1 )    + 
ajC0s(2«  +  ;9,)  + 

a.eo6(«r»  +  ^.),  wherein  a^,  a^.  etc.,  ^,,  j9j, 
ttc,  and  r  are  constants,  and  all  values  of  e  are  equally  likely? 

367.  By  Prof.  Sivwn  Netocoftdt,  Wcuth.,  D.  C — Prove  the  equation 
=)=  — ^'  +  ^1*— i'y'+ete. 

■ —  2i;  cos  X — 1 2ij'cos  2x  — J2iy'co8  3x — etc. 


l,(l_-|Lco.^| 
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Note. — In  the  demonstration  of  Maclaurin's  Theorem^  at  p.  149  d  9eq,, 
for  the  covenience  of  the  printer,  the  symbol  (!)  is  substituted  for  the  sym- 
bol ( I )  used  by  the  author;  but^  by  an  oversight,  the  parentheses  that 

should  include  compound  terms  to  which  the  symbol  refers,  was  omitted. 
The  omission,  in  this  case,  however,  is  unimportant,  as  the  reader  will  read- 
ily perceive  that,  throughout  the  article,  the  symbol  !  refers,  in  every  case, 
to  the  whole  of  the  compound  divisor  which  precedes  it 


The  Great  Wheat  Fields. — People  traveling  to  the  Northwest, 
will  be  gratified  to  learn  that  the  "Gbeat  Rock  Island  Route''  opens  a 
new  line  from  Chicago  to  Minneapolis  and  St.  Paul,  July  17th,  running 
two  through  daily  trains,  leaving  Chicago  at  12.05  and  9.30  P.  M.  This 
new  line  is  to  be  known  as  the  *'  Albebt  Lea  Route'',  and  passes  throu' 
the  very  best  sections  of  the  States  of  Illinois,  Iowa  and  Minnesota,  afford- 
ing travelers  a  view  of  the  great  harvest  fields  of  our  country,  and  a  section 
peopled  by  the  most  progressive  and  prosperous  of  our  Northwestern  in- 
habitants. 

We  understand  that  round  trip  excursion  tickets  to  points  in  the  great 
wheat  region  of  the  Red  River  of  the  North,  and  Missouri  River  valleys, 
will  be  immediately  put  on  sale,  good  for  40  days  from  date  of  issue.  This 
will  enable  Eastern  farmers  to  visit  the  greatest  wheat  country  on  the  globe, 
and  see  harvesting  done  on  the  most  gigantic  scale. 

Surely,  no  one  that  really  desires  te  see  the  Weatj  will  for^o  this  oppor- 
tunity to  do  so,  by  ticketing  oyer  any  other  than  the  '^Albert  Lea  Route", 
via  West  Liberty.  The  Great  Rock  Island  Depot  is  the  most  central  of 
any  in  Chicago,  being  in  the  very  heart  of  the  city,  close  to  the  great  hotels, 
post-office,  and  leading  mercantile  houses. 


EBBATA. 


On  page  127,  line  6  from  bottom,  for  it  read  a, 
"      "      "      "     6     "        "        for  V  read  ^. 

"      "     4     "        "        for  IT  ready. 

161,  "    6  and  8,  for/*(0)  read/M-l.(0) 

*•      "    14,forinreadX.^l. 

*'      last  line,  for  IVH-1  read  2m+i. 

152,  line  17,  for  Ln  read  Xm. 
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NOTE  ON  A  SPECIAL  SYMMETRICAL  DETERMINANT. 


BY  THOMAS  MTTIR^  M.  A.,  F.  R.  8.  E.,  BEBCHCROPT,  SCOTLAND. 

1.  In  tlie  Cambridge  and  Dublin  Mathematical  Journal,  Vol.  I,  p.  286 
(1846),  a  correspondent,  signing  himself  H  (1),  gives  the  identity 

(aittj — ftjfcj — eie^)  (6162 — ^1^2  — «ict2)  (^i^a — ^1^2 — ^1^2) 

—(aiG^ 6162— <'l^2)(*l<'2  +^2^1)*— (^1^2— ^1^2— «1^2)(«l<'2  +  «2^l)' 

— (^1^2~"^1^2 — ^1^2)  (^1^2  +  ®2^l) 
+2(61^2  +^i<^l)  {«1<52  +a2<'l^  («1^2  +«2^l) 

=  (a?  +  6?  +  c?)(aia2  +  6162  +^1^2)  («!  +  ^1  +  cj). 

No  proof  is  added,  and  at  first  sight  it  might  appear  as  if  the  verification 
of  the  identity  would  be  a  trifle  laborious.  The  object  of  the  present  note 
is  to  give  a  proof  interesting  to  some  extent  in  itself  and  also  as  showing 
bow  a  generalization  of  the  identity  may  be  effected. 

2.  The  left  hand  member  is  expressible  by  a  determinant,  viz., 

^l®2"^1^2"~^1^2  ^1^2"f"®2^1  Cl|C2+tt2^1 

0|62"1"®2^1  6i62'""^1^2""®1^2  6102+62^1 

«1«2+®2^1  ,  6102+62^1 

or,  if  we  write /S^^  for  0^02 +&1&2 +^1^21  ^7 
^1^2 — ^8  aj&2'l~^2^i 

a2&2+^2^1  26^62 — ^8 

0^02  +(l2^l  ^1<^2  +^2^1 

Expanding  this  according  to  descending  powers  of  S^  we  have 

—SI  +  S|(2aia2  +  26162  +  2ciO,) 


^1^2 — Ctja2"^1^2 


a,C2+a2Cj 
6x^2 +^2^1 

2CiC2— Sg 


/1 2616 J  ^        61O2+V1 


+ 
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+ 


2aia 


2       ,     «i*2+«a*i|l 


^1^2  a^&2~i~^2^1    0|C2'4~^2^1 

where  the  term  independent  of  8^ 


«!     a2 


0 
0 
0 


X 


a. 


6i 
and  the  coefficient  of  the  first  power  of  8^ 

+ 


ti 


0 
0 
0 


=  0 


t: 


Co 


a 


ax 


+ 


a 


Qi 


\\ 


a. 


a 


+  ft?  + 


^1^2  '4"^1^2  "1"^1^2 


«1«2+^1*2+    «1«2         «2       +    *S     +<^2 


=  (a?  +6?  +c?)(al  +61  +cl)-^. 
The  original  determinant  is  thus  found 

as  was  to  be  proved. 

3.  A  glance  at  the  steps  of  this  proof  suffices  to  suggest  a  directioi 
which  the  theorem  may  be  extended.  Writing  8^  for  a^a^  +  6162  +< 
+^1^2  we  have 


^1^2 — ^4  dibm-^a^bi 

ai02+«2^i  26^62—54 

®1^2  "l"^2^1  ^1^2  4*^2^1 

®1^2~l"^2^1  6jd2+62^1 


^1^2"H®2^1 

61^2+^2^1 
2O1C2  —  S4 


^1^2"f"^2^1 

fcidj -1-62^1 

^1*^2  "f"^2^1 
2djc£2  —  S4 


=  8X  —  8l{2a.^a2  +  26^62  +  ^CjCa  +  M^d^) 

+  SJ{-|a,62r-|aiC2P-|aid2r-|iie2r-|6irf2r-kid2r 
—  ^84(0  +  0  +  0  +  0)  +  0 

=  -  (a,a.+6A+0A+d,d,)«  (al+fc^+cj+dl)  (al+fcj+cj+d:)- 
The  tranisition  from  these  two  cases  to  the  general  theorem  dealing  ^ 

two  sets  of  n  letters  can  now  be  accomplished. 

4.    Putting  dj  =  ^2  ==  0  in  (2)  and  dividing  both  members  by  — (< 

+6162  +  ^1^2)  we  obtain  (1);  and  similarly  any  case  may  be  derived  f 

that  which  follows  it. 
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5.    Potting  a,  =  a,  =  a,  6i  =s  6,  =  6,  c,  =  c,  =  o,  d,  =  rf,  =  d,  in  (2) 
we  have 


o*-4»-c'-<P  2a6  2ac  2ad 

2a6  6»_c»_<p_a»  26o  26d 

2ac  26o  <?-^-a*-b*  2od 

2ad  2b  d  2od         d*-a*-V-<? 

and  from  this,  by  making  (2  =  0,  there  resnlts 
o»— 6»— c*        2a6  2ao 

2a6  6*— c»— o»  26c 

2ao  26o  0*— o»— 6» 

and  thoioe  in  the  same  way 

2a6        6*— a' 


■(a»+6»+o»+d')« 


=  (o«  +  6»  +  c«)8 


=  -(o»H-6»)», 


the  identity  well  known  in  connection  with  Euc  I.  47^  giving  the  sum  of 
two  8(|aare8  as  a  square. 


THE  BITANGENTIAL. 


BY  WILLIAM  £.  HEAL,  MARION,  INDIANA. 

The  curve  which  passes  through  the  points  of  contact  of  bitangents  of  a 
given  curve  is  called  the  bUangentiai  of  that  curve. 

Such  a  curve  may  be  determined  by  the  method  of  problem  331,  Ana- 
lyst. It  is,  however,  desirable  to  obtain  a  curve  of  lower  order,  and  for 
this  purpose  Salmon  has  given  two  methods  in  Higher  Plane  Curves. 

Lrt  us  put 


/)  = 


cfo*     dzdiy 
dydz     ds? 


,   5  = 


(Ptt       iPu 


dsc^    dzdx 
dSi,      dht 


dxdz  dzdy 
da?     dxdy 


,   E^ 


dxdz     da? 


dht      dSi 


C  = 


dSi      cPu 


da?     dydx 
dSi      dhi, 


dxdy  dxdz 
dru     dru 

dy^    dydz 


F^ 


dxdy    dy* 
cPu      cPu 


dydz  dxdy 
ds?     dxdz 
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H  = 


cPa       cPu       dPx 


da? 

dydx 
dhi 


dxdy 
dSi 


dxdz 
dht 

dydz 


dzdx    dzdy      ds? 
dor  df  dsr  dy   dz  dz  dx  dz  dy ' 


da* 


dy' 


M 


dy  dz 


dzdx 


dxdy* 


W=A^+B^  +  C^+2D^^+2E^^+2F^'^  ^"^ 


da? 


dy' 


dz' 


dy   dz 


dz  dx 


dx  dy  ' 


j^dHd0     jgdHd0      ^dHd0 


dx  dx 


dy   dy 


dz    dz 


+D  ldHd0     dHd0\ 
\dv  dz      dz  dm } 


dy 


+^f 


d^d0     dHd0 


\  ,  p  fdHd0  ^dHd0  \ 
/■^     \dx  du^  dv  dxr 


\dzdx*dxdz/*^\dxdy 

Then  the  equation  of  the  bitangential  of  a  quartic  is 

d  =  3H0. 
(Salmon's  Higher  Plane  Curves,  page  337.) 

In  attempting  to  find  the  bitangential  of  a  quintic  Salmon  says  (Higher 
Plane  Curves,  page  339),  '^In  order  to  form  the  bitangential  curve  of  a  quin- 
tic, the  quantity  to  be  calculated  is  {^Tqjlr^qjl^^=  5(49j-99,gJ(69j~125,gJ, 
a  quantity  containing  a^  in  the  sixth  order,  and  which  it  is  necessary,  by 
the  help  of  the  equation  of  the  curve,  to  show  is  divisible  by  i?. 

'^Now  in  virtue  of  a  formula  already  obtained  we  have 

4g;  _  9g,7,  =  i?(4fl  —  %H0). 

It  is  also  easy  to  show  that  ^Iqjj^—  bqjj^  and  69J — 12^,9^  are  each  divisible 
by  R^\  but  I  have  not  been  able  to  carry  the  reduction  further/' 

In  attemting  to  complete  the  solution  of  this  problem  I  arrived  at  the 
following  result : 

The  equation  of  the  bitangential  of  a  quintic  is 

629-ff^r— 270H(Pz+25(P«fl  =  5(4#— 9JEr^)(5(^— 12;f), 

a  curve  of  the  forty-eighth  order,  as  it  should  be.  ^ 

I  have  not  been  able  to  prove  this  result,  and  submit  it  to  the  readers  of 
the  Analyst  hoping  that  some  one  may  be  more  successful  than  myself. 

It  will  be  observed  that  we  have  used  trilinear  coordinates  and  that  the 

equation  of  the  curve  is 

w=/(a;,  y,«)  =  0. 


Let  us  represent  tlie  sides  BC,  AC,  AB,  respectively  by  a,  6,  c;  CD  by 
aa,  AE  by  bfi,  BF  by  erf;  the  area  of  the  triangle  ABChy  d  and  that  of 
the  ius(Tib«i  triangle  DEFhy  J'. 

Wc  easily  find  triangle  ODE  =  a(i  —^).J ;  I 
triangle  AEF  =  ;9(1  —  y) .  J;  triangle  BDF  =  \ 
rtl  —  a).  J.     Therefore 

-Jj  =  I_«(l_,9)-^(l-j.)-^<l-«) 

=  i-{«4-i9-i-r)+(«(?+«r+A-).  (1)  I 

If  the  three  transversals  drawn  from  A,  B,  C,  toll 
the  assumed  points  D,  E,  F,  iuterscct  in  one  jTOint  we  have  the  relation 

afir={\-a)(l—m-r),  whence  i-{a+^+r)  +  (''H»r+h-)=^«flr- 
In  this  case  therefore 


/^  Ok  three  traneveraaU  be  f/ic  mcdiaf  lines,  then  a  =  fi  : 
d  according  to  (II] 


2.     Ld  Ifie  traitwtiwth 
=  t  ;  c,  we  get 

CD 
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•  •  <^=  is-v  j>  P  =  j-r^>  r  = 


6»+c"  '        o»  +  c»'  '        a»+6*' 

•    ^'  -  2o»6V 

■   •'/      (a*+6»)(a»+c*)(6»+c*)' 
Compare  this  result  with  that  in  2. 

5.     Ld  the  points  D,  E,  F,  be  the  feel  of  ike  perpendieubwa  let  fall  from 
the  centre  of  the  inserted  circle. 

Denote  the  radius  of  the  inscribed  circle  by  p  and  put  ^(a-\-b-i-c)  =  s; 
then  a  =  {p-^a)  cot  JC,  /9  =  (/>4-6)  cot  lA,  y  =  {p-i-c)  cot  \B.    Therefore 

4=?^coti^coti5cotJC  =  4'-  =  2(«-a)(«-ftK»-c) 

—  (^+fc — c){a+o — 6)(6+c — g) 

4abo  * 

Compare  this  result  with  that  in  3. 


FIVE  GEOMETRICAL  PROPOSITIONS. 


BY  PROF.  ELIAS  SCHNEIDER,  MILTON,  PA. 

I.  Let  Af  By  C>  D,  <&c.,  be  the  angular  points  of  a  regular  polygon  of 
n  sides,  and  let  ABy  one  of  the  equal  sides,  aqual  unity;  then  will  AB  be 
contained  once  in  AC,  the  chord  which  contains  two  of  the  equal  sides, 
with  a  remainder  which  call  x.  Then  is  |/(1 — x)  =  one  side  of  a  polygon 
of  271  sides  inscribed  in  a  circle  whose  radius  is  one. 

II.  AB  will  be  contained  twice  in  AD,  the  chord  which  contains  three 
of  the  equal  sides,  with  a  remainder  which  call  y.  Then  is  |/(1  — y)  =  one 
side  of  a  polygon  of  n  sides  inscribed  in  a  circle  whose  radius  is  one, 

III.  If  the  polygon  be  a  Nonagon,  AB  will  be  contained  twice  in  AE^ 
the  chord  which  contains  four  of  the  equal  sides,  with  a  remainder  which 
call  X.  Then  is  [/{{ — x)  =  one  side  of  a  polygon  of  18  sides  inscribed  in 
a  circle  whose  radius  is  one. 

IV.  If  in  Prop.  II  the  polygon  be  also  a  Nonagon,  then  is 

|/(1  —  x)  —  x  —  y. 

V.  If  the  polygon  be  a  Decagon,  AB  will  be  contained  twice  in  AD, 
the  chord  which  contains  three  of  the  equal  sides,  with  a  remainder  which 
call  2.  Then  is  y{l — z)  =^  s}  =  one  sid^  of  ft  decagon  inscribec}  in  ft  circle 
whose  radius  is  one^ 


[As  the  foregoing  propoeitions  are  uew,  or  at  least  original  witli  Prof. 
Sclineider  (see  Analyst,  Vol,  I,  p.  37).  ami  have  never  Imkh  tlcmonstraU^l 
georuetricatly,  so  far  on  we  know;  and  as  Prof.  S.  declined  to  .submit  his 
proof,  we  have  attempted  their  demonstration,  and  submit  tlie  followlog 
sketch  of  our  method  and  result. — Ed.] 

It  will  l)e  seen  that  the  Figure  is  drawn  for  a  Non^on  and  that  ac,  IC, 
and  id  are  chords  containing  2,  ■'!  and  4  of  the  equal  sides,  respectively. 

The  ZAOB=  ABr  =  2AF£  =  2ABm.  Draw  nm  parallel,  and  mf} 
ind  nq  perpendicular  to  ac.     Thcu,  be<anise  aB  is  perpendicular  to  Am, 

>  may  easily  prove  that  avi  =  (lA,  and  ap  =  -jc  =  lAB  ^  i^;  ihcrclorc 

\=:  pq^x,  of  prop,  I. 

By  Euclid,  "^ 

Prof).  D,  B'k  I 
VI,  we  have  I 
Am  X.  Bn-^\ 

X  mn  = 
A-nxBrn;  or 
because  Bii  = 
Am,  An*+  x  I 
Trans- " 
ptB-g  an-! 
ttactiug     rou)  I 
we  have   . 

vliicJ)  proves  Prop.  1.  Aud  in  like  manner,  sulwtiluling  rs  {=  y)  for  mn, 
we  get  Ar  =  y'{\  — y),  which  proves  Prop.  II.     The  proof  in  both  tlicse 

*es  is  obviously  independent  of  any  particular  value  of  n. 

If  the  polygon  is  a  Nonagon,  cA  will  intersect  id  at  an  angle  of  60°  and 
therefore  odn'  is  an  equilateral  triangle  and  ct  h  equal  and  ftarallel  to  (yri; 
therefore  td  =  n't  ^  qo  ^  i;  therefore  n'd  =  1 ,  and  m'n'  =  mn  :=  x,  and 
the  demooBtration  of  I  applies  also  to  III. 

■loin  «n  and  draw  W  parallel  to  sn,  tlicu,  if  the  polygon  is  a  Nonagon,  the 
triangle  Imr  will  be  equilateral  and  mr  =  i/{l — x)  =  ftU=:mn — J-a~x — y, 
whi(^  proves  Prop.  rV. 

If  the  jwlygon  is  a  Decagon,  we  may  easily  prove  that  the  triangle  An 
is  taoHceleB;  therefore  Ar  ^=  rs.  But  by  Prop.  II,  Ar  =  y/{\  —  r»)  = 
y/(i — Ar).  Or  putting  z  fur  Ar,  z  =  ]/(!  — s)  ^  one  side  of  a  Decagon 
inacribed  in  a  circle  whose  radius  is  one. 

Cob.     If  we  pot  /i:=:ylif,  the  functions  i/(l — x),  |/(1— y)and  \/{\ — z), 

the  above  oaaes,  become  ,/(«"— ifa-),  ^/{Ji»—Ily)  and  y-(fi'— R-). 


Theorem.  Id  any  plane  triangle,  tho  lm*e  ia  ti)  the  sura  of  the  other  tw>> 
Hides  m  the  (lifferenee  of  those  aides  ia  to  the  difference  of  the  aegmenta  of 
llie  liaae  formed  i)y  a  per]M'ndie»!iir  from  llie  anglf  o]ij>osile  the  baae, 

Drfwnmtraiiim. — Ix't  ABClte  the  tri- 
angle, BC  its  haae,  AD  the  iier|)endieu- 
lar  n[»on  it.     Then  will 

BC:  AC+AS  ::  AO-AB  :  CD-BV 
With  Amu  renter  and  rudiua  A  li 
deaerilie  nn  are  enttiof;  BC  in  F  an.l 
ACmE.  Join  E  and  ft  and  from  E 
draw  EO  making  AQEC=  /.ABV. 

It  ia  plain  that  ^  ra  +  i<  *•£  =  CEO  +  A EF;  hmr  A  FEi:  =  ^  f:Fli 
and  EQ  =  F(l. 

Fi-oni  the  similar  triangles  CEO  and  ABC, 

CO+OE:  CA  +  AB  ::  CE  :  BC. 
But  (?0+  0E=  C0+  0F=  CF^  Cn—BD,-  ami  CB==  CA 
hence  the  pro)Kirtion 

BO  :  AC+AB  ::  AC—AB :  CD-BP. 
If  the  given  triangle  lie  oUnae,  as  AFC,  the  setxind  f«rni  of  CP 
ia  to  be  regurdeil  as  negative,  and  we  have 

CF:  CA+AF  ::  CA—AF:  BC. 
I  f  /I  BC  lie  a  right  angle,  y<  F  and  ^  /!  become  yl  ft,  CEO  will  be  a  right 
angle,  and  CE+EO  will  =  CP;  then 

CJ) :  CA+AD  ::  CA—AP  :  CP, 
or  AII'+CI1'-=AC: 

[Prwlnee  CA  to  meet  the  cireumferent^e  in  //.  Then,  by  Euel.  B.  in. 
Prop.  3li,  Cor.  1,  Cf/(=  CA+AS)  x  CE  =  CS  X  CF,  or 

CB  :  CA+AB  ::  OA—AB :  CD— BC— Ed.]  fl 

f'onilEf?riON. — Mr.  Adwxrk  makes  the  following  eorrwtion  in   his  aoln- 
Uonofrrob.  362: 
On  |iage  160,  the  last  line  should  read 
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THE8ECULAR  DISPLACEMENT  OF  THE  ORBIT 
OF  A  SATELLITE. 


BY  PEOFEfBOR  ASAPH  HALL. 

(1).  Is  his  Mecanique  Ctleste,  Tome  II,  p.  373,  Laplace  has  considered 
the  caufte  that  holds  the  Rings  of  Saturn  nearly  in  the  plane  of  the  equator 
of  the  planet,  and  he  has  explain»l  ihe  reason  that  led  him  to  predict 
the  rolatinti  of  Saturn  and  its  Kings  before  Herschcl  had  determined  these 
rotations  by  observation.  In  this  investigation  Laplace  employs  the  equa- 
tiooB  that  deti>rmine  the  rotation  of  a  solid  body,  the  disturbing  forces  being 
thOM  that  arise  from  the  action  of  the  excess  of  matter  around  the  equator 
of  file  planet  and  the  attraction  of  a  distant  body.  In  the  same  chapter  it 
bsko  shown  why  a  satellite  will  he  held  nearly  in  the  equator  of  its  pri- 
marj  when  the  figure  of  the  planet  is  elliptical.  These  results  have  been 
used  by  Professor  J.  C.  Adams  to  explain  why  the  orbits  of  the  satellites  of 
Mars  are  at  the  present  time  nearly  cnincideat  with  lie  equator.  M.  F. 
Tisaerand  has  discussed  the  same  question  by  means  of  formulic  derived  by 
him  ID  a  discussion  of  the  secular  |>erturbation8  of  the  orbit  of  Japetus,  the 
ooter  satellite  of  Saturn.  The  investigations  of  these  astronomers  render  it 
probable  that  the  figure  of  Mars  is  slightly  elliptical,  and  that  the  orbits  of 
iftB  satellites  will  always  remain  nearly  coincident  with  the  equater  of  the 
H^attet. 

^B  The  question  of  the  jierturbations  of  satellites  has  been  treated  by  La- 
H^Iace  in  the  fourth  volume  of  his  Me'canique  Ce'leste.     There   Laplace 
determines  the  perturbations  of  the  radius  vector,  and  of  the  longitude  and 
latitude  of  the  satellite;  and  for  astrouomlcal  purposes  these  coordinates 
^^eem  to  be  as  giK>d  as  any  that  can  be  choseu.     If  we  wish  to  know,  how- 
^brer,  the  effect  of  the  perturbation  on  any  element  of  the  orbit,  it  is  more 
^^povenient  to  use  the  formulie  of  Lagrange.     In  the  unfinished  essay  on  the 
^^ttamian  System  lef,  by  Bessel  he  has  given  these  formulie,  and  also  Ihe 
various  forms  of  the  i>erturbative,  or  potential  function  that  come  into  use 
in  this  complicated  and  interesting  system,     M.  C.  Souillart  has  lately  pub- 
lished an  elaborate  memoir  on  the  satellites  of  Jupiter  in  which  he  verifies 
■nd  extends  the  iuvestigations  of  Laplace  referred  to  almve. 

The  forces  that  disturb  the  motion  of  a  satellite  are,  (1),  the  action  of  the 
protuberant  matter  around  the  equator  of  the  primary  planet;  (2),  the  at- 
tiaction  of  anotlier  satellite  of  this  planet;  (;i),  the  attraction  of  a  body  out- 
side thia  systetu,  like  the  san  or  another  planet;  and  in  the  case  of  Saturn 


(1) 
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the  action  of  its  Ring  also  produoes  a  disturbance  in  the  motion  of  its  satel- 
lites. Since  the  perturbations  are  small  they  may  be  computed  separately 
and  then  added  together;  I  consider  here  only  those  which  are  produced  by 
the  protuberant  matter  around  the  equator  of  the  planet^  and  by  the  action 
of  the  sun. 

Denote  by  0  the  longitude  of  the  ascending  node  of  the  orbit  of  the  satel- 
lite on  the  orbit  of  its  primary  planet,  and  by  i  the  inclination  of  the  satel- 
lite's orbit  to  the  same  plane.  Let  g  be  the  angle  between  the  line  of  apsides 
of  the  orbit  of  the  satellite  and  its  line  of  nodes;  then  if  iti  be  the  semi-ma- 
jor axis  of  this  orbit,  e  the  eccentricity,  and  if  n  be  the  mean  sidereal  motion 
of  the  satellite,  we  shall  have  by  the  formulae  of  Lagrange; 

—  =  ^'^^  (dB\  __      an  cost         /dJZ\ 

dt       sinV(l— 6*) '  \W/       sinty(l— 6*)  *  V"c^/ 

dO^ an  ./dR\ 

dt  sin  ly  (1—6*)  '  \di  /' 

B  denotes  the  perturbative  function  used  by  Laplace. 

We  have  now  to  expand  this  function  for  the  two  disturbing  forces  in 
elements  of  the  orbit  of  the  satellite,  substitute  the  partial  differential  coef- 
ficients of  22  in  equations  (1),  and  then  int^rate  them. 

Assuming  the  satellite  to  be  a  material  particle  whose  mass  may  be  n^- 
lected,  let  a;,  j^,  «,  be  its  rectangular  coordinates  referred  to  the  centre  of 
gravity  of  the  planet,  which  is  supposed  to  be  fixed,  and  let 

r  =  i/(«*  +  y*  +  2«). 

Let  Xj  Yj  Zj  be  the  coordinates  of  the  centre  of  the  sun,  8  its  mass,  and 
also  let 

If  m  be  the  mass  of  the  primary  planet  and  —   +    V  the  sum  of  the 

r 

particles  of  the  planet  divided  respectively  by  their  distances  from  the  sat- 
ellite, then  the  value  of  the  perturbative  function  will  be, 

p_  8{Xx+Yy+Zz) S ^ 

The  first  two  terms  give  the  perturbations  produced  by  the  sun,  and  the 
last  term  those  caused  by  the  non  spherical  figure  of  the  primary.  We  have 
now  to  develop  this  value  of  B  and  find  those  terms  that  produce  the  secu- 
lar part  of  the  perturbations.     The  denominator  of  the  second  term  is 

\^1^  ^  J' 

and  expanding  the  reciprocal  of  thin  we  get  for  the  second  term  of  i2^ 


38.{Xx+  Yy+&Y      3S.r^X:r+  Yy+Zz)    . 
2lfi  ~^  2D'  ' 

The  firet  term  of  this  expausiou  may  be  omitted  eince  it  do€s  not  coutain 
tlie  elements  of  the  orbit  of  the  satellite  and  will  disappear  tn  the  differen- 
ItiatloD,  and  the  ibtrd  term  cancels  the  firet  term  in  R.     Again  D  is  very 
°at  with  respect  to  r,  and  hence  the  approximate  value  of  the  perturbative 
IfiutctioD  that  depends  on  the  action  of  the  sun  becomes 
R    ~  ^-^  —  ^■(^+  Yy+Zzf 


"2D»  2D» 

If  8  great  circle  be  drawn  from  the  position  of  the  satellite  ii 


(2) 
its  orbit  to 


CQf<f  = 


■ibe  sun,  and  we  call  the  arc  joining  these  bodies  /,  we  shall  have, 
,Xx+yy+Zz 
V5  • 
lud  therefore 

r>         .,_(Xx+Yy+Zz)' 

J^^^J    —  jy, 


If  we  denote  by  u  and  V  the  angular  distances  of  the  satellite  and  the 
a  from  the  node,  the  spherical  triangle  between  the  node,  the  satellite  and 
B  the  ann  gives 

I  cos  /  =  cos  u  CM  t7  +  sin  w  sin  (7 cos  i, 

I  and  hence 

cos/*  =  cosu'cos  C/^-f  sinu^sin  C/*cos»* 

+  2  COS  M  sin  u  cos  (7 sin  C^coe  i. 
Cbaugiog  the  powers  into  cosines  of  the  multiple  arcs  we  have 
cob/*  =  i.[2 — sini*  +  2oos2ucos2^  +  2sin  2u6in2f/co8i 
+  (ooa  2u-i-cos2t/— cos  2wco82C/)siD  t*]. 
Afl  we  wish  to  get  only  the  secular  part  of  this  expression  wo  hav' 
PomittJog  the  periodical  terms  depending  on  tbi;  positiou  of  the  sun, 

-g.cos.r  =  ^-]^.{c2-sini-').r^+Hcos2u.aint'J.. 

If  now  <P  be  a  function  of  the  radius  vector  and  true  anomaly,  r  and  u, 
Pin  an  elli[)ee,  and  if  we  denote  by  M  and  E  the  mean  and  excentrio  anoma- 
■  licB,  then  the  non-periodical  part  of  0  is  given  by  the  definite  integral, 

2)rJ  „  2;ri/{l-c')     J  a      a'  2;iJ  „     a 

Since  from  the  equation  of  the  ellipse  we  have 
r  =  a{l — eoo9£). 


by 
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the  last  integral  gives  for  the  non  periodical  part  of  r*, 

^  J*(l  -  6  cos  ^)3.  rfJE?  =  a«.  (1 +|€«). 

Again  since  u  =  v+g  we  have  to  find  the  non  periodical  parts  of 

0  =  r*cos2t;r       and  0  =  r*sin2r. 

T  he  equation  of  the  ellipse  gives 

8inJ&.i/(l— 6*)  cosJS — e 

sm  V  =  — ^    ^ :  cos  V  =  := =|, 

1 — eoo&E  1 — eooA£r 

and  hence 

r»oos2i;  =  a\l(co8  E—ef  — {l  —  ^).BmE^, 

r*  sin  2v  =  2a*.  sinJE .  (cos  E—  e) .  |/(1  —  6*). 

Substituting  these  values  of  0  and  int^rating  we  have 

0  =  |aV.-  and  0  =  0. 

If  Cq  and  Cq  be  the  semi-major  axis  and  the  excentricitj  of  the  orbit  of 

the  planet  we  shall  have  for  the  non  periodical  part  of  -j^, 

2;ra8  "  J  o(l-«o  «» ■»)'       «2(1-  «?)*' 
From  these  resalte  we  find  for  the  secular  part  of  22^,  the  value 

*■  =  sfirSiS-  { (4+5"'")-('+¥)-i«-*-'»"^}-  (') 

2u 
The  term  cos-^^  in  cos  /*  produces  no  constant  terms  of  an  order  lower 

than  e^,  and  therefqre  it  may  be  neglected. 

(2).  In  the  case  of  an  ellipsoid  of  revolution  Laplace  gives  a  very  sim- 
ple form  to  the  potential  V  of  the  disturbing  force.  If  we  denote  by  p  the 
ellipticity  of  the  spheroid^  by  ^  the  ratio  of  centrifugal  force  to  gravity  at 
the  equator  of  the  planet,  by  B  the  radius  of  this  equator,  and  by  /<  the  sine 
of  the  declination  of  the  satellite  with  respect  to  the  same  equator,  we  shall 
have;  Mec.  Cel.,  Tome  II,  p.  103, 


F  = 


mB^ 


^  •  (H  ■  i'^D- 


Taking  the  mass  of  the  planet  and  its  equatorial  radius  for  the  units  of 
mass  and  distance,  and  putting  Q'  =  If — p,  we  have 


r& 


Let  ^  be  the  distance  from  the  node  of  the  orbit  of  the  satellite  to  its  in- 
tersection with  the  equator  of  tbe  planet,  and  let  y  be  the  incliiiati<m  of  its 
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orbit  to  this  equator,  then  from  the  right  angled  spherical  triangle  we  have 

fx  =  sin^'sin  {u  —  ^) 
and 

/J?  =  J8in7^.[l — 008  2(u — j5)]. 

The  part  of  V  which  gives  the  secular  terms  is  therefore 

Let  A  be  the  inclination  of  the  equator  of  the  planet  to  the  orbit  of  the 
planet,  and  let  0^  be  the  longitude  of  the  node  of  the  equator  on  this  orbit; 
the  spherical  triangle  formed  by  the  three  nodes  gives, 

cos  7"  =  cos  (01 — 0)  sin  ^  sin  i  +  cos  ^  cos  t 
sin  7"  sin  ^  =  sin  ((7^ — 0)BinA 
sin  7*006^  =  co8{0i — (7)siniloosi  —  oos^sint. 

These  equations  give  the  means  of  expressing  sinj*  in  terms  of  0  and  i, 
and  hence  R^  becomes  a  function  of  the  elements  of  the  satellite's  orbit. 
The  values  of  ^  and  0^^  which  determine  the  position  of  the  equator  of  the 
planet  on  the  plane  of  its  orbit,  are  in  fact  subject  to  small  variations  simi- 
lar to  precession  and  nutation,  but  here  these  quantities  are  supposed  to  be 
constant. 

The  excentricities  of  the  orbits  of  the  satellites  in  our  solar  system  are 
generally  very  small,  and  if  we  neglect  the  squares  of  these  excentricities, 
and  omit  the  constant  part  in  i2^,  equations  (1),  (3)  and  (4)  give,  if  we  put 

^  -  8al(l-el)V 

^  -s     on       (^^\ 
dt         sini     \d0  / 

d0  __  an      /dB\ 
dt  sini     \  di  / 

B  =  §.  sint*— ^ .  sin  7^;  . 
It  =  Jc .  sin  «•  +  Jc' .  sin  j^. 


or  we  may  write 
Henoe  we  find 


(dli\  .    .       .       ,  /d.cosr\ 

-^1  s=  csmtcost — c^.oosy.f    "^^1. 

The  VAlne  of  MWf  gives 
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f  *   A  ^J  =  8m((?^ — 0)  Bin  A  sin  i 

I  '.  n  =  oofl((?, — (7)810  Joosf— cos^sint. 

The  other  equations  of  the  triangle  enable  us  to  change  these  values  to 

(d.cosrX  .        .... 

,^  '  ]  =  sm  7*  sm  j^  sin  t 

(d.oosrv  .  , 

We  have  therefore  finally 

di 

-T-  =  — ib'.  cosT'sin/'sinj^ 

at  cmf         ' 

where  h  and  V  have  the  values. 

These  are  the  formulee  given  by  Laplaoe,  Mec.  Cel.,  Tome  IV,  page  182, 
The  quantity  h  can  be  computed  accurately  for  all  of  the  principal  planets ; 
but  k!  is  not  so  well  known  since  it  depends  on  the  ellipticity  of  the  figure 
of  the  planet  and  on  its  law  of  density.  If  the  planet  has  other  satellites 
the  secular  perturbations  of  these  should  be  comprised  in  the  value  of  h'^ 
and  in  the  case  of  Saturn  V  would  include  also  the  secular  action  of  the 
Ring* 

The  Italian  astronomer  Plana  criticised  equations  (5),  and  considered 
them  erroneous;  but  in  the  Conn,  des  Tema  for  1829,  p.  245,  Laplace  has 
verified  his  first  proof  of  them,  and  has  given  also  the  simple  derivation 
from  the  formulae  of  Lagrange  which  has  been  followed  above. 

(3).  In  his  investigation  of  the  motion  of  the  orbit  of  Japetus  Laplace 
has  introduced  an  auxiliary  fixed  plane  passing  through  the  line  of  nodes 
and  placed  between  the  equator  of  the  planet  and  its  orbit,  the  angle  which 
this  plane  makes  with  the  equator  of  the  planet  depending  on  the  ratio  of 
k  to  jfc'. 

M.  Tisserand  has  employed  a  property  of  the  perturbati ve  function  which 
leads  very  simply  to  a  knowledge  of  the  curve  described  on  the  heavens  by^ 
the  pole  of  the  orbit  of  the  satellite.  If  e  be  the  mean  longitude  at  the  epoch, 
and  7t  be  the  longitude  of  the  inferior  apsis,  the  complete  difierential  of  JR  is 
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bat  for  the  secular  perturbations  we  have 


and  benoe 


da  =  0,-  and  —j-  =  0, 

dB=^.de  +^ .dr+^  .di+  ^ .dd. 
de  die  d%  du 


Now  we  bave  bj  the  theory  of  Lagrange, 

dR         /    _\  ^  1  /    a\  dd 
^  =  («.'r).^+(e,<?).^ 

dR         /_    V    de 
dR         /  •  a\    dd 

dR         la  •\    d%  t  fo    \     dc 
-g^  =(<?,.).  ^+(<?,  e)  .  ^. 

If  we  substitute  these  values  of  the  partial  derivatives  of  R  in  the  second 
value  of  dR  and  notice  the  well  known  relations 

(6,  n)  =  —  (tt,  e),  cfec., 

we  shall  bave 

dR  =  0, 

and  hence 

R  =s  constant 

From  the  value  oTR  that  we  bave  found  we  have, 

iE;  sin  t*  +  t'  sin  ;^  =  constant.  (6) 

If  a  satellite  therefore  be  acted  on  bj  the  two  disturbing  forces  that  we 
have  considered  the  pole  of  its  orbit  will  describe  on  the  heavens  a  spherical 
ellipse.  This  equation  shows  also  that  if  the  disturbing  force  of  the  sun  be 
aero,  the  orbit  of  the  satellite  will  have  a  constant  inclination  to  the  equator 
of  the  planet,  and  if  V  vanish,  it  will  have  a  constant  inclination  to  the  or- 
bit of  the  planet  The  real  position  of  the  orbit  of  the  satellite  will  depend 
oo  the  ratio  of  the  quantities  k  and  k',  and  for  this  ratio  we  have 

or,  since  the  man  of  the  planet  is  the  unit  of  mass,  and 

where  the  nnit  of  distance  is  the  equatorial  radius  of  the  planet    The  un- 
oertainty  of  this  ratio  lies  in  our  ignorance  of  the  ftctor  (p — }fp).    For  the 
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planets  Mars,  Jupiter  and  Saturn  the  quantity  (p  is  known  with  a  tolerable 
degree  of  accuracy,  since  it  depends  on  the  time  ot  rotation  of  the  planet 
about  its  axis;  but  the  value  of  p  must  be  inferred  from  the  probable  con- 
formation of  our  Earth,  or  from  some  other  analogy.  In  the  case  of  the 
exterior  planets  of  our  system  the  ratio  V-rrh  is  probably  large  for  all  the 
satellites,  with  one  exception,  and  for  this  reason  these  satellites  are  found 
nearly  in  the  equators  of  the  planets.  This  ratio,  it  will  be  seen,  varies  in- 
versely as  the  fifth  power  of  the  mean  distance  of  the  satellite,  and  it  is  on 
account  of  this  fact  that  Japetus,  the  outer  satellite  of  the  Saturnian  sys- 
tem, presents  an  exception  to  the  general  rule,  its  orbit  being  inclined 
nearly  fourteen  degrees  to  the  equator  of  Saturn,  while  the  next  interior 
satellites,  Hyperion  and  Titan  do  not  depart  more  than  one  or  two  degrees 
from  the  equator.     In  the  case  of  Japetus  Laplace  found, 

4^  =  0.4219, 
k 

which  is  too  large  on  account  of  the  uncertain  data  used  in  the  calculation. 
^M.  Tisserand  finds  from  Bessel's  value  of  the  mass  of  the  Ring  and  elliptic 
city  of  the  planet, 

^  =  0.2570; 

and  this  ratio  is  still  uncertain  since  the  mass  of  the  Ring  is  not  well  known, 
and  the  masses  of  all  the  satellites  of  Saturn  are  unknot.  The  better  way 
probably  would  be  to  determine  V  by  observations  made  at  two  distant 
epochs  which  would  enable  us  to  fix  the  position  of  the  node  at  those  epochs 
and  the  values  of  the  inclination,  and  by  comparison  of  these  values  we 
should  have  V.  In  order  to  distinguish  in  the  case  of  Saturn  the  different 
parts  of  V  it  will  be  necessary  to  determine  accurately  the  motions  of  the 
interior  satellites,  since  from  these  motions  the  mass  of  the  Ring  and  the 
effect  of  the  ellipticity  of  the  planet  can  be  found. 

For  the  application  of  equations  (6)  to  Japetus  we  need  the  values  of  the 
inclination  and  longitude  of  the  node  ot  the  orbits  of  Saturn  and  Japetus 
and  of  the  equator  of  Saturn  on  the  ecliptic.    Thes^  values  are  for  1880.0 

N.  J. 


Saturn 

112° 

36'.5 

2° 

29'.6 

Japetus 

142 

46.0 

18 

31.6 

Equator  of  Saturn 

167 

65.2 

28 

10.3 

The  solutions  of  the  three  spherical  triangles  formed  by  the  nodes  of 
these  great  circles  give 
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»  =  16®    25'.0 

r  =  13      41 .0 

{»  =  68      39.0 

A  =  26      49 .6. 

The  periodic  times  of  Saturn  and  Japetos  are 

ro=  10769.2198  days 
T  =        79.32936  "   . 
The  value  of  k  may  be  written^ 

.  _  3    r«  n 

For  Saturn  e^  =  0.0559966;  and  if  we  take  the  Julian  year  of  366.25 
days  for  the  unit  of  time  we  have  for  Japetus  n  =  696707r\2.  The  val- 
ue of  A;  is 

*  =  0.0000409661 .  n. 

Equations  (6)  give  for  the  annual  variations  of  i  and  0, 

M  =  —  46".260.-^ 

k 

J0  =  —  234".476+117".827  .^. 

k 

With  Tisserand's  value  ofk'  -^k  the  annual  motion  of  the  node  on  the 
orbit  of  Saturn  will  be  — 204'M94. 

For  the  outer  satellite  of  Mars  the  values  of  the  nodes  and  inclinations  on 
tjie  ecliptic  for  18^0.0  are: 

N.  J. 

Mars 
Deimos 
Equator  of  Mars 

With  r^ard  to  these  quantities  it  must  be  noticed  that  the  position  of  the 
equator  of  Mars  is  uncertain;  but  from  the  data  given  we  find^ 

f  =    24°  20^.0 

r  =      4  6 .6 

i  =  312  38  .6 

-4  =    27  16.9 

The  periodic  times  of  Mars  and  Deimos  are 

ro=:  686.97965      days 
r  =      1.2624350    '* 
and  in  the  orbit  of  Mars  ao  =  0.09328976;  and  for  the  satellite 

logn  sr  8.5739862. 


48° 

37'.9 

1° 

51'.0 

85 

37.4 

25 

47.2 

79 

89.0 

28 

50.0 
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The  value  of  ik  is 

h  »  0.0000025661722. n. 

and  equations  (6)  ^ve  for  the  annual  motions  of  »  and  0  on  the  orbit  of 
Mars: 

Ji  =  +  60".396  .  -f 

j^  =  —  876".736  +  112".630  .  -J. 

•         •  • 

The  node  would  have  therefore  a  retrograde  motion  bj  which  it  would 

complete  a  revolution  on  the  heavens  in  1478  years  were  it  not  for  the  in- 
fluence of  the  second  term.  In  the  case  of  Mars  the  value  of  the  ratio  k'-^h 
is  unknown,  but  probably  it  is  large  enough  to  destroy  the  first  term  in  the 
value  of  dO. 

(4).  To  find  the  equation  of  a  spherical  ellipse,  let  2a  be  the  part  of  a 
great  circle  forming  the  major  axis  of  the  ellipse,  and  let  2e  be  the  distance 
between  the  foci.  Denote  by  p  and  p'  the  arcs  drawn  from  a  point  on  the 
ellipse  to  the  foci,  and  we  shall  have  the  condition, 

/>  +  />'  =  2a. 

If  we  take  the  centre  of  the  ellipse  as  the  origin  of  the  polar"  spherical 
coordinates  8  and  F,  8  being  the  radius  vector  and  V  its  angle  with  the 
major  axis,  we  have, 

cos/t>  =  cos  iS^  cose  —  sin /8  sine  cos  V 
coBp'=  cos/S^cose  +  sin/8sin«oos  V. 
Adding  and  subtracting  these  equations,  and  reducing,  we  find 

cosKpW)=""^""', 

cosa 

«:«  1/^/     ^\      —  sin  /8 sin  e  cos  F 

sm  i(p'—p)  = -. ; 

sm  a 

and  squaring  and  adding  these  we  have  for  the  equation  of  the  dlipee, 

1  =  ??^.oosi8«+^i4. sin/S«oos  F«.  (8) 

cos  a"  smo*  ^  ' 

The  form  of  our  perturbative  function  is  the  same  as  that  of  equation  (8) 
since  it  may  be  written, 

B  =  iboost*  +  fcosy*  =s  c 

The  spherical  ellipse  will  be  symmetrical  with  respect  to  the  great  circle 

joining  the  pole  of  the  orbit  of  the  planet  to  the  pole  of  its  equator,  and 

therefore  the  centre  of  the  ellipse  will  be  on  this  circle  and  between  these 

poles.    To  find  this  centre  M.  Tisserand  proceeds  as  follows;  let  ij  and  t/ 
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be  the  distanoeB  of  the  centre  from  the  pole  of  the  orbit  of  the  planet  and 
from  the  pole  of  the  equator.    Then 

7  +  7'  =  ^. 
We  shall  have  from  the  spherical  triangles 

cost  =  co63^co6/8 —  sins;' sin /SoosF 

COST*  s=  coBT]  O0&  8  +  sin  3;  sin fi^ cos  V. 

The  equation  of  the  ellipse  will  lie 

k{coBifcoB8 — sin 37' sin S cos  F)*  +  *'*(co®7cos/8^+sin7sinflfcos  Vf  =  0. 

By  equation  (8)  the  coefficient  of  sin  8  cos  800A  V  must  be  zero.    Hence 

— 2A.cos3y'  sin  j/  +  2k^.coBTj^Tj  =  0, 
or 

jb.sin  2{A  —  7)  s=s  X/jsin  2];, 
and 

X       o-  i.sin2-4 

The  angle  tj  is  the  same  as  the  angle  0  used  by  Laplace,  Me'c.  Celeste 
Tome  IVy  p.  178.  For  two  satellites  of  the  same  planet  the  ratio  it/  -s-  ife 
will  vary  inversely  as  the  fifth  power  of  their  mean  distances.  If  we  assume 
for  Japetus  this  ratio  to  be 

A'  =  0.2570,       , 
its  value  for  Rhea,  the  fifth  satellite  of  Saturn,  will  be 

H^ce  7]  =  22'^9  ;  or,  for  an  observer  on  our  Earth  Rhea  will  move 
sensibly  in  the  equator  of  Saturn.  For  Titan,  the  large  satellite  next  be- 
yond Rhea,  we  have 

Hence  tj  =  1520^^6.  This  is  smaller  than  the  value  given  by  observa- 
tion, and  indicates  that  the  assumed  ratio 


4-  =  0.2570 
k 


is  too  great. 
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CENTRIFUGAL  TIDES. 


BT  PBOF.  ABAPH  HALL. 

The  earth  and  the  moon  move  in  ellipses  around  thdr  common  centre  of 
gravity,  the  time  of  revolution  being  27.82166  days.  If  we  take  the  mass 
of  the  earth  as  the  unit  of  mass,  the  mass  of  the  moon  will  be  m  =  -^;  and 
the  centre  of  gravity  will  be  2912  miles  from  the  earth's  centre,  and  6875 
miles  from  the  further  side  of  the  earth.  Let  a  be  the  distance  of  the  moon 
from  the  centre  of  the  earth,  and  take  the  radius  of  the  earth  for  the  unit 
of  distance;  then  the  difference  of  the  attractions  of  the  moon  on  the  centre 
of  the  earth  and  on  opposite  points  of  its  surfiuse  will  be, 

m      m^      m{2a — 1) 

Jo— if         a*  €^.(a—lf 

—     ^       ni{2a  +  l) 

a>  {a+iy  ~  a\{a+lf 

Since  a  =  60.267,  if  we  n^lect  the  units  we  have  for  the  approximate 
value  of  this  difference  2imrHif.  Now  the  attraction  of  the  moon  on  a  poini 
of  the  earth's  surfisuse  ninety  degrees  from  the  line  joining  the  centres  tends 
to  increase  the  attractive  force  of  the  earth  on  this  point,  and  it  is  found 
that  the  preceding  expression  becomes  Sm-i-cfi, 

If  we  call  m'  the  mass  of  the  sun,  and  a'  its  distance  from  the  earth,  we 
have  likewise  8m'  -r-  a'^  for  the  difference  of  its  attraction  on  the  centre 
of  the  earth  and  on  a  point  where  the  line  joining  the  centres  .me^  the 
earth's  surface.    Also 

m'  =  324439;  a'  =  23340.9 

Turning  these  expressions  of  the  disturbing  force  into  numbers  we  find 
that  the  ratio  of  the  moon's  disturbing  force  to  that  of  the  sun's  is  2.212 ; 
and  that  the  combined  disturbance  of  the  sun  and  moon  on  a  point  of  the 
earth's  surface  situated  on  a  line  joining  their  centres  is  only  0.0000002468 
of  the  attraction  of  the  earth  on  the  same  point 

The  general  expression  for  the  centrifugal  force  is  v'-fr;  v  being  the  ve- 
locity of  the  particle  and  r  the  radius  of  curvature  of  its  orbit  K  <  ex- 
pressed in  seconds  be  the  time  of  the  revolution  of  the  earth  around  the 
centre  of  gravity  we  have 

t  s  2360691.4 

27rr 
„  =  _. 


r  ^  MT^xSaV;  nd  if  w  aotiic  that  Ibe  earth's  gnriiatiag  Ibree  ■ 
■nd  ib  Ac  w  «7  H  3i4  «e  find  ibr  tbe  «ntrifa1  fom  aOOOOOMM. 
Tk*  — ^'^tr'  ti<U  6n«  is  tfacRfem  owrlfSS  timv  as  gnat  k  ttw  eoai- 
btDad  tUU  San  of  tha  son  hkI  iDOon,  sBd  sbcnM  produce  u  «KinK« 
M»»mtfaf9mriimmaboKAatim.  Bat  w«  know  that  do  such  tide  tx- 
■b  Wm  — e  qpe  ihmfow  point  oct  the  fiUlacr  of  the  above  reMoaii^. 
Sacfcia  iaevMigKtiaa  vfll  not  be  ii9et«ss,  smoe  the  oeotriliigal  theoiy  of  the 
tiim  it  iocli  aa  atttactiTe  one  that  it  is  freqaentlv  given  in  boois  on  po^ 
alar  atfnaaa^,  sod  it  is  contiDaall;  coming  op  in  oar  popular  ecMnttfto 
job:^*  aod  irt  the  lueetiiiga  of  onr  srieotifie  associatioos. 

[%anBe  the  eoitzifi^al  fbtce  of  a  particle  caoviug  in  a  cirr-Je,  under  &e 
■■■■■^■i  flf  an  Bttnctiog  body,  is  a  function  ot  the  wJocity  of  the  partide 
and  of  Ae  tadhe  of  cnrvatnre  of  ite  path ;  thei«fore  the  orntrifn^l  force 
oa  oalf  THy  intb  the  Tariatlan  of  one  or  both  of  these  elements.  Bat  in 
Ae  reralotiao  of  the  earth  about  the  cMsnion  center  of  gravity  of  the  earth 
■ad  ■OOD  there  ia  nu  rotation  of  the  earth  about  that  renter;  thcrvlbra  in 
lUa  mohitioo  aU  points  of  the  earth  nio%-e  in  similar  and  eqnat  rurve«,  and 
Ae  ndioB  of  eorvatnie  of  these  car\-es  is  not  r  =  6876  miles  but,  approx- 
r,r  =  95,OOJ,000  miles ;  for  the  earth,  in  consequence,  moves  around 
the  ean  in  a  disturbed  ellipse.  Ami  in  this  disturlted  orbit,  though  the 
ceatrifbgal  force  of  the  eailb  varies  glightly  at  conjuuctiou  and  nji|ioi!iitiou 
of  the  son  and  moon  in  oonsetiucnce  of  a  variation  iu  its  radius  of  curt'nture 
and  velocity'  at  those  periods,  all  its  parts  move  with  the  same  velocity  and 

I  ponUlel  carvffl ;  therefore  this  disturbance  can   have  no  efTiH-t  ou  tiio 
B  except  through  the  variable  attraction  of  the  sun  and  mouri. 

The  bllacy,  manifested  by  the  result  in  the  foregoing  argiiniL-nt,  oonaista 

efore  in  the  application  of  the  formula  r\ 

tned  that  the  earth  revolves  around  the  common  center  of  gravity  of  the 
1  and  moon,  as  the  moon  does,  making  one  rotation  on  its  axis  wliile 
it  c»mpletes  one  revolution  in  that  orbit. — Ed,] 


4 
4 
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1.  Herschel's  confirmation  of  the  hypothesis  of  Grove  and  Fresnel,  by 
computing  the  relation  of  sethereal  elasticity  to  density  from  the  formula 

2.  The  demonstration  by  Peirce  and  Helmholtz,  that  all  the  energies  of 
solar  heat  can  be  explained  by  gradual  contraction  of  solar  mass. 

3.  My  own  application  of  the  formula  of  projectile  velocity,  v  =  ^^  to 
determining  the  velocity  of  projection  of  the  solar  particles  from  the  c  g  of 
the  system,  and  my  demonstration  that  t;  ==  velocity  of  light  if  ^  =  time  of 
solar  rotation,  and  g  =  superficial  gravitating  reaction  against  the  action  of 
sethereal  undulation  at  the  c.  g.  of  the  system. 

4.  My  demonstration  of  interstellar  parabolic  action,  in  fixing  planetary 
positions  in  accordance  with  the  laws  of  harmonic  vibration,  the  parabolic 
elements  being  solar  mass  and  velocity  of  light. 

I  enclose  my  latest  approximation  to  the  harmonic  abscissas  [see  Proceed- 
ings of  the  Amer.  Philos.  Soc.,  June  1881,  pp.  446-448],  and  subjoin  some 
newly-discovered  evidences  of  the  influence  of  parametral  vis  viva. 
Taking  $  =  J,  7  =  .9758534,  jf  =  2pS=^  i(6.950342), 

2p  =  5.950342. 
In  the  primative  cometoid  nebula,  let  us  investigate  nucleal  tendency  in 
the  axis  of  abscissas,  in  the  following  order;  Neptune  (N),  Jupiter  (J),  Mars 
(M),  Sun  (S),  Mercury  (Me),  Venus  (V),  Earth  (E),  Saturn  (8),  Uranus 
(U).  Let  secular  perihelion,  mean  perihelion,  mean,  mean  aphelion,  secu- 
lar aphelion,  be  designated  by  subscripts,  1,  2,  3,  4,  5,  respectively. 
Then  if  a?  =  JEg,  2p«  =  5.950 

J^  +  E^  =i  5.954 
^3  +    F4  =  5.953 
J^  +  Me^=  5.975 
N^  -  U^  =  11.910  4p  =  11.9 

U^—8a^=  1J.945 

J7i  =  17.688  6p  =  17.85 

JV,  =  29.732  lOp  =  29.75 

if  J  +  ^4  =  2.437  i/(2|>)  =  2.439 

/j  =  4.886  2/(25>)  ==  4.879. 

If  a;  =  Jfg,  2pa?  =  9.066  8a^  =  9.078. 

If  a?  =  JIfg,  2px  =  10.332  8a^  =  10.343. 

If  a?  =  /a,  2pa:  ==  29.622  N^  =  29.732. 

If  a;  =  /&I4,  2pa?  =  59.504  2^^  =  59.465. 

If  a;  =  Jfej,         2pa:  =  1.770  Jf^  =  1.736. 


Flint  £.  Chase. 


Haverford  Coll^,  Sept  27, 1881. 
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EumtR  Analyst  : 

What  you  represent  as  my  correction  [see  p.  176]  to  362  is  not  aocepted. 
The  only  corrertion  I  can  admit  to  my  origiual  solution  is  that  of  introdu- 
cing the  probability  of  selecting  a  second  chord  equal  to  the  first,  wliieb  is 
2tLp  H-  !?.  as  given  in  your  6rst  bitter  of  objection  to  that  solution.  You 
gare  DO  reason  that  2<jy) -^  ;r  is  this  probability.  The  reason  however  is 
pven  at  length  in  my  revised  solution.  And  the  reason  for  the  contingent 
probftbility  2^-Mi,  is  given  at  length  in  my  original  solution. 

My  objection  to  your  coDHtruction  on  page  160  is  that  the  chorrls  should 
be  dnwu  from  every  point  on  the  circumference  of  the  circle  AC  to  every 
Mber  point  on  that  circle  at  the  distance  2^Csin  f  from  the  first  one,  in- 
stead of  tangent  at  every  point  of  circumference  of  the  circle  CD.  The  whole 
DQinberiD  the  one  case  being  proportional  to2rdC,  and  in  the  other  2nCD. 

K.  J.  Adcoce. 

Rweville,  III.,  Sept  24,  1881. 


INFINITE  SERIES. 


BY  PROP.  L.  Q.  BARBOUR,  RICHMOND,  KY. 
[  To  find  th«  sbm  of  an  infinit  number  of  t«rms  of  the  series 

1.3^6.7^9.11  ^  13.15^17.19 
FiMt  calcnlate  directly  the  sum  of  these  five  terms  =  .-380229950.    Next 
D  find  the  sum  of  ^^yg  &c.    Let 

o  _       1       ,       1       ,       1       ., 


By  the  formula 


p\n      1 


+pi' 


Now  rinoe  ^ — ^  is  nearly  midway  betweeu  ^—5*^  add  ^-^,  as- 
«"«  A-A  =  J(A— A+A-A)-     So  also  assume 

A— A  =  KA — A+A~A)i  and  so  on. 

.•.2.9=i_±  +  l_i  +  l_> 
21       13  ^26       27  ^  29       31' 
Then  the  sum  of  the  new  reries  fy—^+^-^  &c..  =  J(A-A)  +  A 
V+A — A*<"-  =  2S  —  i[^  —  jlj).     Adding  the  two  Meries  we  have 
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^-iiih-i^)  =  iir-ih+is-is+ih  &c.);  .••  45  =  hiir-h)  +  ^ 
=  i^-i-A-    S  ^  lir-h^  =  .012422360 
Add  sum  of  first  five  terms  =  .380229960 

.392652310 
True  result  =  .392699082 


Error  .000047372 

A  closer  approximation  could  be  obtained  by  going  farther  down  tbe  line 
and  adding  directly  the  first  six,  seven  or  more  terms.  Thus  take  six  terms, 
the  last  one  being  -^-^.-^'f  add  f  of  ^  and  subtract  i  of  ^  and  we  get  the 
sum  =  .392670714;  the  error  =  .000028368. 

But  there  is  a  more  rapid  method  of  approximation.  The  sum  of  the 
first  six  terms  is  .382300343.  Then  ^.tt+Wtt  *«•  =  KA~iiV+A— 
■^  &c.)  =  J.^ — J(^ — 2^+^  ^O-  ^^^  i«^6  to  ^^^  su*^  of  the  first  six 
terms  and  we  get  .402300344.    We  have  now  to  subtract  J(^ — A^+A — 

^  &c )  =  f.^— i.^.        .402300343 

•      —.013888888 

.388411455 
.004310345 


.392721800,  a  result  too  large  by  .000022718 

.392670714  =  former  result 

.392696257  =  average 
.392699082  =  true  result 

.000002825  ==  error. 

The  reader  may  be  curious  to  know  how  the  true  result  referred  to  is  ob- 
tained. Develope  tan^^a;  by  Maclaurin's  theorem.  It  is  equal  to  x — Ja?* 
+^x^ —  ^-     Le*^  the  arc  =  45°  =  J;r ;  r .  x  =  1; 

•  •  •  •"  ^^°  = '-S+H  *«•  =  2  { o+o+ra  *"■ }  • 

Hence  divide  3.1415962535  by  8  and  we  find 

^  +  J_4  JL.  <fec.  =  .392699082  =  arc  of  22J°. 


1.3  '  6.7  '  9.11 

But  this  method  by  the  Calculus  is  not  general.  The  Algebraic  method 
just  given  is  not  beyond  the  reach  of  the  student  in  Algebra,  and  admits 
moreover  of  quite  a  wide  extension. 

Thus  to  find  the  sum  of 


1.3  '  7.9  '  13.15  '  19.21 
The  sum  of  the  first  four  terms  =  .356840768,  and  by  a  prooess  analo- 
gous to  the  foregoing  we  find      /g=  .007160494, 
and  the  required  sum  is  .364001262. 
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SOLUTIONS  OF  PROBLEMS  IN  NUMBER  FIVE. 


Solutions  of  problems  in  No.  5  have  been  received  as  follows : 

From  Prof.  W.  P.  Casey,  369,  360,  361 ;  Creoi^  Eastwood,  361,  363; 

H.  Heaton,  366,  367,  A.  Hall,  Jr.,  367,  W.  E.  Heal,  360,  362,  367;  Prof. 

P.  H.  Philbrick,  362;  Prof.  E.  B.  Seitr,  360,  363,  367;  Thomas  Spencer, 

367 ;  Prof.  J.  Scheflfer,  360,  364,  367 ;  R.  S.  Woodward,  360,  362,  364, 

367. 


359.  "Find  the  greatest  and  least  nninber  of  balls  of  equal  diameter 
(radius  r)  that  can  be  put  in  a  given  box,  a  feet  long,  6  feet  wide  and  o  feet 

high." 

ANSWER  BY  PROF.  W.  P.  CASEY,  SAN  FRANCISCO,  CAL. 

Balls  whose  diameters  are  equal  to  the  greatest  commoD  divisor  of  a,  6 
and  c  will  give  the  least  number,  and  those  whose  diameters  are  equal  to 
the  least  c.  d.  of  a,  6  and  c  will  give  the  greatest  number.  The  various 
forms  of  this  question  lead  to  a  long  discussion. 

360.  "Prove,  of  all  spherical  triangles  of  equal  area,  that  of  the  least 
|)erimeter  is  equilateral". 

SOLUTION  BY  PROF.  J.  6CHEFFER,  HARRI8BUR6H,  PA. 

Since  the  area  is  to  be  constant,  the  spherical  excess  will  also  be  constant, 
and  consequently  the  three  angles;  hence,  putting 

A  +  B  -^  C  ^  28,  (1) 

.S  is  constant.     Denoting  a+6+c  by  2«,  we  have  the  formula 
tanU«  =  tan  J(S-|;r)  tan  \(8—C+\7:)  tan  \(8-B+ln)  tan  |(Sf— ^  +  i^) 
which  may,  without  di£Sculty,  be  derived  from  L'Huilier's  formula. 
Consequently 

Jf  =  tan  J(S-  C+\7t)  tan  §(S— £+ Jtt)  tan  \(8—A+\n)  (2) 

most  be  a  minimum. 
Considering  A  and  B  the  inde{)endent  variables,  we  obtain 

dM _  _j.tan|(fl^— C+^;r)  _  y  \B:i\\(8—A+\n)dC 
dA  *co8*|(i8-i+i7r)      2co8»i{/8— '(7+i7r)(f^' 

4^=  _  1  ton  ¥<S- C+^tt)      ^  tan  i{8'-B+\7:)dC 
dB  icos^^S— B+Itt)      ^w^^8^C+\'7:)dB' 

From(l)  ||=_l,   ^  =  -1. 
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Subetituting,  putting  the  difi*.  coef.  =  0,  and  clearing  of  fractions,  \ 
obtaia  the  two  equations :  , 

9in(S— C-fi;:)  =  sin  (S— vl+^ff), 
8iE{S— C+^ff)  =  sin(S— -B+i;:). 
Wherefore  A  =  B  =  C,  and  the  triangle  is  e<]uiangular  ao<l  confi^iK 
\j  equilateral. 

BOLtmOfJ  BY  W.  E.  HEAL,  MARION,  ISD. 

The  area  of  a  epherical  triangle  T,  whose  Bides  are  «,  b,  c,  is 
tan  ^A{T)  =  ,/[tan  ^s  tan  \{s—a)  tan  \{8—b)  tan  J(«-c)]. 

If  the  perimeter  P{T),  =  2«,  is  constant  this  area  will  be  the  greatest 
when  the  three  factors,  tan  \(a — a),  tan  \{a—  b),  tan  ^(«— o),  are  equal ;  and 
if  we  suppose  that  each  side  of  the  triangle  is  less  than  ir  it  follows  thi 

Now  suppose  f,  is  an  equilateral  triangle  having  the  same  area  as  T, 
is  A{T)  =  A{tj^).  Also  let  (5  be  an  equilateral  triangle  having  the  ; 
perimeter  as   T,  that  is  P{T)  =  P{l^).     Then  by  what  precedes  we  1 

have  A{T)  <  A(l,), 

.-.  A{t,)<Ait^), 
.-.  P{l,)<P(t,), 
.-.  P(/,)  <  P(T).    Q.  E.  D. 


reaiesi 
;  and       | 

m 


;i61.  "A  right  cone,  radius  of  baseif  and  altitude  a,  is  pierced  by  a  cyl- 
inder whose  radius  is  r,  the  axis  of  the  cylinder  intersecting  the  axis  of  the 
cnne  at  right  angles  and  at  a  point  whose  distance  from  the  vertex  of  the 
cone  is  b.     Required  the  solidity  common  to  the  cone  and  cylinder," 

SOLUTION  BY  PHOP.  CASEY, 

I^t  ABC  be  the  cone,  M  the  center  of  its  base,  MC  ^  H,  MB  =  a,  and 
let  npiom  represent  the  solid  common  to  the  couel 
and  cylinder ;  vxm  and  pyie  are  erjual  aemi-ellipses.  I 

As  BO  =  b,  and  the  radius  of  the  cylinder  is  I 
given  ^  r,  .'.  np  and  mw  are  known  lines,  and  by  f 
well  known  properties  in  descriptive  geometry  the  I 
ellipses  which  Ibrm  the  ends  are  given.  Then  if  wel 
pass  a  plane  through  the  clement  AB  perpendicular  I 
to  the  plane  ^£C' and  conceive  the  lateral  surface! 
of  the  cylinder  to  intersect  in  the  ellipse  TWnt,  andl 
do  the  same  at  the  other  end,  forming  the  ellipse  I 
phwtl,  we  will  have  a  solid  whose  ends  are  planel 
surfaces  bounded  by  ellipses ;  and  as  all  the  dire 
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a  of  this  Bolid  are  known,  its  volume  is  easily  found  ;  and  as  all  the  di- 
toensions  of  the  uagula  nxmn  are  knowD,  its  volume  may  be  fouud  ;  and 
■  tfaereare  four  of  ^uch  ungula,  subtracting  tbeir  sum  from  the  volume  of 

i  we  get  the  re<)uired  volume. 

362.     "A  section  of  an   embankment  is  a  feet  long;  the  top  width  of 
bolb  ends. is  6  feet ;  the  width  of  the  ends  at  bottom  is  c  aud  d  feet,  respec- 
tively, and  the  corresponding  depths  of  the  ends  are  e  and  7  lect.    Develop 
"l  Rule,  and  give  the  contents." 

8OLDTIOS  BY  PBOF.  p.  H.  PHILBEICK,  STATE  DNIV.,  IOWA  CITY. 

The  bottom  width  at  a  distance  x  from  first  end  ^  c  +  x{d  —  c)-f-a,  and 
e  depth  at  the  same  point  ^  e-^-xig — e)-E-a.     Therefore 

iVol.  =  l[j+c+?(i-.)][.+  ^(!,-.)]d. 

fa^be  +  o'cc  +  aedx  -\-  cex^  ^ 
J     I  +  oAffa;  +  dgx"^  \ 

—  obex  —  dex^ 

l_  —  2aoex  \ 

,    -rr  \    1    r{a*be+a'ce)a+(aed-i-abi/-\-acff — abe—2ace)^''^ 

'   '     "■  ~   2a^\_+(d;f+c€—cg^de}^a^  J 

=  ^^3be'^^+2<:e'i-2dg+ed+eg) 
=  -jii<(Hc>+{A+d).'/+(26+c+d)(e+5)]- 
Bat  {b+e)e  =  twice  the  area  of  the  first  end  =^  2.A,  sslj,  and 

lb+d)g  =     "  "  second  "    =  2A,    "  . 

Again,  the  width  at  the  middle  section  =[i(o  +  rf)+A]-^2=J(26+o-l-cf); 
J  the  depth  =  l(e+;fl  and  therefore  {2b-i-c-i-d)(e+g)  =  eight  times  the 
■  of  the  middle  section  =  83/  say. 

.-.  V  =  ^{2Aj+SM+2A2)  =  ^a(A,-i-4M+A^), 
8  known  as  the  Prlsmoidal  Formula. 


"The  tangent  at  one  end  of  a  chord  of  an  ellipse  Is  parallel  to  the 
tt  jt^ing  the  <ither  end  with  a  fixed  point  within  the  ellipse.  Show  that 
Binn  of  the  li>cus  of  the  middle  point  of  the  chord  is  one  half  the  area 
irUw  ellipw." 


80LCTI0S  flY  PHOF.  E.  B.  8EITZ,  KIRKSVILLE,  MO. 

Let  C  be  the  center  of  the  ellipse,  Q  the  fix- 
ed point,  Pany  point  of  the  ellipse,  DI>'  the 
chord  through  Q  parallel  to  the  tangent  at  P. 
and  M,M'  the  middle  points  of  the  chords  P/J 
and  PD'.  Draw  the  diameter  BB'  through  i 
Q,  and  the  diameter  AA'  conjugate  to  BB'. 

Let  CA  =  a,CB  =  A,  CQ  =  c,  lACB  =  \ 
1^'',  and  let  (a  cos  if\  b  siu  f)  be  the  co-ordinates  of  P,  reftirred  to  AA'  and 
BB',  (x,  y)  those  of  D  or  D',  and  (x',  y')  those  of  M  or  M'. 
Then  the  equation  of  the  ellipse  is 

ay  +  6V  =  n'6»,  (1) 

and  the  eq.  of  DD'  is 

aysioip+bxcosf  ^  ac  sin  ip. 
From  (1)  and  (2)  we  readily  find 

y  ^  e-  sin'jc+cos  ^ i/(6* — o'sinV). 
bx  ^  aosin  y  cosTasin  ^(/{^ — bhia^if, 
the  upper  sign  being  taken  for  D,  and  the  lower  for  D'. 
Hence  we  have 
26ar'  ^  b[a  cos 'f-\-x)  ^  aicos^c-j-trcBin  ^  cos  ^+0 sin  y'v'(t' 

'=  i  ein  ^  -j-y  =  6siny   -t-  osiDyrtco3yj/(6'— Ain'^p), 
2dy'  ^^^cos^cf^-f^BiQ  ^co3yirfy^8in^p/(6* — t^m'^)d(p 

^c'sin  y'cosdp  -f-  |/(6* — o*siu"f3 
Therefore  the  area  of  the  locus  of  M  or  the  locus  of  M'  is 


I  ar'sin  f''  dy'  =  J     \  ^ob 
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y  =  ¥«*'  +«-")• 

This  is  the  equation  of  a  catenary  whose  directrix  is  the  axis  of  x.    The 
lyii^  between  the  curve  and  the  axis  of  x  for  the  limits  o{  +  x  and 

Tlietefbre  the  area  within  the  curve  between  the  limits  -fa;  and  — x  is 

ie{e+  *  +  6-^)  —  («j+  '  —  e-') 

=  c+*(a;  —  l)+e-'{x  +  1). 
The  length  of  the  curve  between  a?  =  0  and  a;  =  ±  a;  is 


x=4-x 
0 

365.     "Show  that 


O'+l^)'-^ =«'--«")• 


'y'{l—c).d0  _       n 


P'l/(1' 
J  .    1  — 


0    1  — CC08*/?         i/(2n) 
when  c  is  indefinitely  nearly  equaj  to  unity,  n  being  a  positive  quantity.'' 


r. 


SOLUTION  BY  H.  HEATON,  LEWIS,  IOWA. 

0    1 — c  cos  d 


=  l(^'  //(I— c).dg^l/(l>c)[n-l  +  (fi^2)c"oosg , . .  +c  '^  cos^"-»>g]dg\ 
®    \1 — C*»COS  d  1+C»  COS  /?  .  .  .  c~»~  oos^'^i^tf  / 

But  the  second  member  on  the  right-hand  of  this  equa'n=0  when  c=l ; 
because  it  does  not  take  the  form  ^  dd  for  any  value  of  0.    Hence 

_    iy/q^c)  -  /|/(l-c»--)tan^gx 

n|/(l-c»-»)  \         i/(l— c)        7 

^  2v/(l+c'-^-+c»^".>.+c<'>-i>^) ^^_ J /i/(l+c'-^'>)tnlg X 

n|/(l-hc»-^)  I       1/(1— c)        j 


l/(2n) 
367.     **Prove  the  equation 


when  c  =  1, 


Jog  (^~i4^^^*)  =  — 'y^+i^*— J^y^H-  etc. 

—  23;  cos  X — J  23;^oos  2a;  —J  23;^ooe  3a? — etc. 


•  =«0  .y,2«  <=«0  9y)» 

=    2'(— l)«l-_   l-^oosit. 
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.SOLUTION  BY  THOMAS  SPENCEB,  SOUTH  HEBIDEN,  OONN. 

From  Trigonometry  we  have  the  expansion 

:= — ^?  ^"^  ^  =  3y  Sin  a;  +  3;*  sin  2a?  +  w^sin  3a;  +  Ac. 

1 — 2j;co8a;+i;2        '  '  ' 

Multiply  both  sides  of  this  equation  by  2dby  and  integrate,  we  have 

log  (1  —  217  cosa?  +  jy*)  =  — 23y  00s  a?— J  2iy*  cos  2a;— J  2i^coe3a;—  Ac. 

Also  we  know  that 

Jog(l  +  rt)  =  ^^-W  +  J7»  — Ac. 
Therefore  we  have 

log(l— ji«»a;)  =  log  (1— 2^0083;  +  3y«}  —  log  (1  +  3y«) 

—  2i;co6a;  —  J23fcos2a;  —  ^27*00633;  —  &c. 
t=l  t        t=l  t 

SOLUTION  BY  H.*  HEATON. 

Because  2  cos  a;  =  e*^"^  +  e"'^^^  ;  therefore 

'^g  (^-1+^  cos  a; )  =  log  [1+^-  rjie'^-''  +  e-^-i  )]  -  log(l  +7/^) 

=  —  log(l+r/)  +  log (l-7c*^"i )  +  log (1— ^e-'^-i) 

=  —  5?'  +  i^y*  —  J3?*  +  Ac. 

—  2];co6a;  —  ^2]^cos2a;  —  J  2^^ cos 3a;  —  Ac 

PROBLEMS. 


368.  By  Prof.  J.  Scheffer. — In  a  quadrilateral  ABCD,  the  diagonal  AC 
makes  with  the  sides  the  four  angles  CAB  =  a,  ACB  =  )9,  ACD  =  y*, 
CilZ)  =  d.  Find  the  angles  which  the  other  diagonal  BD  makes  with  the 
sides. 

369.  By  R.  J.  Adcoek. — Show  that  the  radius  of  curvature  of  an  ellipse 
equals  the  cube  of  the  radius  vector  divided  by  the  rectangle  of  the  semi 
axes ;  the  radius  vector  being  through  the  centre  at  right  angles  to  the  ra- 
dius of  curvature. 

370.  By  Prof.  Edmonds. — Divide  a  right  angle  into  three  parts  a,  )9,  y, 
such  that  (oos  a)'T-  m  =  (cos)9)  -j-  71  =  (cos  y)  -«-p. 
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371.  By  Prof.E.  £.  Seifz. — ACB  is  the  quadraEtof  a  circle,  Otheceo- 
!er  of  its  inscribed  circle;  Oj,  0^,  0^,  ...  0,  are  the  ccDtere  of  a  series  of 
circles,  each  of  which  touchy  the  preceding,  the  arc  AB  and  the  radius  A  C, 
the  circle  Oj  touches  the  circle  O;  and  OH,  OjH^,  O^H^,  .  .  .  0,H-  are 
the  perpeudictitars  on  AC,  or  the  radii  of  the  inscribed  circles.     \t  AC=r 

10,11,  =  x„  and  CH,  :  0M..=  «..  prove  that 
«,  =  }(|/2  +  !)»■*'  -  i(l/2  -  1)^"-^' , 
3' 
witl 
u>e; 


"  2  4-  (i/2  -r  1)'*^»  +  (v'2  -  1  )'"*' 


372.  By  William  Hoover,  A.  M. — A  hemisphere,  radius  r,  is  resting 
rith  its  convex  surface  on  two  planes,  one  perfectly  smooth  and  inclined  to 

the  horizea  at  an  angle  a,  the  other  being  inclined  at  an  angle  ^;  if  m  be 
the  c(<efficient  of  friction  between  the  latter  and  the  hemisphere,  what  is  the 
pofiitioD  for  rest? 

373.  Selected  by  Prof.  Eddy. — Two  particles  of  masses  m  and  in'  respec- 
tively, are  connected  bj  a  string  passing  through  a  small  fixed  ring  and  are 
held  so  that  the  string  is  horizontal ;  their  distances  from  the  ring  being  a 
and  a',  they  are  let  go.  If,oand  p'  be  the  initial  radii  of  curvature  of  their 
paths,  prove  that 

I  ™=™'and-  +  —   =-  +  i 


^V  374.  By  R.  8.  Woodward. — Prove  Ist,  that  the  probable  error  of  any 
tabular  %'a1ue  in  a  table  of  logarithms,  trigonometric  functions  etc.,  is  0.25 
of  a  Doit  of  the  last  decimal  place,  supposing  this  place  correct  to  the  near- 

test  puit;  2nd,  that  the  average  of  the  squares  of  probable  errors  of  interpo- 
lated values  depending  on  first  diSbrencee  only  is  ^(0.25)'. 
AsNOUXcEMENT  OF  Voi,.  IX. — As  this  No.  completes  the  8th  annual 
iroIuDie  of  the  Analyst,  we  are  pleased  to  say  to  our  readers  that  we  have 
BO  tfaoDght  of  abaodoDing  the  publication,  so  long  as  we  continue  to  receive 
the  BQpport  and  encouragement  of  the  many  able  mathematicians  who  give 
character  to  onr  publication  by  their  contributions  to  its  pages. 

The  publication  of  the  Analyst  was  commenced  with  no  exalted  expec- 

talioos  of  sufx-ess,  as  the  history  of  like  publications  in  this  country  attests 

the  difficulty  of  sustaining  a  periodical  devoted  exclusively  to  severe  and 

acieutilic  research. 

It  is  therefore  with  some  degree  of  gratification  that  we  are  able  to  state 

|4faat  the  publication  has  been  thus  far  conducted  without  pecuniary  loss. 
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Though  our  subscription  list  is  not  large  yet  an  examination  of  the  pub- 
lished volumes  will  show  that  we  number  among  our  contributors  many  of 
the  ablest  mathematicians  and  astronomers  in  America,  besides  several  em- 
inent Europeans.  And  it  is  with  considerable  satis&ction  that  we  have 
been  able  to  present  to  our  readers  eight  annual  volumes  made  wholly  of 
original  contributions,  with  a  few  translationa.  For  this  we  take  no  praise 
to  ourself  but  freely  acknowledge  our  indebtedness  to  our  learned  and  liberal 
subscribers. 

We  shall  commence  the  ninth  volume  of  the  Analyst,  therefore,  with 

confidence  that  the  friends  who  have  thus  far  stood  by  us]will  continne  their 

patronage  and  support,  and  that  many  new  names  will  be  added  to  our  list 

of  subscribers  and  contributors  to  Vol.  IX. 

J.  E.  Hendricks. 

P  UBLICA  TIONS  RECEIVED. 


A  Treatise  on  the  Calculus  of  Variations,  By  Lewis  Bufpett  Carll^  A.  M.  8vo.  568  pp. 
New  York:  John  Wiley  &  Sons.     1881. 

In  this  volume  the  author  has  presented,  in  concise  and  elegant  style,  all  the  important 
applications  that  have  been  made  of  this  abstruse  branch  of  analysis,  and^has  illustrated  the 
several  principles  which  embody  the  science  by  the  discussion  of  71  special  problems. 

The  publishers  have  manifested  their  appreciation  of  the  permanent  value  of  this  book  by 
the  superior  paper  and  faultless  typography  in  which  it  is  brought  out. 

An  Elementary  Treatise  on  the  Integral  OalculuSf  Founded  on  the  Method  of  RateSf  or  Fluxion». 
By  William  Woolsey  Johnson,  Professor  of  Mathematics  at  the  United  States  Naval 
Academy,  Annapolis,  Maryland.   228  pp.  8vo.  New  York :  John  Wiley  &  Sons.  1881. 
The  author  of  this  book  is  so  well  knoiim  to  the  readers  of  the  Analyst  that  any  com- 
mendation by  U8  would  be  superfluous.    We  need  only  say  that  the  elements  of  the  Integral 
Calc.  are  here  presented  with  the  clearness  and  elegance  that  are  characteristic  of  the  author. 

On  Binomial  Congruences :  comprising  an  Extension  of  Fermafs  and  Wilson^ s  Theorems^  and 
a  1  heorem  of  which  both  are  Special  Cases.  By  O.  H.  MiTCHELi«,  Fellow  of  the  Johnn 
Hopkins  UniverBity.    Keprinted  from  the  American  Journal  of  Math.,  Vol.  III. 

On  the  Ratio  between  Sector  and  Triangle  in  the  Orbit  of  a  Celestial  Body,  By  Ormond  Stonk. 
Keprinted  from  the  American  Journal  of  Mathematics,  Vol.  III. 


ERRATA. 


On  page  147,  line  14,  for  "and  radius"  read  and  squared  radius. 
"      "    174,    "      6  from  bottom,  for  "Prop.  II."  read  Props.  I.  and  II. 
"      "    175,  dele  the  s  contiguous  to  the  line  n^g  in  the  Fig. 
"      "    190,  line    8,  for  'H  -=  time  of'  read  t  =  half  time  of. 
"      "      "  ,    "    19,   "  "primative^^  read  primitive. 
"      "      "  ,    "      5  from  bottom,  for  **N^  =  29.732",  read  ^^  =  29.598. 
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A  OENERAL  ALGEBRAIC  ilETHOD  FOE  THE 
SOLUTION  OP  EQUATIONS. 


BY  T.  B.  E.  DIXON,  ESQ.,  CHICAGO,  ILLINOIS. 

ly  Algebra,  as  now  taught,  equations  of  the  seeonrl,  third  and  fonrth  de- 
^recK,  are  resolved,  each  by  a  specific  method  or  artifice  ai>i?cially  adapted  to 
the  d^ree  of  the  equation.  It  may  not  be  an  inappropriate  addition  to 
(Dpplenient  these  diverse  methods  by  an  uniform  general  method,  applicable 
independently  of  the  degree  of  the  proposed  eijuation. 

Spac«  will  permit  only  of  a  condensed  siatemeat  of  the  principles  and 
ootlinea  of  the  proposed  method. 

I. 

Each  root  of  an  equation  of  the  nth  d^ree,  wanting  its  second  terra,  is 

equal  to  the  sum  of  the  rools  of  71— 1  binomial  equations  of  the  form  y"  = 

1^,  y"^  i*.  y*  =  c',  &c.,  one  root  being  taken  from  each  binomial  equation 

(n  tlM  formation  of  each  root  of  the  original  equation. 

II. 

The  order  in  which  Uie  n  roots  of  each  of  the  n —  I  binomial  equations 
ire  arranged  to  form  by  their  sum  the  n  roots  of  the  original  equation  is 
eymmetrical,  and  is  given  in  the  following  table,  in  which  e  represents  any 
ODO  of  the  imaginary  nth  roots  of  unity  : 

X  =  'i/a"  +  •t/6'  +  '|/e"  +  "|/tf  -f  .  .  .  +  to  n  —  1  terms. 


X  =  a{£"J   -f   i(£')'   +   C(€'f   +   d{£-)'   +   . 

X  =  aCf  )  +  6(e»)  +  c(£»)  +  d(i*)  +  . 
X  =  a(^)  +  b(^f  +  c(£7  +  d(^)*  +  . 
»=  a(t«)  +  6(f»)»  +  o(t»/  +  d^H)*  +  . 
•  =»+  +  +  + 

,«<i((-')+6(.-y+e(i-')'+d(.-'J'+  . 


,«(£")- 


It  will  be  noticed  that  in  the  first  perpendicular  oolamn  a  is  combined 
with  all  the  nth  roots  of  unity,  6  in  the  second  column  with  the  8({uares  of 
these  roots,  c  in  the  third  column  with  their  cubes  <!te.  But  as  obviously 
«"  s=  1,  e*"*"^  =  e,  c"'*'^  =  e^,  &c.,  each  letter  in  the  table  is  combined  in 
each  instance  with  an  nth  root  of  unity,  and  this  combination  is  therefore 
always  one  of  the  nth  roots  of  the  binomial  eq^uation  in  that  letter. 

III. 

If  n  values  of  a;  be  taken  from  the  above  table  and  combined  ta  form  an 
equation  of  the  nth  degree,  the  imaginary  quantities  e,  c*,  €*,  &c.,  will  whol- 
ly disappear  and  the  coefficients  and  the  absolute  term  of  the  ^nation  will 
all  be  rational  functions  of  the  n — 1  quantities  a,  6,  c,  <&c. '  ' 

If  numerical  values  be  assigned  to  the  letters  a,  6,  c,  &c.,  the  equation 
produced,  of  whatever  degree,  will  verify  all  the  values  of  a;,  and  its  coeffi- 
cients and  the  absolute  term  will  all  be  real  numbers. 

IV. 

When  n  is  a  prime  number,  the  coefficients  and  the  absolute  term  of  the 
equation  produced  are  symmetrical  rational  functions  of  the  n — 1  quantities 
a,  6,  c,  <&c.;  symmetrical  in  the  important  sense  that  each  coefficient  and 
the  absolute  term  is  exactly  the  same  function  of  one  letter  that  it  is  of  an- 
other, and  the  same  interchange  between  the  letters  is  permissible  as  when 
n  letters  are  used  to  represent  the  n  values  of  the  unknown  quantity. 

When  n  is  a  composite  number,  while  the  coefficients  are  no  longer  sym- 
metrical functions  of  a,  6,  c,  <&c.,  the  relations  established  between  these 
quantities  aSord  facilities  for  the  reduction  of  the  equation. 

V. 

The  resolution  of  a  given  equation  is  effected  by  giving  expression  to  its 
coefficients  and  the  absolute  term  as  functions  of  the  n-1  letters  a,  6,  c,  &c, 
and  then,  by  eliminating  from  the  supplemental  equations  thus  formed 
all  the  letters  but  one,  producing  an  auxiliary  equation  of  the  (n — l)th 
degree,  whose  resolution  affords  the  elements  forming  by  their  sum  the 
values  of  the  unknown  quantity  in  the  given  equation. 

Applying  this  method  to  the  general  equations  of  the  several  degrees  in 
their  order,  we  have — 

VI. 

Quadratic  Equations. 

The  artifice  usually  employed  is  termed  ^'completing  the  aquare"  by  an 
addition  to  each  member  of  the  equation.    While  this  is  e&etlve  and  the 


Siciet  available  for  practical  use,  the  general  method  is,  under  its  terma 
riioallj  applieablc. 
Given  tbe  general  quadratic  equation 

x^   +  2px  =  q: 
moving  the  second  term  we  have  the  equation  y"  =  p'  +  g.    As  n  =  2 
A  n — 1  =   1,  only  one  letter,  n,  con  be  emploji'd,  and  this  letter  is  to  be 
l^bioed  with  the  two  square  roots  of  unity  to  form  the  two  values  of  y. 
y  =  a{      1)  =       i/(p*  +  <i)  x  =  -p  +  i/(p'  -i-  q\ 

jf  =  a(— 1)  =  —\/ip'  +  g)  X  =  —  p  _  j/(p«  +  5). 

VII. 
CoBic  Equations. 
Here  the  general  method  corresponds  clo&ely  with  the  particular  method 
ually  employed. 
Given  the  general  cubic  equation 

I*   +  3px  =  2q; 
t  form  from  the  above  table  the  following : 

X  =  ^a^  +  fb^. 
X  =  a     +  i 
a:  =  at    4-  bt' 
X  =  ae*  +  bt. 
From  these  three  values  of  a:  we  construct  the  general  equation 
x^  —  Zabx  =  a=   +  fts, 
whoee  coefficient  and  absolute  term  are  symmetrical  functions  of  a  and  6. 
The  Bupplemental  equations  betome  ab  —  — p  and  a*4  6*  =^  2g- 

Eliminating  6  the  linal  equation  n  a  quadratic.     But  as  fa^  and  f'b^ 

bavecacb  three  values,  these  six  unknown  quantities,  expressed  in  the  table, 

nnst  all  enter  into  the  final  equation  of  which  they  will  be  the  roots;  this 

Imitation  wilt,  therefore,  be  not  only  a  quadratic,  but  it  must   also  be  an 

lloo  of  the  6th  degree,  to  wit: 

a«  —  2^03  =  p8^ 
vhenoe 

a»  =  3  +  1/(9*  + A  and  i'  =  9-1/(9' +  p''). 

=^  =  n<i+  i^if  +  p*)]  +  n<j  -  fV  +  i^)]- 

It  may  be  observed  that  the  interchange  of  a  and  6  with  each  other  in 
e  equation  a?  —  Zabx  =  a'+6'  does  u-it  change  the  value  of  the  roots,  its 
ily  effect  being  to  chaoge  the  order  of  the  radicals  in  the  above  expression 
'  ibe  value  of  x. 

Tbe  essential  reaaoD  for  tbe  existence  of  the  "irreducible  caa«"  19  alao 
En  nude  manifest. 


The  values  ofx  expressed  in  the  foregoing  table  Bxe  one  real  and  twoim* 
aginary;  an  attempt  therefore  to  combine  them  to  form  a  cubic  equation 
whose  roots  are  all  real  must  necessarily  result  in  the  imposition  of  impos- 
sible conditions  in  the  final  formula. 

VIII. 

m 

I 

Biquadratic  EquATtoiffs. 

Instead  of  resorting  to  the  variety  of  expedients  heretofore  employed, 
apply  the  above  method  directly  to  the  general  equation 

«*  —  2px^  —  Sqx  =  r. 
The  four  4th  roots  of  unity  are  1,  — 1,  ]/ — 1  and  — |/ — 1.     Applying 
these  to  the  general  table  we  have: — 

ic  =       a  +  6  +  c 

«  =  — a  +  6  —  c 

x^       a\/ — 1 — 6  —  C|/— 1 

z  =  —  a\/ — 1  —  b  +  ci/ — 1. 

Here  z  in  general  =  ^y/a*  +  |/ft*  +  *l/c^  but  as  the  square  roots  of  6* 
are  4th  roots  of  6^  the  conditions  of  sections  I  and  ![I  are  still  observed. 

Constructing  an  equation  from  the  four  values  of  a;  in  the  table  we  have: 
a^— 2(6*+  2ac)aj'— 46(a*+c*>r  =  a5— 6H<^— 2c^o*+4a4*o; 
giving  the  supplemental  equations 

6«  +  2ao  =  p, 
b(d^  +    o«)  =  2g, 
a*  —  6*  +  c*  —  2a*c«  +  4a6*o  =  r. 
As  4  18  not  a  prime  number,  there  is  here  an  absence  of  symmetry;  the 
relations  established,  however,  in  the  supplemental  equations,  enable  us  to 
ascertain  with  great  facility  the  values  of  a,  b  and  e. 
For  brevity  take  first  the  simplest  general  form 

x^  —  S'pc  =  r, 
and  hence  p  =  0,  —  2ao  =  b*  and  2q  -+■  {a?  +  o^  s=s  i.    Bobatitating 
these  values  there  is  produced  the  auxiliary  cubic  equation 

6«  +  Jr62  =  q^, 
whence  the  value  of  6  is  readily  obtained  and  the  values  ofn  and  c  also  de- 
termined, when  the  four  values  of  z  may  be  expressed  as  indicated  in  tli6 
table.     When  p  docs  not  equal  0  the  auxiliary  cubic  equation  is  found,  but 
with  a  second  term  in  6^. 

As  in  the  forgoing  table  the  values  of  a?  are  two  real  and  two  imaginary, 
an  ^'irreducible  case"  must  arise  whenever  the  roots  are  all  real  or  all  ima* 
ginary,  and  this  essential  reason  is  here  first  disclosed,  without  idbraiee  to 
the  character  of  the  auxiliary  eubic  equation. 


IX. 

■fitiUATIOSS  OP  THE  5"  DegBEE. 
In  entering  upon  this  almost  ierra  incogniUi,  we  have  in  the  proposed 
gcoeral  method  a  simple  and  direct  line  of  attack  upon  the  difficulties  oT 
tfar  case. 

Representing  by  e  any  one  of  the  imaginary  5th  roots  of  unity  we  have 
froa  the  general  table:  — 

X  =  Va  +  V&  4-  'i/c  4-  'K'?. 
^^  X  =  a     +6     +0     +rf, 

^V  X  =  at    +  i£»  +  ce»  +  f/e*, 

^r  a:  =  at*  +  6s*  +  ce  +  (/e», 

W  X  =  a^  +  bt   +  cif  +  d^, 

I  a:  =  at*  +  6e*  +  ce*  +  (/e. 

■        We  then  construct,  directly,  an  equation  of  the  6th  degree,  having  the 
above  6%'e  values  of  .r  for  its  mots. 

Again  the  imaginary  quantities  wholly  disappear,  and  we  have  the  eq'n 
«»— S(<7t/+6c)a^— 5{a'o-|-o6'+6t^'+oy)a:'+5(a'd»-a»i— oicd— oo»— 6»d 
— «f +&*c>  =■  a»-|-6»+e»+(f'— 5(a'cd— a'i'cf— a*ic*+u6'c+a6(P— oc»d' 
I     -A»«P-f-6o»rf). 
^B     Given  the  general  equation 

H  ^*  +  r,px^  A-  5qx^  +  5rx  =  a, 

^Tve  have  the  supplemental  equations 
I  ad   +  be  =  —  p, 

H  efe  +  ab*  +  b(P  +  i^d  =  —  (J, 

^H  «»d' —  a*6—  aicd  —  oo"  —  tVi  — cd*  +  6V  =  r,  and 

H  a'  +  6»  +  o»  +  *  —  5(a=cd  -  a»&y  —  a'bc?  +jib'o  +  abtP 

H  _  oe't/'  —  i'ai"  +  fcc'rf)  =  «. 

^H    Knee  the  above  supplemental  equations  are  each  exactly  the  same  func- 

Hikia  of  one  letter  as  of  another,  and  as  bolh  in  them  and  in  the  table  one 

tetter  may  be  interchanged  with  another  without  disturbing  any  relation, 

the  final  equation  obtained  by  elimination  will  [>e  of  one  identical  form, 

whirbcver  three  of  the  four  unknown  quantities  are  eliminated. 

This  final  equation  will,  therefore,  contain  within  it,  as  its  roots,  all  the 

a  of  each  of  the  four  letters  a,  h,  c  and  rf,  which  values  an;  expressed 

,D  contain  no  otber  values  of  the  unknown 


Were  it  not  for  the  permatations  Miiich  must  take  place,  this  final  auzil^ 
iary  equation  would  be  an  equation  of  the  fourth  d(^ree|  of  the  form 

a«o  —  Aa^^  +  -Ba^o  —  Cd^  +  D  ^  0. 

This  is  readily  made  apparent.  By  reference  to  the  above  table  it  will 
be  observed  that  twenty  distinct  quantities  a,  ae^  6e*,  &c,ali  unknown,  en* 
ter  into  tlie  composition  of  the  coefficients  of  the  given  general  equation. 
If  any  one  of  the  five  values  of  a  in  the  table  be  assigned  to  a  in  the  sup- 
plemental equations,  this  value  of  a,  together  with  the  corresponding  values 
of  6,  c  and  d  in  the  same  horizontal  column,  or  value  of  x,  will  satisfy  all 
the  equations,  and  the  same  is  true  of  the  five  values  of  6,  c  and  d  respect- 
ively. The  table  also  embraces  all  the  possible  values  of  a,  6,  c,  and  d,  as  it  is 
impossible  to  assign  any  other  value  and  verify  the  equations,  all  of  which 
is  in  strict^analogy  with  the  same  relations  in  the  table  of  the  cubic  eq'n. 

Consequently  the  final  equation,  in  which  there  is  centered  in  one  letter, 
by  elimination,  all  the  values  of  the  four  letters,  must  have  for  its  roots,  did 
permutation  not  take  place,  precisely  these  twenty  quantities  contained  in 
the  table,  in  strict  analogy  to  the  final  auxiliary  equation  containing  the  six 
quantities  of  the  cubic  table. 

But  the  equation  having  for  its  roots  these  twenty  quantities  (as  is  made 
manifest  by  its  formation  directly  from  these  roots),  can  only  be  of  the  form: 

y2o  _  (a»  +  6»  -f  0*  +  cP)yi«  +  (a*6*+aW+o»cP+6V+6»cP  +  c*<P)yl« 

—  (a'^6V  +  tt*i*cP  +  aVc/*  +  6Wjy«  +  a«6«c«d«  =  0, 

which  is  the  form  of  the  auxiliary  equation  above  indicated. 

But  permutations  take  place.  The  four  perpendicular  rows  in  the  table 
in  a,  6,  c  and  d  respectively  are  capable  of  1.2.3.4  =  24  permutations 
with  each  other.  Consequentlv  the  final  equation  in  a  will  not  be  of  the 
20th,  but  of  the  120th  degree.  But  by  these  permutations  no  unknown 
quantities  additional  to  the  twenty  in  the  table  are  introduced  into  the  final 
equation,  and  each  of  these  twenty  quantities  enters  into  that  equation  pre- 
cisely the  same  number  of  times.  The  entire  twenty  quantities  are  therefore 
included  six  times  in  the  formation  of  the  equation  of  the  120th  degree.  It 
is  a  necessary  conclusion  that  the  first  member  of  this  equation,  the  aeoond 
member  being  zero,  is  a  polynomial  which  is  a  perfect  sixth  power,  and  that 
the  sixth  root  of  this  polynomial  is  the  first  member  of  the  required  equa- 
tion in  a^^,  whose  roots  are  the  twenty  quantities  expressed  in  the  tiahle. 
As  this  equation  is  a  biquadratic,  its  solution  is  (micticable,  and  its  roets* 
may  be  combined,  as  in  the  table,  to  form  the  five  values  of  ^  ip.  the  given 
general  equation  of  the  fifth  d^ree. 


let 


*''-k 


and  make  the  sabstitutioD^  resulting  in  the  quadratio 

in  which  y  has  the  two  values  q  +  1/(3*  +  p^)  and  7  —  \/(if  +  ja^ 

But  the  three  values  of  x  are  expressed  as  follows^  representing  by  t  one 
of  the  imaginary  cubic  roots  of  unity  : 


X  =s€]^y — 


P 


Vy' 

V 

^Vy' 


X  =  €**^V 2_. 

Substituting  for  y  in  the  above  formulae  each  of  its  two  values  we  have 
the  six  different  algebraic  expressions  for  the  value  of  a;  in  the  eabie  equa- 
tion.) 

As  a  is  the  5th  root  of  each  of  the  24  algebraic  expressions  for  the 
value  of  a^,  and  as  there  are  five  5th  roots  in  each  case,  expressed  by  com- 
bination with  the  one  real  and  four  imaginary  5th  roots  of  unity,  there  are 
therefore  120  different  algebraic  expressions  for  the  value  of  a  in  the  fore- 
going equation. 

These  120  varied  expreasions  are  the  necessary  result  of  the  permutations 
which  have  taken  place,  but  upon  analysis  they  are  found  to  represent  only 
twenty  different  quantities,  and  these  are  the  quantities  found  in  the  table. 

[We  feel  much  interest  in  the  forgoing  paper  and  invite  a  critical  exam- 
ination of  it  by  our  readc  rs. 

We  have  never  devoted  much  attention  to  the  efibrts  that  have  been  made 
to  solve  the  general  equation  of  the  fifth  degree,  and  hence  do  not  regard 
oursclf  as  a  competent  critic;  and  as  the  extended  effi>rts  of  Hirach,  Schu- 
lenburg  and  others,  have  resulted  in  failures,  and  especially  as  so  exalted  a 
mathematician  as  Abbl  has  pronounced  the  solution  imposdble,  it  would 
seem  presumptious  to  assert  that  the  problem  has  been  solved  in  the  fbcego- 
ing  paper.  Nevertheless,  as  we  have  not  been  able  to  detect  any  errcnr  in  the 
foregoing  very  elegant  discussion  of  the  question,  we  earnestly  hope  that,  if 
it  shall  not  be  found  in  every  respect  complete,  it  may  lead  to  the  desired 
fiolution,  and  we  commend  it  to  the  careful  oonaideratioa  and.  cxitioaL  aora- 
tiny  of  Qur  readers.— £d.] 


ZERO  AND  INFINITY. 


ILLCSTBATIONS  BY  PROF.  C.  H.  JUDSON,  QREENVILLE,  B.  C. 

As  objection  has  been  raised  againflt  the  conclusions  reached  in  my  arti- 
de  on  Zero  and  Infinity,  in  the  July  No.  of  the  Analyst,  that  if  these 
loterpretatinns  be  admitted,  Ihen  we  must  reject  many  very  beautiful  and 
interesting  general izat ions  of  Analytical  Geometry.  Thus, —  "Every  strai't 
Ifae  ineeta  a  curve  of  the  second  d^ree  in  two  distinct,  coincident,  or  imag- 
inary points,"     fSee  Salmon's  Conic  Seotione,  5th  edition,  Art.  135.) 

Let  us  take  the  equations 

y  ^  nr  +  a,  (1) 

y»  =  4oa.  (2) 

Eliminating  x  we  find  for  the  ordinate  of  the  point  of  intersection 


^(i*^[.-»]). 


(3) 

If «  >  1,  the  line  meets  the  curve  in  two  imaginary  points:  if  n  =  1,  in 

two  coincident  points  at  P,  and  is  a  tangent:  if  n  <  1,  in  two  distinct  p'ts 

M  f  end  P"i  if  ti  =  0  the  line  becomes  parallel  to  the  axis,  and  y  =  2a.J, 

vbicfa  by  (1)  is  y  =  a;  or  i/  =  4a-^0,  and  ihe  second  point  of  intersection 

said  bi  be  "at  infinity".     But  how  can  . 

be  a  real  point  of  intersection  at  in- 
ity  when  DC  remalus  constant  and 
[nsl  to  a,  while  CP"  increases  withoi 

Can  we  believe  that  the  two  p'ts  I 
and  P",  though  infinitely  distant  from 
each  other,  are  yet  coincident? 

It  would  seem  that  the  only  iutelligi- 
bl*  ejplanation  is,  that  if  n  is  an  infini- 
jieBimal,  the  line  AP"i8  not  quite  pantl'l  ' 

OC;  and  as  the  ordinate  to  this  right  line  increases  proportionally  to  its 
while  that  to  the  curve  increases  proportionally  to  the  square  root 
its  abscissa,  therefore  the  ordinate  to  the  right  line  will  eventually  be- 
tbe  greater,  and  there  will  be  a  point  of  intersection  indefinitely  remote 
im  the  origin ;  but  if  n  =  0  then  4a-r-0  is  a  symbol  of  impossibility  and 
ire  can  be  no  second  point  of  intersection. 

Iffi  is  negative  there  will  be  two  real  points  of  intersection,  whose  abscis- 
f,  one  positive  and  one  negative,  each  approaching  zero  as  n  increases, 
'^ie  indicates  two  coincident  points  at  0  when  n  :=  — oo. 


AgaJD,       us  consider  an  hyperbola                          ^^^^^^^^^| 
and  alight                                                                                     ^^^^^| 

y   =    TUr    +    0.                                             ^^^^B 

If  0  is  negative  and  n  <  (b-i-a)  we  have  two  distinct  points  of  iot^f 
tion  at  P  and  P'.                                                                               V 

origin.     If  now  c,=  OC,  decreases  in'1efinitely;;the  line  PP'  will  approacl 

indefinitetyto coincidence witli  ^^|^^^^^^^^B|^^^^^|^H|^ 
the  asymptote                    ^^^  ^BI^^^^^^^^^^^^H^^H 
may                            the  curvi  ^HSS^^^^^H^^^HR^^^^I 
two                                 pos-  ^^^^KSSS^^^^S^^^BB^^^^^^^^ 
0      positive  ^^^^^^|B^9|Q|^|^B|^^^^^^^^H 
the                   intersection  will  ^^^^^^^BSBSKSi'BRnl^^^^^^^l 
be  on  the  lell  hand               ol  ^^^^^^BK2flK9|^Sj|^9^^^^^^| 
the  curve                                    ^^^^^^l^fl^S^S^I^SI^S^^^^^^I 
According  to  the  older  view,  ^^^^|^I^S^^|^^^^^|^S|^^^^^H 
^^    a                        the             (y  ■=  W^BS^^^^^^^^^^^K^^^^^ 
^^^^H  nx)            the  curve      two  im   EHi^^^^^^^^^Hi^^^^^H 
^^^^H  aginary  points  if  n  >  {b~a).     It"  it  <  [b-i-a)  it  meets  the  curve  in  two  dis- 
^^^^B   (iDct  points,  one  in  the  positive  direction  as  at  P',  the  other  in  the.  negative, 
^^^H   BB  P".     Now  when  n  =  {b-i-a)  the  coordinates  of  P'  beoome  +  infinity 
^^^H  while  thoseofP"becorae— infinity,  and  since  a^(+0)  =  a^(  —  0),  plus 
^^^^1  infinity  and  minus  infinity  have  been  supposed  to  be  two  coincident  joints 
^^^^B  This  is  manifestly  absurd.     The  true  statement  is :  (1),  An  asymptote  to  an 
^^^^B   hyperbola  does  not  meet  the  curve.     (2),  Any  other  line  through  the  centre 
^^^^^1   meets  tlie  curve  in  two  imaginary,  or  iu  two  distinct  points  (the  coordinates 
^^^^fl   of  ono  being  +,  those  of  the  other  — ).     (3),  A  line  passing  very  near  the 
^^^^^f   centre  and  very  nearly  parallel  to  the  asymptote  meets  the  curve  in  two  p't« 
^              very  remote  and  very  nearly  coincident. 

H                    Once  more — "A  right  line  mecte  a  curve  of  the  third  degree  in  three  p'ls, 
H                one  of  which  must  be  real ;  and  an  asymptote  to  a  curve  of  the  third  degree 
H                must  meet  the  curve  io  one  real  point  besides  the  two  coincident  point*  at 
■                infinity".  (See  Salmon's  Higher  Plane  Curves,  Chapt.  Ill;  also,  William- 
H                eon's  Diff.  Calc,  Art.  197.)                                                                        ^^^ 
H                    Let  us  take  the  curve          x3   _|_  ^a  _  ^a,                                      ^^^H 
^M                  Tbe  equation  of  its  asymptote  is                                                    ^^^M 

Now  what  are  the  three  real  points  of  iatersectioa  of  the  asymptote  with 
the  curve?  If  we  substitute  the  value  of  y  =:  —  z  in  the  first  equation,  we 
have 

x^  —  X'  ^  a',  or  Ox*  =  a",  or  a;'  ^  — . 

What  ore  the  three  roota  of  this  equation  ?     It  may  be  written 
Ox*  +0a;^  +03:  =  a*, 
which  is  said  th  h.ive  "(Aree  rooU,  each  equal  to  injiniti/",  thus  giving  three 
ttoiots  of  iptersection.     This  is  to  the  writer  profoundly  obscure. 
*",  Tlti*  'ioe  y:=nx+c,  if  c<a,  meets  the  curve  in  3  distinct  p'ts,  i*',i*",P"'. 
.  ii  uxs  iiiie  is  very  nearly  par- 
Dial  to  tlie  asymptote  P  will  be  | 

f  remote  from  the  origin. 
[  If  DOW  c  decreases  indefinitely,  I 
P'will  approach  P  while  P"will  I 
•de  indefinitely  toward  T,  and  I 
Aflayjnptote  is  the  limiting  po-  [ 
1,0*  FP'F".     Hence  the  | 
[  y  =  TW  +  c  may  he  said 
I  meet  the  curve  in  two  coinci- 
int  points  infinitely  remote  on 
Bone  side  of  the  origin,  and  at  a  I 
F'diBlinct  point,  also  infinitely  re-  j 
mote,  on  the  other  side,  if  c  is 
bfinitesimal  (e  =o)  and  n  ^  ±  o. 
Hence  we  adhere  to  the  interpretations 


BY  J.  a 

[Continued  from  page  154,  Vol.  VIII.] 
We  now  pr<we«J  to  prove  that /(a;)  is  equal  to  4-f  Sar  +  Gr'-f  Ac  adinji- 
niium  when  all  the  terms  of  the  series  after  Saf  have  the  same  sign,  od  the 
coDditioD  that  between  the  values  x  ^  0  and  x  ='x'  f{x)  is  neither  imagi- 
nary Dor  infinite.  This  is  done  by  proving  that  the  limit  of  L„  when  nis 
infinite,  is  zero.  L„  is  of  such  a  nature  that  it  and  its  first  n — 1  differential 
coefficients  vanish  with  x.  It  therefore  must  be  of  the  form  (fxy  where  ipx 
is  a  function  that  vaoishes  with  x.  In  fact  it  is  proved  by  the  ordinary 
methods  of  demonstrating  Maclaurin's  Theorem  that  L^  being  the  remainder 
after  n  terms,  is  equal  to  ~J{8x)  {Tod.  Dif,  Cal.  p.  74)=  < '^\.fi^'^^']  K 

=  (^y.  N^ow  y>x  is  a  continuous  function  of  x  and  is  equal  to  zero  when 
X  ^0,  Therefore  _as  x  increasea  it  gradually  increases  numerically.  Of 
course  at  first  it  is  less  than  1  and  greater  than  — 1.  While  this  is  the  case, 
it  may  be  made  as  small  as  we  please  by  sufficiently  increasing  n.  There- 
fore, its  limit  is  zero.  l{fx  becomes  greater  than  I  or  less  than  — 1,  {ipxy 
may  be  made  numerically  as  large  as  we  please  by  sufficiently  increasing  n, 
If  fx=^  ±1,  (ipx)'  =  ±1.  Therelbre  (fx)'  is  either  0,  infinity  or  ±  1. 
when  n  is  indefinitely  increased.  But  in  tht  present  case  L„  is  numerically 
less  than  L  ^  f{x).  Therefore  it  cannot  be  infinite.  Suppose  that  it  is 
^  ±  1  when  X  =  x'.  Now  let  x  change  from  a;,  to  j;j,  numerically  less 
than  Xy ;  fx  also  changes.  Let  the  change  be  so  small  that  f{x^)  "^/{x^) 
<  Jand  A+Bxi+  .  .  .  +Sx\  -^(.4  +  £ij+  .  .  . -fSr^X  J.  Then  yx 
becomes  greater  or  less  than  ±1.  It  cannot  become  numerically  greater, 
else  {^x^f^oo  when  n  is  infinite.  If  it  becomes  numerically  less,  (^x^)" 
=5  0,  when  n  is  infinite.  Thea  f{xj)  =  A+Bx^-}- ...  ±1  and  f{x^)  ^  A 
+  Bxj  -j-  , . .  +  0,  a?!  being  numerically  greater  than  x^  and  all  the  signs 
after  Sx"  being  the  same.  Then  f(x■^)  ~  /{atj)  >  J.  But  this  is  contrary 
to  the  hypothesis.  Therefore  fx  cannot  be  it  1,  and  Z,  must  be  zero 
when  n  is  infinite. 

The  value  of  the  preceding  demonstration  (see  No.  5,  Vol,  VIII)  lies  in 
its  results.  We  are  able,  by  the  conditions  established,  to  determine  with 
reference  to  the  convergence  of  a  series  from  the  series  itself  without  refer- 
ence to  a  remainder.  When  the  signs  change,  we  can  also  determine  from 
the  series  itself  within  what  degree  of  nearness  the  series  at  any  requj 
point  (if  convergent)  approximates  to  the  true  value  of  the  fnnction. 
examples  will  be  given  in  illuetratioa. 


log(l+«)  =  i- 


-x'+&c. 


y  coaditioa  2",  this  is  true  for  all  values  of  x  leas  than  unity. 
\og(\~x)  =  —X—  —  -  —  —    ...-  — -&c. 


By  condition  1",  this  is  true  for  all  values  of*  less  than  unity.  If  i=  1, 
li)g(l — X)  —  — CO.     If  x>  1,  log(l— a;)  is  imaginary. 

12aE* 

8t   ■"  48i»     384i« 


By  condition  2",  this  series  is  convergent  to  the  foui-th  term  for  all  values 
ofx  lees  than  P.  AJso  it  approa:;hes  to  within  16x^-^-48^'  of  the  true  value 
of  the  function. 

Lagrange's  and  liaplace's  Theorems  are  so  dependent  on  Macluriu's  that 
the  conditions  just  established  ol  the  convergence  of  the  latter  apply  equally 
to  the  former.     This  neetis  no  proof. 

Examples. — Given  y^s-j-ic*;  expand  y  in  powers  of  x. 

The  result  by  Lagrauge's  Theorem  is 


y  =  z+xif  +  ?-2^  f^j--J'e^+ 
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-'<"+. 


By  condition  1",  this  furnishes  a  true  value  of  y  for  all  positive  values  of 
z,  unless,  in  the  change  from  «  =  0  to  the  value  of  x  under  consideration, 
y  becomes  infinite.  But,  if  x  and  z  are  both  equal  to  unity,  the  second  mem- 
ber ia  ui  increasing  series,  and  its  sum,  ad  infiniium,  is  infinite.  Therefore 
we  may  conclude  that  y  does  become  intinite  [s  being  >  or  =  I)  for  some 

ax  ax 


value  of  a;  between  zero  and  infinity.    In  this  problei 


vbenoe  -^  = 
dx 


=  -i,  which  becomes  infinite  before  aie"  =  1. 

This  corroborates  the  preceding  conclusion. 

In  Todhunter's  Dif.  Cal.,  p.  120,  tlie  following  is  established  by  the  use 
nf  l«grange's  Theorem : 

l—y/n—4i)  art  ,4.5- ,5.6.7  ,,    „ 

'«g— 2 — =  '+^'^+2:3'^+2:3:4'*''  *"■ 

By  condition  1',  this  is  true  for  all  values  of  4/  less  than  unity.  If  4t>l, 
ike  function  is  imaginary. 

In  the  ordinary  demonstration  of  Maclaurin's  Theorem  there  is  a  condi- 
tion that/(z)  and  all  its  differential  coefficients  shall  be  continuous.  In  the 
demonstration  here  given,  it  is  only  necessary  that/(z)  shall  be  continuous. 
_  This  demostration  therefore  covers  a  wider  field. 

For  example,  by  Maciaurin's  Theorem 


—14— 

f        y^  _    ^       X        1.2  x^       1.2.6  x^ 
^a-xr  -  a  -g^?-  373  21^-3.3.3  ^\a'H  "  • '  •  • 

Here/(:(;)  is  oontinuons  for  all  valaes  of  a;,  bnt  its  differential  coefficients 
are  not  oontinuons  between  a;  =  0  and  (v>a.  The  ordinary  demonstrations, 
tbereforCi  fail  for  all  values  of  x  greater  than  a,  while  this  establishes  the 
validity  of  the  expansion  for  aS  values  of  rr. 

There  is  another  advantage  in  the  demonstration  here  given.  All  other 
methods  of  expansion  are  placed  on  a  solid  badis.  In  some  works  on  the 
Differential  Calculus  it  is  simply  assumed  that 

f{x)  =  -4  +  J?a?  +  Cfc»  +  . . .  to  infinity, 

A^  By  C,  <&c.  being  unknown  constants.  The  same  assumption  is  made  in 
demonstrations  ot  the  Binomial  Theorem.  But  this  assumption,  it  is  well 
known  in  the  best  mathematical  circles,  is  unwarrantable;  that  is,  although 
what  is  assumed  may  be  true,  we  have  no  right  to  assume  it  But  in  the 
demonstration  here  given  it  is  proved  that  /  (a;)  =  A'^Bx+  Gc*+  ...  to  in- 
finity, under  the  conditions  specified.  An  example  will  be  taken  from  Tod. 
Diff.  Cal.,  p.  91. 
^'Expand  tan"^aj  in  powers  of  x. 

Assume  tan""^a?  =  -4q  +  -^i^  +  -4a«*  +  . . .  A^+  . . .  +  (1] 

^  Defferentiate  both  sides  with  respect  to  rr,  then 

-1_  =  A^+2A^x+  . . .  +nJ,aj-i+  ...  (2) 


1+x' 


But  j-^  =  1  —  a?a  +  «*  —  a?«  +  rc«. . .  (3) 

by  simple  division  or  by  the  binomial  theorem. 
Equating  coefficients  of  like  powers  of  x  in  (2)  and  (3)  we  have 

Ai  =  If  A2  =  Oi  -^8  ^  — h  -^4  ^^  0,... 
and  putting  a;  =  0  in  (1)  we  get  .^0  =0;  therefore 

tan  *aj  =  aj 3""T""6 «-  +  ••• 

The  fault  in  this  solution  lies  in  the  assumption  in  (1).  Todhunter  says 
concerning  it  and  others  of  the  same  kind:  '^We  do  not  lay  much  stres 
upon  them  as  exact  investigations,  but  they  may  serve  as  exercises  in  differ- 
entiation." But,  by  the  demonstration  here  giv^,  the  assumption  io 
(1)  is  proved  under  conditions.  Therefore,  with  it  as  a  basis,  the  investi' 
gation  is  exact,  the  expression  being  valid  by  condition  2*  for  all  values  oi 
X  less  than  unity. 
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NOTE  ON  DIRECTION. 


.    BLAKBLEE,  PH.   D.,  PROF.   OF  MATH.,  DES   MOINES  UNIVERfllTY. 


The  palh  of  a  moving  thing  is  the  sum  total  of  all  its  positjons. 

The  moving  thing  is  called  the  generatrix. 

The  Sret  and  last  positions  of  the  generatrix  are  called  ^ermtnt  of  the 


1. 

2. 

3. 

pttb. 

4.  Axiom.  Whatever  holds  true  as  we  approach  indefinitely  near  a 
iimil  may  be  conceived  of  as  true  at  the  limit. 

5.  For  brevity  any  position  of  the  generatrix  is  called  a  generatrix. 

6.  Ad  element  of  space  is  called  a  point  oj space;  its  limit,  or  mere  po- 
sition, a  Geometrical  point. 

(a).     The  path  of  a  point  is  called  a  line. 
(6).       "       "     "    "  line     "       "     a  surface. 
(e  j.       "       "     "    "  surface  is   "     a  solid. 

7.  The  property  of  the  motion  of  a  generatrix  which  determines,  and  is 
is  itself  determined  by,  its  next  consecutive  position,  is  called  the  direction 
of  the  path  at  that  generatrix. 

8.  A  Straight  path  is  one  which  has  constantly  the  same  direction,  i.  e.i 
one  in  which  any  other  position  of  the  generatrix  can  be  taken  instead  of 
the  nest  consecutive,  in  determining  its  direction;  .'.  a  St.  P.  is  determin- 
ed by  any  two  of  its  genertarices.  {Abbreviations,  St.  P.,  straight  path,  G., 
genemtrix.] 

d.     A  curved  path  is  one  that  changes  its  direction  at  every  generatrix. 

10.  (a),  Any  path  determined  by  two  of  its  generatrices  is  a  St.  F. 

{b).     The  path  of  least  extent  is  determined  by  its  termini, . ' .  it  is  a  St.  P. 
Special  case.     The  shortest  distance  between  two  points  is  measured  on  a 
Btraght  line. 

1 1 .  Two  St.  Ps.  can  intersect  in  but  one  G.,  for  if  they  did  in  two  they 
wnnld  coincide  throughout. 

12.  If  one  of  two  intersecting  St.  Ps.  and  their  common  G.  be  given, 
the  other  is  determined,  (o),  by  a  G.  in  the  St.  P.  to  be  determined ;  (i),  by 
the  opening  between  the  paths.  For  we  may  suppose  the  two  paths  to  have 
coincided  at  6rst,  and  then  one  of  them  to  have  been  turned  about  their 
common  G.  (as  a  pivot  or  axis,  as  the  case  may  be)  until  it  ooutains  the  se- 
cond G.,  and  since  the  second  G.  determines  the  second  path,  it  determines 
ibe  opening,  and  conversely,  the  opening  determines  the  path. 

The  opening  between  any  path  and  a  fixed  path  can  be  taken  as  the 
tioD  of  that  path. 
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14.  Paths  which  have  the  same  direction  with  respect  to  a  fixed  or  ini- 
tial path  are  called  parallel  paths. 

15.  Parallel  paths  can  never  intersect,  for  if  they  did  they  must  form 
equal  openings  with  a  third  path  through  the  common  6.,  and  hence  must 
coincide. 

16.  An  opening  can  be  measured  by  revolving  a  unit  opening  about  an 
axis ;  •  * .  it  is  proper  to  speak  of  the  sum  or  difference  of  openings. 

17.  If  the  initial  path  pass  through  the  intersection  of  two  paths,  the 
opening,  called  the  angle^  between  them  equals  the  difference  of  their  direc- 
tions.    The  two  paths  are  called  termini  of  the  angle. 

18.  If  two  St.  Ps.  intersect,  any  two  angles  on  opposite  sides  of  one  path 
and  on  the  same  side  of  the  other  are  called  adjacent  angles,  on  opposite 
sides  of  both,  opposite  or  vertical  angles. 

19.  Equal  adjacent  angles  are  called  right  angles. 
A  right  angle  will  be  indicated  by  r. 

20.  If  (1)  and  (2)  are  adjacent  angles,  then  (1)  +  (2)  =  2^. 

Proof.    Revolve  the  common  terminus  of  the  ang's  through  an  angle  A, 

(1)  becomes  {1)  ±  A  =  (1)', 

(2)  «        {2)^  A  =  (2/; 

.-.  (1)  +  (2)  =  (ly  +  (2)'  =  constant 

If  (ly  =  (2)',  by  def.  (1)'  +  (2)'  =  2r ;  .  • .  (1)  +  (2)  =  2r ;  Q.  E.  D. 

Cob.  The  sum  of  the  angles  about  a  G.,  on  one  side  of  a  St  P.,  equals 
2r;  ]on  both  sides,  their  sum  equals  4r. 

21.  The  angle  between  two  paths  6  and  a,  is  indicated  thus  ;  the  an- 
gle being  positive  when  generated  by  motion  firom  right  to  left.* 

22.  To  show  that  this  definition  of  an  angle  (17)  is  general,  let  a,b  and 
c  be  three  paths  intersecting  in  three  Qs. ;  then  is 

®  — ^_*      Now*— — ^-     •    ®  — ®-L® 

b-o       o     ^^^0 6'  •  -6-0  +  6- 

Proof.     Pass  a  St  P.  ^,  through  the  intersection  of  a  and  c  parallel  to  6. 

By  def.  of  parallel  paths  ^  =  l  and^  ss  . ;  but  since  a,  (i  and  o  pass 

through  a  common  6., 

a      a   ,  c      .a      a  ,  c        a      v^^-^-rx 


*lfa  and  6  be  the  directions  of  the  corresponding  paths,  by  (17) 

*  =  6-a  and  ^  =  a-6  = -(6-«)  =  -'• 


Olf  THE  COMPUTATION  OF  THE  ECCENTRIC  ANOMALY 
FROM  THE  MEAN  ANOMALY  OF  A  PLANET. 


BY  »B.   J.  MORRISON,  NAUTICAL  ALMANAC  OFFICE,  WASH.,  D.  C. 

The  retatJOD   between  the  eccentric  and  mean  anomalies  is  given  by  the 
equation 

m  =  E  —  esxnE,  (1) 

Id  which  m  is  the  mean  anomaly,  E  the  eccentric  anomaly  and  e  the  eccen- 
tricity of  the  orbit- 
In  computing  a  series  of  values  of  E,  it  19  not  necessary  to  go  beyond 
180°,  for  any  mean  anomaly  360° — m  corresponds  to  the  eccentric  anomaly 
%fy° — E.     Since  E  is  greater  than  m,  let  us  put 

E  =:  m  +  X, 
vhere  x  is  generally  a  small  angle  depending  of  course  on  the  value  of  e. 
lo  the  case  of  the  orbit  of  Mercury,  whose  eccentricity  is  .2066,  the  max- 
imnm  value  ofx  is  less  than  12°.     Substituting  in  (1)  we  have 

m  =  m  ■{■  X  —  e  sin  (m  -j-  a;) 
or  I  =  e  sin  (m  -|-  x) 

=  fsinmcosx  -f-  e  cos  m  sin  a: 


c  Bin  m  1 1  - 


"1.2 


+  «« 


"(^-iSs 


Neglecting,  for  the  first  approximation,  the  third  and  all  higher  powers 
■Xx,  we  have 


eV      sin  m      1 
X  =  /2.tanifl, 

sinm 


taotf  =  ci/2. 


b  which  1/2   is  to  be  taken  with  the  positive  sign  and  6  always  less  than 
90°. 

The  computation  of  the  second  member  of  the  last  equation  will  be  much 
&dlitated  by  the  use  of  Zech's  addition  and  subtraction  Tables.  Hence 
we  have  E  :=  m-\-x  which  will  never  differ  more  than  ±15"  irora  the  cor- 
net value  of  E,  even  when  the  eccentricity  is  as  large  as  that  of  the  orbit  of 
Mwcoiy.  I-et  as  represent  this  first  approximate  value  of  E,  viz.,  m  +  ar, 
I7  J?„  th&t  is,  let 

El  =  m  +  X.  (6) 

SobititatiDg  £,  for  E  in  (1)  we  have 
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wij  =  ^1  —  esin^i,  (6) 

which  subtracted  from  (1)  gives 

m  —  mi  =E  —  El — e{smE — sinjE^) 

=  E—Ei  —2ecoB^{E+  Ei)Bin^{E  —  Ei) 
=  E—Ei  —e{E—Ei)oo6^{E+  Ei) 
=  {E —  El)  (1  —  eooaEi)  very  nearly ; 


whence  we  have 


^  -  -^^  =  r^fSV  <" 


and  jB  =  jBj  + i=-,    for  the  second  approxima- 

1  —  6  008  Jtiii 

on.    Therefore  we  have  finally 

E=m  +  x+  ,  ^~%.  (8) 

1  —  e  COB  El  ^  ' 

If  we  require  a  third  approximatioD,  we  may  repeat  the  last  operation 
with  the  corrected  value  of  J?  as  given  by  (8),  but  it  will  seldom  or  never 
be  necessary  as  the  last  equation  will  generally  give  E  within  O^'.Ol. 

The  second  approximation  given  by  (7)  is  substantially  the  same  as  that 
given  by  Gbuss  in  his  Theoria  Motus,  Art.  11 ,  but  the  method  here  em- 
ployed for  obtaining  it  is  much  easier  and  more  direct. 

The  second  correction  (7)  is  easily  computed  by  the  aid  of  Zech's  Tables 
before  referred  to. 

We  will  now  test  our  formuke  by  the  following  example: 

Given  m  =  143**  and  e  =  .2056,  find  E. 

log|/2  =  0.1505150 

log  «  =  1.3130231  =  1,3130231 

sin  m  =  9.7794630  cos  m  =  9.9023486  n 

Co.  log  (1—6  cos  m)  =  9.9340098  (Zech)  9.2153717  n 

tan  »  =  9.1770109  ^  =  8^  32'  54^8 

Um^d  =  8.8735468 

l/2  =  0.1505150 

cosecl"  =  5.3144251 


logx"  =  4.3384869  x  =      6^  3'21''.525 

El  =  149°  3'21",625 
esin^i  =      6°  8'26".23 

mi  =  142°59'55".295 
m  —  mi=  4'',705. 
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log  (m  —  nil)  =  0.6725596 
log(l  — ecosEi)  =  0.0705317  (Zech). 

log  3''.9997  =  0.6020279. 
.•.E=  ffi  +  x  +  3^.9997 

=  143°  +  6°  3'21".525  +  3".9997 
=  149°  3'  25".5247. 

Check.  esinE  =  6°  3'  25".52 

.  • .  m  =5  E  —  <?  sin  E 

=  143°  0'  0".0047. 
[f  the  secoDd  correction  be  taken  at  4",  which  it  is  very  nearly,  E  will 
be  foimd  to  be  149°3'25".52  exactly. 

In  compoting  a  series  of  values  of  E,  the  labor  may  be  lessened  a  little 
by  preparing  the  constant  logarithms,  viz.,  log  e^2,  log  ^^2  oosec  V  and 
Iog<!cosecl". 


PLANE  TRIGONOMETRY  BY  QUATERNIONS. 


BY  PROP.  DE  VOUBON  WOOD,  HOBOKEN,  N.  J. 

A  QUATERNION  may  be  expressed  under  a  variety  of  forms.  Thus  if  a 
and  b  are  the  tensors  respectively  of  the  unit  vectors  a  and  fi  we  have  (see 
Akalyot,  Vol.  VII,  pp.  124  and  127) 

■ 

9  =  ii'  (1) 

=  Tq.Uq  (2) 

=  8q+Vq  (3) 

=  Iq  {SUq  +  VUq).  (4) 

Each  of  these  forms  has  special  advantages  for  the  solution  of  certain 

problems,  but  in  this  article  we  will  make  use  of  the  third  one. 

Two  quaternions  are  equal  when  the  elements  of  one  equal  respectively 
those  of  the  other.    Thus,  if 

we  have 

8q  +  Vq  =^  Hq'  +   Vgf,  (5) 

and  hence  from  the  definition, 

8q  =  8q',  and   Vq  =   Vq'.  (6) 

The  principle  m  algebra  corresponding  to  this  is  that  where  an  equation 

is  composed  partly  of  real  and  partly  of  imaginary  t^rms.  Such  an  equatioa 
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is  equivalent  to  two  others — thus  we  have 

«*  +  Vi—f') .y  —  ey  =  |/(— d) . «  +  e, 
then  ax  —  cy  =  e, 

V(-6).y  =   +/(-^.ar. 
An  application  will  now  be  made  of  equations  (5)  and  (6)  to  the  Bolation 
of  £  plane  triangle. 

Let  A,  £,  C  be  the  angles  of  the  triangle,  a,  ^,  y,  the  respectivfl  vectors 
opposite,  and  a,  b,  e,  the  corresponding  tensors.  Let  i  be  an  axis  perpoi- 
dicular  to  the  plane  of  the  triangle  and  positive  in  front  ■ 
.  of  the  plane.  Let  vector  fi=  CAyt^  AB,  a  =  CB,  I 
then  will  —  ^  =  AC,  —  r  =  JP-4,  and— a  =  5C.  Leftl 
handed  rotation  being  positive,  the  angle  between  ^  and  x  I 
will  be  n  — A,  between  ^  and  a  it  will  be  C,  and  between  i 
a  and  ;■,  B,  or  between  j-  and  a  it  will  be — B  ot  360*- 
Tbe  plane  triangle  gives  the  vector  o^uation 

«  =  ^  +  r-  (7) 

This  equation  may  be  operated  apon  in  any  manner  that  will  produce 
scalar  results. 

Multiplying  both  members  by  ;■  gives 

«r  =  i9r  +  r». 

Substituting  the  value  of  the  product  of  the  vectors  (see  3d  of  eq's  A,  p. 
124,  Vol.  VII)  and  assuming  that  r*  =  —  o*  (Art.  22,  p.  70,  Vol.  VII), 
we  have 
— oo  cos  JB-|-ao  sin  B.t  =  — 6cco6(180°— A)-f  6oBin(l80''— jd)— A 
Hence  by  equations  (6)  taking  the  scalar  and  vector  parts,  we  have 
—  occoe^^  -|-6oooe.il  —  t?, 
and  ac  sin  Bi  =  be  sin  At. 

From  these  we  readily  deduce 

a  cos  B  +  b  COS  A  =  c, 
a  Bin  B  ^  b  ein  Af 
both  of  which  are  well  known  trigonometrical  Ksults. 
Again,  dividing  both  members  of  (7)  by  j9  gives 

Taking  the  scalar  and  vector  parts,  aa  indicated  by  equations  (6)  gives 

s^^i  +  sr, 


I  known  result. 


Bud  Bubstitatiiig  the  values  of  the  scalar  and  vector  parts  (see  eq'ns  (36)  and 
(«),  p.  126  Vol.  VII)  gives 

^  cos  C  =  I   +  g  COS  (180°  —  A), 

^  flin  ai=  I  sin  (180°  —  A).i. 

Th«ee  reduced  give 

a  006  C  -i-  c  ooB  A   =  b, 
a  sin  C  =  c  sin  ,4  ; 

Iwbidi  are  the  same  relations  as  those  found  above. 
AgitQ,  Bquariug  (7)  givts 
«"  =  ^"  +  ^r  +  r;3  -T  r\ 
pd  taking  the  scalar  parts  we  have 
'  _   a3    =:   _    68     -I-    5^    +    Sy^   —    c^. 

Bol  S^  =  —  be  COB  (180°  —  A), 

I  ^^  =  —  ci  COB  (180°  —  A), 

Aicb  mbstitntcd  gives 
!  o'  =  6'   +  c'  —  26c  C06  ^,  a  well 

Taking  the  vectors  gives 
0=  v^r  +  VrA 

or  0  =  be  sin  (180°  —  B).t  +  cb  sin  (180°  —  B)(— t), 

which  is  simply  a  true  equation  and  make  known  no  new  property. 

A|!ain,  from  (7)  we  have  by  transformation,  a  —  ^  ^  T,  and  a  —  y  ^  ^, 
Moltiplying  the  former  by  the  latter,  member  by  member,  gives 

«'  —  «^  — ra  +  r^  =  A-; 

^|Ud  takiog  the  vectors  gives 

^B  6  (a  sin  C  +  o  sin  A)  ^  o  (6  sin  ^  -\-  a  sin  B), 

H^ch  member'of  which  exptesees  twice  the  area  of  the  triangle. 

As  a  further  exercise,  transpose  J^  and  square,  thus  a  —  Jj9  =  1^  +  y. 
Squaring,     ^  -  \a?  -  \Ja  +  i^  =  J^  +  J^  +  ly^  +  f, 
tod  taking  the  scalar  parts  gives 

—  o*+aicosC=  becm  A  —  c*, 
a*  =  c*  +  at  cos  C  —  6e  cos  .d, 
Idbrm  which  is  not  common,  but  which  may  readily  be  reduced  to 

a"  =  6"  +  c'  —  2ic  cos;^, 
p  l^'KO  above,  bo  that  do  essentially  new  relation  is  thus  determined.    The 
atitl'FelatioDS  are  determined  by  simply  multiplying  or  dividing  equa- 
B  (7)  by  one  of  the  vectors  of  the  equation,  or  by  squaring  it. 


BY  OCTAVIAN  L.  MATHIOT,  BALTIMORE,  MAEVLAND. 

IjEfE  represent  the  earth,  S  the  sun,  and  ES  the  distance  bettvee:: 
On  KS  lay  off  ET  ao  that  ET  :  TS  ::   1  :  13.     Then  is 
ET  :  ES  ::  1  :  14. 

With,ET  and  TS  as  radii  descrilre  the  cir 
TA  and  TB  tangent  to  each  other  at  T. 

If  we  aBsume  the  moon's  distance  from  the  earth  I 
to  be  240,000  miles  and  the  earth's  distance  from  I 
the  sun  say  90,000,000  miles,  these  distances  an 
1  to  375. 

Let  EM  represent  the  moon's  distance  from  the  I 
earth,  then        EM  :  ES  ::  1  :  375, 
and  ET  :  ES  ::   1  :  14,   by  (1);  hence  \ 

EM  :  ET  ::  14  :  375  ::  1  :  27,  nearly. 

Since  circumferences  are  to  each  other  as  their  radii,  the  circle  AT  will 
make  13  revolutions  in  rolling  around  the  circle  BT,  and  the  point  M  will 
make  13  revolutions  around  the  centre  E  during  the  same  time. 

If  two  such  wheeb  are  made  and  pointed  pencils  are  fixd  at  E  and  M,  by 
rolling  AT  toward  ihe  left  around  BT  the  pencil  at  M  will  describe  the 
moon's  path  along  the  line  of  the  earth's  orbit  as  traced  by  the  pencil  at  E. 

A  simpler  plan  is  to  cut  from  pasteboard  any  circle  AT,  and  from  centre 
E  take  £M  =  ^  of  the  radius,  insert  pencils  at  E  and  M,  and  roll  the  cir- 
cle along  the  inner  edge  of  a  black-board,  and  the  relative  path  of  the  m<x)n 
along  the  line  of  the  earth's  orbit  will  be  traced.  ^^^h 


Pros,  357  (p.  135,  Vol.  VIII). — "An  elastic  string  without  weight  aafi 
of  given  length,  has  one  end  fixed  in  a  perfectly  smooth  honKontal  plane, 
and  the  other  to  a  point  in  the  surface  of  a  sphere,  the  string  being  un- 
wound. The  sphere  is  projectetl  on  the  plane  from  the  fixed  point  with  a 
linear  velocity  v  and  an  angular  velocity  w,  winding  the  string  on  the  oir^ 
oumferenee  of  a  great  circle;  required  the  elongation  of  the  strioj 
fully  stretched,  and  the  aubaequent  motion  of  the  sphere." 


fiOLtmON  BT  PROF.  DE  VOUSON  WOOD^  HOBOKEN,  N.  J. 

Let  r  =  the  radios  of  the  sphere,  a  =  the  original  length  of  the  string, 
tf  =  the  initial  angular  velocity  of  the  body,  v  =  the  initial  velocity  of  the' 
oeDtre  of  the  body,  and  t^  =  the  time  of  winding  the  slack.    Then 

vti   +  rwti  =  a; 


and  the  initial  stretched  part  will  be 

vli  =  — ; =  I  (say). 

'  ^^JouDodiately  following  this  time  the  string  will  be  stretched,  and  the  ten- 
«l  fifst  diminishes  both  the  linear  and  angular  velocities.  Take  the 
«l  the  remote  end  of  I  for  the  variable  motion.  Let  m  =  the  mass 
tf jibi  iNKlfy «  a=  the  space  passed  over  by  the  centre  during  time  t,  0  =  the 
distanoe  passed  by  the  initial  radius  in  the  same  time,  k  =  the  ra- 
of  gjrration  of  the  body,  e  =  the  coefficient  of  elasticity  of  the  string, 
^wm  mom  section  of  string,  and^  =  the  elongation  produced  by  the  ten- 
don 2*  of  the  string.    Then  Mariotte's  law  gives 

^  =  1^0-  (1) 

Assume  that  /  is  so  long  compared  with  rO  that  the  latter  may  be  neg- 
keted,  and  -let  B  =  eA-i-l^  then 

T  =  BX. 
The  conditions  of  the  problem  give 

dX  =  ds  +  rd0;  (2) 

d^X  :=  d^8  +  rd*0. 
AlsOi  for  motion  of  the  centre, 

and  for  the  rotary  motion, 

«*«  ^  =  -rr  =  -BrX,  (4) 

wbidi  two  equations  in  the  preceding  give 

dp  mAn     ^     / 

Integrating,  observing  that  for  ^  =  0,  <  =  0,  and  ctt-s-rf<=»+ctf,  we  have 

X  =  ^  sin  m.  (5) 


8 

dt 
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The  elongation  )-,  will  be  a  max.  for  sin  IM  =1,  or  <  =  r-f-2i),  for  whidi 

The  ^iin«  of  producing  the  maximum  stretch  of  the  string  is  independent 
of  the  initial  motions.  When  the  string  returns  to  its  original  loigth^  X  will 
again  be  zero,  and  sin  2X  =  0,  or  2X  =  ;r ;  .  • .  <  =  w-r-D. 

All  the  circumstances  of  the  variable  motion  may  be  d^ermined  bj  in- 
tegrating equations  (3)  and  (4).  Int^rating,  after  substitutang  from  equa- 
tion (5)^  observing  that  for  ^  =  0,  ds-^di  =^t7,  a  s  0,  dtf-Hfi  =  m  and  0=:O, 
we  have,  if  we  put  jPfor  «-4.(»+ai)-MiiZI>*, 

g  =  J-Ccos  2)^-1]  + t,,  (6) 

=  Cfsin  Dt  —  Dt^  +  vt,  (7) 

=  J'^[cos2)^-l]  +01,  (8) 

e  =  J^[sinIX-2x]  ^mL  (9) 

For  the  maximum  of  (5),  dX-r-dt  =  0,  which  in  (2)  gives 

ds        _     d0 
dt^^dt' 

which  combined  with  (6)  and  (9)  gives  oosD^  —  1  =  —  1;  .* .  Dlsr^jpc 
as  before  found,  and  serves  as  a  check  upon  the  work.  The  relation  dg  ss 
— rdO  shows  that  the  direction  of  one  of  the  motions  changes  sigm.  At  the 
point  where  the  linear  motion  is  reversed  ds-r-dt  =  0,  und  for  this  we  have 

<,  =^co8-^(l-^); 

and  if  the  direction  of  the  rotation  is  reversed,  dtf-Htt  =  0,  and  (8)  gives 

«,  =-^oos-»(l-^); 

from  which  it  appears  that  if  9  <  {Ifw-H')  the  motion  of  the  centre  will  be 
reversed,  but  otherwise  the  angular  motion  will  be  reversed.  The  value  of 
t^  in  the  former  case  will  be  less  than  n  -h  2D.  Both  motions  will  change 
at  the  instant  of  greatest  elongation  if  ro  =  Jfo). 

If  the  values  of  (2  and  ^3  are  both  less  than  ^r-s-D,  one  motion  will  change 
signs  before  the  instant  of  greatest  elongation  and  the  other  afi»r ;  otherwise 
only  one  will  change  signs.  To  find  the  total  variable  movement,  make 
Dt  =  Tt,  and  (7)  and  (9)  give 


•  -  V       -ID' 

»  =  (— ^I^H- 

!f  (6)  redueea  to  zero  when  Dt  =  k,  tlie  body  would  be  at  rest  at  the 
BiDoraent  the  string  regains  its  original  length  and  F^^v,  but  it  would  still 
T  have  an  angular  velocity  of  u»+(rp-^f )  as  Ehown  by  (8).  Similarly,  if  the 
njOry  motion  is  destroyed  at  that  instant,  the  linear  velocity  will  be  e  + 
(ifw-j-r},  and  will  continue  unilDrm.  It  may  be  shown  that  the  kinetic  en- 
ergy of  the  moving  bo<ly  at  the  end  of  the  variable  motion  is  the  same  as  at 
the  b^inning. 

I   have  not  attempted  to  polve  the  general  case  represented  by  equation 
(1).     It  18  evidently  very  intricate. 


Note  on  Prof.  CA8£ri''8  Treatment  op  Phob.  361,  by  Prof.  E.  W. 

IHtce.  —  Referring  to  Prof,  Casey's  figure  on  page  194,  Vol.  VIII,  the 
curves  ran  and  ;:>^  are  not  semi -ellipses.  They  are  tortuous  curves  whose 
projections  on  the  plane  ABC  are  arcs  of  an  hyperbola,  those  on  a  plane 
perpendicular  to  BM  equal  curves,  forming  together  a  curve  of  the  4th 
order,  and  those  on  a  plane  perpendicular  to  these  two  planes,  the  circle 
which  is  the  right  section  of  the  cylinder. 

The  difiereniial  expression  for  the  volume  is  easily  written  but  can  be  m- 
tegisted  only  by  expansion  into  series.  Thus  the  equation  of  the  cone  is 
»»+y»  =  (fl*-i-a')(r— a)',  and  that  of  the  cylinder,  ^-f  i*  =  r*;  whence 

[Mr.  £iistwo<Kl  puts  tor  the  equation  of  the  cone  and  cylinder,  respective- 
ly, g'+x'  =  ;*tan'^,  and  (z— c)*-|-ar*  =  r*,  and  gets 

r  =  4  j'v'(r^-i*)  I  [v/lH— .e') -|-c]'tanV- a^  ]■  W 

Mr.  Heaton  puts  x  ^  the  distance  of  a  horizontal  plane  through  the  cyl- 
inder (roni  the  axis  of  the  cj-linder,  and  finds,  for  the  area  of  such  plane, 

sin-'i,''-!  (r*-s')^Q/?-Ha=)(6-fi)']  }  ;  and  therefore 
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Note  on  the  Solution  op  Prob.  363,  by  Prof.  W.  W.  Johnson. — 
The  following  proof  of  Prob.  363  shows  that  the  theorem  is  true  for  all 
coDvex  ovals. 

Let  0  be  the  fixed  point  and  AB  the  chord,  the  tangent  at  B  being  par- 
allel to  OA ;  and  complete  the  parallelogram  A  OBT.  As  B  travels  about 
the  oval  the  tangent  BT  is  at  every  instant  rotating  about  B ;  Hence,  since 
BT  is  equal  and  parallel  to  OA  it  generates  an  area  equal  to  that  generated 
by  OA^  that  is,  an  area  equal  to  the  given  oval.  Thus  the  area  of  the  locus 
of  T  is  double  that  of  the  oval.  Now  the  middle  point  of  AB  is  also  the 
middle  point  of  OT^  hence  its  locus  is  similar  to  that  of  T^  and  its  area  is 
one  fourth  the  area  of  the  locus  of  T  or  one  half  the  area  of  the  given  oval. 


Another  Solution  op  Prob.  365,  by  Prop.  Asaph  Hall. — It  is 

plain  that  the  indetermination  will  occur  only  for  very  small  values  of  0. 

Put  therefore  cos  tf  =  1  —  Jtf*,  and,  n^lecting  higher  powers  of  tf,  we 

shall  have, 

re  ^{l-c).de    _     1^         -I    g|/(nc) 

J  ^1^0+^.0^        yino  i/[2(l -(?)]' 

-=     I?     ?  =       ^ 
\n  *  2        |/(2n)' 

when  c  =  1.     This  is  the  value  required,  since  the  upper  limit  may  be 
changed  from  0  to  ^tt. 


SOL  UTIONS  OF  PROBLEMS  IN  NUMBER  SIX,  VOL.  VIIL 


Solutions  of  problems  in  No.  6,  Vol.  VIII,  have  been  rec^d  as  follows: 
From  R.  J.  Adcock,  374;  Prof  W.  P.  Casey,  368,  370,  371 ;  George 
E.  Curtis,  370;  Dr.  H.  Eggers,  368,  370;  Prof.  A.  B.  Evans,  371 ;  Prof. 
E.  J.  Edmunds,  368,  369,  370;  George  Eastwood,  372;  Prof  E.  W.  Hyde, 
369;  W.  E.  Heal,  369;  William  Hoover,  372;  Prof  J.  Scheffer,  368, 369, 
370,  372 ;  Prol.  E.  B.  Seitz,  369,  370,  371 ;  Thos.  Spencer,  869 ;  R.  S. 
Woodward,  374. 


368.  By  Prof.  J.  Schefer.— ''In  a  quadrilateral  ABCD,  the  diagonal  A  C 
makes  with  the  sides  the  four  angles  CAB  =  a,  ACB  s=  ^,  ACD  =  Yf 
CAD  =  d.  Find  the  angles  which  the  other  diagonal  BD  makes  with  the 
sides." 


F 


SOLUTION  BY  PROP.  J.  BCBEFFER,  HARRISBUHG,  PA. 

Denoting  I.  B  DC  by  9,  aud  /.  BDA  by  f,  we  have 
BC:  CD  =  Binfl  :  810(^+^+6), 
CD  :  AC  =  sin  8  :  ain  iS+f). 
Multiplying: 

BC:  AC  =  sin^sinfl  :  sm:3+r)9m{^  i-f+O); 
BC  :  AC  =  sio  a  :  sin  (a+/9) ;  therefore 
sin  a  :  sin(o+/9)  =  ain  Satnd  :  sin{3+j')8in  ((9+r+^)i 
wn  asin  (*  +  ;■)  sin  (;9  +  r+^)  =  sin  (a+^)  sin  3  sin  fl,  or 
8tn  a  sin  (J+  ;')[Bin  (^-t  ?-)coBfl  +  co8(^+7')  sin  tf] 

Dividing  b^'  sin  0,'we  obtain 


Similarly 


sinaBin(j?+rywn(5+r)  '^     ' 


OOt^   : 


flin)-ein(g  +  ;?) 


'  8in^sin(a+5)sin((J+;-) 
Sobetitutiag  the  values  of  d  and  f,  as  here  found,  in  the  equations 
AABD  =  n  —  {a  +  d  +  f), 
Z  CBD  =  n  -{fi  +  r  +  I 
y  become  known. 

[T>r.  Eggere'  solution  of  this  problem  is  similar  to  the  foregoing.  Prol. 
Fiey  assumes  that  the  sides  of  the  quadrilateral  are  given,  and  hence  fon- 
cludes  that  the  solution  involves  only  the  application  of  a  well  km 
ID  trigonometry.  Prof.  Kdmunda  obtains,  from  the  figure,  lour  equations 
involving  the  fi>ur  unknown  angles  with  known  quantities,  by  the  reduction 
of  which,  he  assumes,  the  solution  may  he  effected.  His  method,  however, 
will  not  succeed  because  his  equations  are  not  independent. —Ed.] 

369.  By  li.  J.  Adcoek— "Show  that  the  radius  of  curvature  of  an  el- 
lipM  equals  the  cube  of  the  radius  vector  divided  by  the  rectangle  of  the 
semi  axes;  the  radius  rector  being  through  the  centre  at  right  angles  to  the 
radius  ot  curvature." 

80LCTI0N  BY  PHOF.  E.  B.  9EITZ,  KIRK8VILLE,  MISSOURI, 

Ijel  R  be  Uie  radius  of  curvature  at  the  point  {a  cos  {p,  6  sin  f),  aud  r  the 
nul;ufl  vector  from  the  center  perpendicular  to  R.  Then  by  the  usual  lor- 
mula  we  have  R  =  y'(a^ia*»p-k-b*co^ff-^ab  (1).  Since  r  is  parallel  lo  the 
tangeni  at  (aoosy,  6Rin^),  and  the  radius  vector  of  this  point  is  v'(u'cosV 
+6^inY),  wehaver=i/{a^iii'f +6'cosV).t.2}-  From  (1)&(2)  ii  =r*^-aA. 


—28- 

370.     By  Prof.  jFcfmutufe.- "Divide  a  right  angle  into  three  parts  a,  jS^ 
T',  such  that  (cos a)^m  =  (cos^)-T-n  =  (cos  t')-?-/)/' 

SOLUTION  BY  DR.  H.  EGGEBS,  MILWAUKEE,  WISCONSIN. 

Construct  a  triangle  with  m,  n,  p  as  sides;  then  the  complements  a,  /9, 7 
of  its  three  angles  are  the  angles  required. 

For  if  a,  6,  c  be  the  angles  of  the  triangle,  we  have 
m\  n:  'p  =  sin  a  :  sin  6  :  sin  c, 

=  cos(Jjr— a) :  cos(j7r — 6) :  cos(J;r— c). 
Now  a  +  p  +  r      =  (jTT-a)  +  (J^— 6)  +  (i^— c) 

=  f ;r  —  {a  +  b  +  e) 
=  ^;r  —  TT  =  J;r. 


371 .  By  Prof.  E.  B.  SeUz. — "-4  CB  is  the  quadrant  of  a  circle,  0  the  cen- 
ter of  its  inscribed  circle;  0^  Oj,  O3,  .  .  .  0„  are  the  centers  of  a  series  of 
circles,  each  of  which  touches  the  preceding,  the  arc  AB  and  the  radius  ^IC, 
the  circle  0^  touches  the  circle  O;  and  OjBT,  O^H^,  O^H^^,  .  .  O^H^  are  * 
the  perpendiculars  on  -4.C,  or  the  radii  of  the  inscribed  circles.  If  j4C=r, 
O^IJ^  =  a?^,  and  CH^  :  O^H^  =  u^,,  prove  that 

u,  =  J(|/2  +  l)»-+i  -  i(i/2  -  l)2-+i , 

2r 


^n  = 


2  +  (y/2  -r  1)^*+^  +  (v'2  —  l)2"+i' 

SOLUTION  BY  PROF  A.  B.  EVENS,  LOCKPORT,  N.  Y. 

Let  Cfli,  =  y«;  then  from  the  geometry  of  the  figure 

4^«y»-i  =  fyn  — yn-i)*,  (i) 

^n=^{f-yn\  (2) 

Similarly  a:^^  =  ^(r»  ~  y 2_  ^ ).  (3) 

• "  •  ^'•^-i  =  i(^  -yn')!*^  -y2-i)-  (4) 

r 
From  (1)  and  (4),  by  elimination  and  evolution, 

r^  —y^n-^t  =  (yn  — y»-i)ri/2.  (5) 

From  (5),  by  solving  for  y^  and  then  fi)r  yn-i>  we  find 

yn  =  t-(r+y,_ii/2)-5-(r,/2  +  y,.i),  (6) 

and  yn-i    =  r(y^j/2  — r)-f-(r  1/2- yj;  (7) 

yn-2   =  <yn-iJ/2  — r)-4-(ri/2— y,_i).  (8) 

By  eliminating  y^  between  (2)  and  (6)  we  find 


r'  —  yS-i 

.-.u.— 6u_,  +11^3=  0. 
The  solution  of  (11)  by  Finite  Differences  gives 
^  =  C,(r,)-  +  C,(r,r; 
here  r,  =  {y/2  +1)'  and  r,  ^  (|/2  —  1)*  are  the  roots  of  the  equation 
—  (id  +  1  =  0,  and  C,  and  C,  are  constenis  of  integration. 
To  determine  these  conntant^,  observe  that  when  n  =  0  and  n^l,  u^l 
7,  and  therefore  1  =0,4-0,  and  7  =  C,(,/2  +  l}'+Q(»''2-l)'; 
rbence  C,  =  J(v  2  +  1)  and  C,  =  i(v/2  -  1).  These  values  of  C,  and 
r,  reduce  (12)  Uiu.=^i(l/2+l)'"+'  —  i(k'2—])'"+^  (13) 

3in»  y,-Ht„  ^  j/(r* — 2r«,)-i-*,  =  u.,  we  readily  find  from  (13), 


2-i-(i/2  +  l)"^^  +(j/2-l)*"+» 


372.  By  William  Hoover,  A.  M. — " A"  hemisphere,  radius  r,  is  reetiog 
ilh  its  convex  surfaee  on  two  planes,  one  perfectly  smooth  and  inclined  to 
le  horizon  at  an  angle  a,  the  other  being  inclined  at  an  angle  /?;  if  m  be 
le  coefficient  of  friction  between  the  latter  and  the  hemisphere,  what  is  the 
witioD  for  rest?" 

BOLUrrON  BY  OEOROE  BASTWOOD,  SAXONVILLE,  MASS. 
Let  6  represent  the  angle  the  base  makes  with  the  horizon  when  the  hem- 
phereisatrest;  G,it«  centre  of  grav.  and  £GW  a  vertical  liiietlirouKli  G. 
We  have  for  data,  8  =  EOF  =  EOO;  R,  jiR,  I 
ad  Rf  for  forces,  and  a  and  ^  for  inclinations  of  I 
taoes;  also  OG  =  |r. 

Take  vertical  and   horizontal   com)K)nents  of  R,  I 
\R,  R' ;  and  moments  about  centre  0.     Then 

fteoea  +  ;/R«in«  -h  ii'cos^   =     W,  (1)1 

ftaina  + /^cosa  —  ii' sinj?  =  0,  (2)1 

r.ftR  =  FO.  W=  Jr.  TTsin  6.  (3)  ■ 


—do- 
Multiply  (1)  by  sin  fi^  and  (2)  by  cos  ^,^nd  add :  then 

RQin(a  +  P)  + /iRoo6(a  —  fi)  =   Wsinfi. 

.    12  =  ^^'s^P^      (4) 

•  sin  {a+fi)  -h  /ioos(a  -^)'  ^  ^ 

Substituting  this  value  of  B  in  (3),  we  have 

sin  0  =  8/1  sin  ff      

:fein(a +^) + 3/ico8(a  -^)' 

[Solved  in  a  similar  manner  by  the  proposer,  and  by  Prof.  Scheffer.] 


373.  No'solution  received. 

374.  By  R.  8.  Woodward. — "Prove  1st,  that  the  probable  error  of  any 
tabular  value  in  a  table  of  logarithms,  trigonometric  functions,  etc.,  is  0.25 
of  a  unit  of  the  last  decimal  place,  supposing  this  place  correct  to  the  near- 
est unit;  2nd,  that  the  average  of  the  squares  of  probable  errors  of  interpo- 
lated values  depending  on  first  differences  only  is  §(0.25)^.'' 

SOLUTION  BY  THE  PROPOSER. 

The  actual  errors  of  tabular  values  are  confined  within  the  limit  -1-0.5 
and  — 0.5  of  a  unit  of  the*'last  place.  All  errors  between  these  limits  are 
equally  probable.  Hence  the  probable  error  of  any  tabular  value  is  one- 
half  the  maximum  error,  or  ±:0.25. 

Let  V  and  v'  be  two  consecutive  tabular  values,  and  x  an  interpolated  val- 
ue 1^  from  V,    Then 

x  =  v  +  i^{v'-v)  =  v{l-^)  +  v'^. 

The  square  of  the  probable  error  of  x  is 

(p.e..r=(0.25,«{(l-^)%4} 

=  (0.26)*{  1-4+24}.  (1) 

The  average  of  the  squares  ot  probable  errors  given  by  this  formula  be- 
tween the  limits  <  =  0  and  ^  =  10  is 

.     (0.25)«/''(l-23^  +  24y«-./'d.  =  i(0.26)«. 

From  (1)  it  appears  that  the  probable  error  of  an  interpolated  value  is 
always  less  than  that  ol  a  tabular  value,  and  that  the  probable  error  is  least 
for  the  interpolated  values  midway  between  the  two  tabulated  values. 

[R.  J.  Adcock  submits  the  followiug  remarks  on  the  solution  of  374:] 
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"At  p.  189,  Vol.  VII,  is  found  the  probable  c 
Xtanltan-'c;=  707,/{S(d})H-n,  where  S(o!J) 
of  liie  errors,  and   >,  their  number. 

In  Ihe  first  case  of  374,  dl  possible  errors,  withi 
eluded  hetweCD  0  and  0,5  olthe  last  decimal  place 
there  is  uo  greater  density  or  accumulation  of  er: 
these  limits  than  of  another;  therefore 


m  of  the  squares 


I  regard  to  sign,  are  in- 
heir  number  is  iufinite. 


Henct;  the  probable  error  x  =  I'ji/B  ■■ 


iy*  +  c  =  -^. 

:  0.204,  instead  of  0.25. 

R.  J.  Adcock." 


PROBLEMS. 

r  375.  By  IV.  B.  Batts. — A  and  5  enter  into  partnership  and  gain  $200. 
Bow  six  times  A's  accumulated  plock  (capital  and  profit)  equals  five  times 
re  original  stock,  and  six  times  B'a  profit  exceeds  A's  original  stock  by 
^"^"  Required  the  original  stock  of  each, 
1 376.  By  Dr.  H.  Eggers.  —  Divide  a  right  angle  into  three  parts,  such 
ImI  the  tangents  of  the  several  angles  are  proportional  to  three  given  num- 


By  W.  E.  Heal. — It  the  equations, 

I'  +  ax  +  i    =0 
x"  +  a,a!  +  6,  =  0, 
lave  a  common  root,  find  the  remaining  roots. 

378-  By  laaac  H.  TurrdL—  0  is  the  center  of  a  circle  circumscribing  a 
triangle,  and  ^i,  b,  c,  are  the  middle  points  of  the  sides  opposite  the  angles 
A,  B,  C,  respectively.  If  a  circle  be  drawn  through  A  to  touch  Ob,  Oc, 
i  another  through  B  to  touch  Oa,  Oc,  prove  that  their  common  tangent 

rs  through  C 
379.     By  Paul  PdiUr,  A.  M.,  WaUrloo,  III.— If  any  number  of  cin-les 
ti  one  auother  in  oue  point,  all  their  polars  which  correspond  to  a  com- 
i  pole,  pass  through  a  single  point. 
380.     By  Lieut.  Chaa.  A.  Stone,  U.  8.  Naval  Acad.,  Ann.,  Md.  —  Find 
the  equation  of  the  curve  in  which  the  tangent  of  the  angle  which  the  tan- 
Kent  line  malce^  with  the  axis  of  A',  increases  proportionally  to  the  length  of 
tfae  carve. 
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381.  By  Prof.  W.  P.  Casey.  —  To  find  a  point  in  a  given  line  so  that 
the  rectangle  contained  by  two  lines  drawn  to  it  from  two  given  points  may 
be  given  or  a  minimum  (without  the  aid  of  the  C^issinian  Ovals). 

382.  By  Thomas  Spencer.  —  Prove  in  general  that  the  chord  drawn 
though  a  given  point  so  as  to  cut  off  the  minimum  area  from  a  given  curve 
is  bisected  at  that  point 

383.— -By  Prof.  Edmunds  —Solve  and  discuss: 

ix"     +     f  =  a\ 
\  loga?4-logy  =  n. 

384.  By  Prof.  Asaph  Bofl.— '*Show  that 

I    dx)    f(a?,y).rfy  =    I    dy  I   ^a?,y)cte. 
(Dirichlet's  theorem.)" 

385.  Sdected  by  Prof.  H.  T.  -Etfdy.— Show  that 
r*e(-  'C082e^i-gain2«)  "^fx-Bin  2(?+^cos  2(?1di 

*/    —00  BID  L„  ^X  .J 

1  -a  coaf"^  "1 

^  rinl  J* 

386.  By  Oeorge  Eastwood. — Integrate  the  equation 

d^    d^  _   (dl    ^\2  _  Q 
df   '  dx^         \db'  dxl 
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EBBA  TA. 


On  page  5,  line    7,  for  a,  6,  e  and  d  under  the  radicals,  read  a',  h^^  e^^  d\ 

"      *'  8,    *'        6  from  bottom,  for  presumptions,  read  preBumptoooB. 

*•      "  12,  lines  6  and  22,  for  x\  read  x^. 

"      *•  16,    "    16,  for  27,  read  2r. 

"      "  20,  line  18,  for  by,  read  into, 

li      (4  21,    "    11,  from  bottom,  for  twice,  read  four  times. 


THE  ANALYST 


lA  W  OF  ERROR  IN  THE  POSITION  OF  A  POINT  IN  SPACE. 


(BY  E.  L.  DE  FOREST,  WATERTOW> 
The  taw  of  facility  of  error  in  the  observed  position  of  a  point  varies 
•ccoriling  as  the  fnmit  is  supposed  to  lie  on  a  given  straight  line,  or  in  a 
jK'*n  plane,  or  in  unrestricted  space  of  three  dimenRlone.     Moat  quantities 
which  are  tlie  subjet-'ta  of  observation  are  cajiable  of  having  their  magnitude 
^BSpreaiiitc-d  by  the  length  of  a  straight  line,  and  their  errors  are  represented 
^Hy  tile  errors  in  the  position  of  the  point  whicli  forms  one  extremity  of  the 
^Kne,  the  other  extremity  being  fixed.    Taking  this  line  as  an  axis  of  .V,  the 
^Broltability  y  that  the  point  of  error  will  fall  within  ntiy  arbitrary  b>it  very 
^Hstall  interval  tlx  on  this  line,  is  a  function  of  tlie  form 

I  ^ =':"/,'-  (■> 

sphere  X  in  the  distance  from  the  most  probable  position  of  the  point  to  the 
middle  of  the  inlervnl  dc,  and  A  is  a  constant.  Th^  most  probable  position 
of  the  point,  and  the  value  of  h,  are  to  be  determined  by  known  methods. 
If  an  oljscrved  point  may  be  anywhere  on  a  given  plane,  as  in  the  case  of 
abot-marks  on  n  tiirget,  th«  probability  that  the  jKiint  will  fall  within  any 
very  small  area  lUdi/  whose  middle  point  has  the  coordinates  x  and  ^,  will  be 

The  positions  n\  the  axes  of  Xand  >",  and  the  values  of  A,  and  h^,  are 
to  be  found  as  in  my  recent  article,  AtiALVar,  Jan.  to  May  '81.  In  this 
■nd  other  articles  (Sept.  '*l,  p.  145),  it  was  shown  that  the  fnnotions  (1) 
■od  (2)  arc  the  limiting  forms  of  the  series  of  coefficients  in  the  expansion, 
to  an  infinitely  high  [Miwer,  of  a  jmlynomial  of  one  and  two  variables 
racpoctively.     On  similar  principles,  the  law  of  erroiE  in  space  of  three 
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dimensions  may  be  obtained  by  the  expansion  of  a  polynomial  of  three  va- 
riables, whose  coefficients  are  all  positive  and  their  sum  equal  to  unity.  It 
is  the  object  of  the  present  paper  to  show  this,  and  to  demonstrate  the  lim- 
iting form  of  the  expansion. 

Taking  at  first  the  true  position  of  the  observed  point  as  an  origin,  and 
drawing  through  it  any  three  rectangular  axes,  we  will  refer  to  these  axes 
any  other  positions  which  the  point  may  take  through  errors  of  observation. 
The  coordinates  x^  y,  z  of  any  such  point  of  error  will  be  r^arded  as  mul- 
tiples of  the  arbitrary  intervals  or  units  of  measure  Jx,  Jy  and  Jz  respect- 
ively, which  may  be  taken  as  small  as  need  be.  If  for  example  a  single 
observation  places  the  point  at  a;  =  4Jx,  y  =  2Jy,  z  =  SJz,  we  will  write 
^4. 2.8^^^  ^^^  probability  that  this  particular  error  will  occur,  and  in  gen- 
eral, we  write  Xa.6,c  for  the  probability  of  occurrence  of  the  error  x  =  aJx, 
y=6Jy,  z=cJz,  where  a^  6,  c  are  any  whole  numbers,  positive  or  negative. 
Now  take  the  probabilities  L  as  coefficients,  and  their  sub-indices  as  expo- 
nents of  ^,  Tj,  ^,  in  the  polynomial 

Under  this  notation,  the  terms  of  the  polynomial  are  supposed  to  be  ar- 
ranged in  the  form  of  a  rectangular  block,  so  that  exponents  and  sub-indices 
vary  from  term  to  term  by  diffei*ences  equal  to  unity.  Each  term  is  of  the 
form  included  within  the  brackets,  and  the  signs  of  summation  denote  that 
the  whole  polynomial  is  the  sum  of  all  the  terms,  and  is  formed  by  assigning 
to  one  of  the  exponents  and  sub-indices,  a  for  instance,  all  the  integer  val- 
ues from  — m  to  m,  while  b  and  c  remain  constant,  then  in  this  sum  assign- 
ing integer  values  to  another  exponent,  6  for  instance,  from  —  m  to  m,  while 
c  remains  constant,  and  finally  in  this  sum  assifi;ning  integer  values  to  c 
from  — m  to  m.  In  other  words,  the  block-formed  polynomial  is  the  sum 
of  all  the  different  terms  which  can  be  formed  by  giving  to  a,  6  and  c,  in- 
dependently of  each  other,  all  the  integer  values  from  —  m  to  m.  We  might 
have  adopted  a  notation  analogous  to  that  which  I  employed  for  polynom- 
ials of  two  variables,  in  Analyst,  Jan.  '81,  p.  4,  but  it  would  be  quite 
cumbrous,  if  the  eight  corner  terms  of  the  block  were  written  in  full. 

The  number  m  is  supposed  to  be  taken  so  large  that  no  point  of  error 
will  occur  whose  coordinates  exceed  the  limits  x  =  ±.  mJxy  y  =s  ib  m^, 
2  s=  ±  mJz.  Any  entire  polynomial  of  three  variables  can  be  put  in  this 
block  form,  by  adding  or  intercalating  terms  with  zero  coefficients  if  req'd. 
The  whole  number  of  terms  in  the  block  is  (2m  +  1)*.  From  die  manner 
in  which  the  coefficients  in  the  successive  powers  of  a  polynomial  are  fbrmed| 
it  is  evident  that  when  n  observations  are  made,  the  probability  that  the 
sum  of  the  errors  in  the  x  direction  will  be  bAx^  and  that  at  the  same  time 
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[of  those  in  the  y  and  z  directions  will  be  tdy  and  vAi  respectively, 

hiAa  wwfficient  of  ^VC  in  ^^  espaosion  of  the  polynomial  (3)  to  the  nth 
power. 

If  £  is  the  probability  that  a  particular  error  or  event  will  occur,  in  one 
observation,  then  in  n  observations  the  mnet  probable  number  uf  times  tor  it 
to  occur  is  nL,  {Asalybt,  May  '79,  p.  fid.)  This  is  strictly  true  when 
nL  a  a  whole  number,  and  approximately  true  In  other  mses.  Hence,  the 
most  probable  total  effect,  in  the  x,  y  and  z  directions,  of  the  possible  error 
4Jr,  2Jy,  3Jz  for  example,  will  be 

»i,.,,,(4Ji),  >.L,.,.,(2J,),  ni..,,,(3Jz), 

and  in  like  manner  for  the  other  errors.  Tlie  most  probable  algebraic  sum 
ofthc  n  errors  which  ocuur  will  be,  in  the  x  direction, 

where  the  coefficient  a  lakes  the  same  values  as  the  sub-iudex  a  does.  This 
is  the  approximate  value  of  the  exponent  of  f  in  that  term  of  the  expunsioD 
of  (3)  whose  coefficient  is  a  maximum.  The  most  probable  value  of  tbe 
•rithmetical  mean  of  the  n  errors  which  occur,  in  the  x  direction,  is  found  by 
dividing  (4)  by  n,  Tbe  quotient  thus  obtained  is  evidently  the  statical 
moment,  with  respect  to  the  YZ  plane,  of  the  system  ot  coefficieota  L  re- 
gimled  aa  the  masses  of  material  points.  It  also  represents  the  lever  arm 
of  tbe  system  with  respect  to  that  plane,  since  IL  =  1.  Id  like  manner 
it  will  be  found  that  the  most  probable  arlth.  means  of  the  errors  in  the  Y 
and  ^directions,  respectively,  are  the  lever  arms  of  the  System  with  respect 
to  tbe  XZ  and  XY  planes.  Thus  the  most  probable  mean  position  of  tbe 
n  points  of  error  is  the  centre  of  gravity  of  the  system  of  masses  L. 
From  what  was  shown  in  my  article  of  May  '80,  p.  81,  respecting  the  po- 
tilion  of  the  centre  of  gravity  of  the  coefficients  in  an  expanded  polynomial, 
Joioed  with  the  fact  that  the  coefficients  in  the  expansion  are  not  altered  by 
subtracting  a  constant  quantity  from  each  exponent  in  the  first  power,  so 
■s  to  bring  the  place  of  c^j^'i^  (or  a'^a"  in  the  notation  there  used)  into  the 
middle  of  the  block  instead  of  at  one  corner,  it  follows  that  the  lever  arms 
of  the  system  of  coefficients  In  the  expansion  of  (3)  to  the  nth  power  are  n 
times  what  they  are  in  the  first  power,  the  coordinate  planes  remaining  the 
suae.  Hence,  according  to  (4)  Ac  ,  the  maximum  coefficient  in  the  espan- 
ti>tD  coincides  approximately  with  the  centre  of  gravity  of  the  whole  sys- 

I  of  coefficients  in   the  expansion.     It  will  otherwise  appear  hereafW, 

it  thu  is  true  at  the  limit,  when  n  becomes  infinite. 

Let  na  write  the  expansion  of  (3)  to  the  nth  power  as  follows,  retain- 

>  the  same  block  form. 

D=  i!s=,..«s=.i':=:-..((.,...fva  (6) 
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where  a,  b,  e  take  only  integer  values  as  before.  The  whole  number  of 
terms  in  the  expansion  is  (2mn4-l)^*  We  shall  now  employ  the  method  of 
indeterminate  coefficients,  to  find  a  relation  between  the  (2m  +1)*  coeffi- 
cients L  in  the  first  power,  and  any  similar  block  of  an  eqnal  numb^  of 
coefficients  I  in  the  expansion.  Since  the  L  and  I  are  independent  of  $|  ij 
and  ^,  we  may  take  the  relation 

u'^  U,  (6) 

and  differentiate  it  with  respect  to  the  variables,  obtaining 
which  being  divided  by  (6),  gives 

"^(|)="(f).  -''i^)=-(f-)-;K|)=»(f)-  P) 

In  the  first  of  these  three  equations  (7)  substitute  the  expressions  for  u 
and  Uoa  in  (3)  and  (5),  and  also  expressions  for  — jc  and  --r^  as  obtained 

from  the  same  by  differentiation.  This  gives  an  equation,  each  member  of 
which  contains  the  product  of  two  block-formed  polynomials.  Any  such 
product  will  itself  be  a  block-formed  polynomial,  and  any  term  iii  it  will 
have  for  its  coefficient  the  sum  of  products  of  L  and  /,  such  that  this  sum 
can  be  expressed  in  the  block  notation.  Forming  in  this  way  the  coefficient 
of  ^"^ij^C*  5"  ^'^^  product  in  each  member  of  the  cxju'n  referred  to,  and  plac- 
ing them  equal  to  each  other  by  the  principle  of  indeterminate  coefficients, 
we  get 

In  the  second  member  of  this  equation,  let  the  part  which  does  nol  have 
the  coefficient  i  be  transferred  to  the  first  member,  then  change  the  sigAs  of 
both  members  and  divide  by  n+1.   Take  F  as  an  auxiliary  letter  and  write 

V  s=z  2JrII!^26^!5^2;r!l^(Z/.a,-*,-e'(i+a),c/+*),(*+«))«  (°) 

Then  (8)  becomes 

e^zm     h=zm      a^im      I  1 

I      2'      2'      (aZr.„, _ft._  /(i+„), (,+5), (*+e))  =  — "Y  ^.  (10) 

In  like  manner,  starting  from  the  two  last'equations  in  (7),  and  equating 
to  each  other  the  coefficients  of  f'jy^""^  C*  in  the  one  case  and  those  of  6*3}^C*~' 
in  the  other,  we  get  after  reduction 

111  l6-^-a,~6.-«^(i+o),(/+0,(JH^))  =  --T-T  1^>  (11) 
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It  will  be  seen  that  the  terms  in  (10),  (11)  aad  (12)  all  iiontaio  prodiirte 
o(  L  ami  /,  no  taken  that  any  L  occupying  a  given  pusitinn  in  its  block,  ia 
the  multiplier  of  that  I  whii-li  occn|iies  just  ihe  u|iptisilL-  position  in  llie  e^ual 
block  of  terms  in  ihe  expansion.  Theso  three  equutions  express  the  relu- 
tiou  whieh  i-xists  between  the  eoeffieieuts  L  in  [lie  given  polynomial,  and 
any  siuiiltir  hliM.'k  of  coefficients  /  in  the  expaa^ion  U<  the  >;th  power.  The 
middle  coefficient  in  this  block  is  li_j_  f  and  its  coordinates  are  / Jr,  jJi/  and 
t,  the  expansion  being  referred  to  the  same  axes  as  the  lirst  power.  The 
^Ricjents  I  are  also  regarded  as  the  masses  of  material  jioints.  When  the 
SXponent  n  is  made  very  large,  or  infinite,  the  masses  /  attain  their  limiting 
faloes,  and  we  denote  by  w  the  limiting  value  of  l^j,,.  Supposing  the  p'ts 
B  beeet  so  close  logctheras  to  become  consecutive,  Jx,  Ay,  M  are  repre- 
nted  by  dr,  dy  and  dt,  the  coordinales  of  the  point  whose  mass  is  w  are 

X  =  vlx,  y  —  j'ly,  z  =  hdz,  (13) 

e  wish  to  express  w  as  a  function  of  x,  y  and  s.  Let  n  l>e  made  an 
ifintty  of  the  »?cond  order.  The  system  of  material  p'ts  will  then  extend 
inHigbout  infinite  space,  ibcir  number  {2nm  +  l)"  lieing  the  wliote  number 
rooDsecutive  points  in  the  in6ntte  block,  while  (2in  -f  ' )'  i^  the  number 
eluded  within  the  small  block  under  considt-ratiou  whidi  has  to  at  Its  ceu- 
tf  BO  that  the  portion  of  Bpa"e  occupied  by  this  last  block  is  iiilinitesiiiisl 
t  its  length,  breadth  and  degith.  The  masses  of  the  consecutive  points 
thin  its  limits  may  therefore  be  regarded  as  varying  Irom  each  other  by 
utant  difiereuces,  under  the  assumption,  of  course,  that  u  is  a  contluiioua 
iDCtioD  of  X,  y,  z. 

Let  lijie,  c/,u>  and  ii.w  denote  the  diSerentials  of  w  taken  in  the  three  co- 
iottte  directions.  The  values  of  all  the  (2ni  +  1)'  masses  I  in  the  block 
1  be  formed  Iromic  by  successive  additions  and  subtractions  of  its  dlffer- 
ials,  and  will  be  the  terms  iu  this  block-lormed  total, 

^':^*.-5';srU..il:S!;,(w  +  a(/,w+Hw  +  cf/.w).  (14) 

Sabstitute  them  for  thecorrespond'g  terms /in  (ID),  (11)  and  (12).  Collect 
rately  the  coefiicieats  of  w,  it,w,  d^w  and  d,io  in  the  result,  remembering 
Mt  £L  ^  1.  Employ  auxiliary  letters,  such  that  a^.  u,,  a^  denote  the 
ree  sums  of  all  the  pnxlucts  formed  I'y  multiplying  each  L  by  its  first, 
»nd,  and  third  aub-index,  respectively;  also  Ut  /S,,  (3j,  /)j  denote  the 
ree  wims  of  the  products  of  each  L  into  the  squiire  ol  its  HrsI,  second,  and 
ird»ub  index  respectively;  and  let  ^n  Tj>  Ts  dcimte  the  three  sums  of 
t  prodiiots  formed  by  multiplying  each  L  by  the  product  of  its  first  and 
lood,  flnt  and  third,  and  second  and  third  sub-indices  respectively.  It 
fill  be  found  that  (10),  (11)  aud  (12)  are  then  reducible  to 
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—a^to+p^(^^w+rld1f'^+ra^B^  =  -'^{'^—^idxW^a%dv^—^zd,w)A 
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These  are  differential  equations  in  which  a^ ,  ^^  &o.  are  constants.  From 
the  manner  in  which  the  latter  are  formed,  it  is  evident  that  if  the  coeffi- 
cients L  of  the  given  polynomial  are  regarded  as  the  masses  of  material 
points,  the  intervals  between  them  being  Jx,  Jy,  Jz,  represented  by  dx,  dy^ 
dz  at  the  limit,  then  a^dxy  a^dy^  a^dz  are  the  statical  moments  of  the  qrs- 
tem  with  respect  to  the  coordinate  planes  YZ^  JTZand  XY.  Also  Pi{dxf^ 
^^{^yy  and  ^^(dz)*  are  the  three  sums  of  the  products  formed  hy  multiply- 
ing each  L  into  the  square  of  its  distance  from  the  three  planes  respectively. 

Likewise  Yidxdy,  y^dxdz  and  y^dydz  are  the  three  snms  of  the  products 
formed  by  multiplying  each  L  into  the  product  of  its  distances  from  the 
planes  FZ  and  XZ,  FZ  and  XY,  and  X?and  XF  respectively.  It  is  evi- 
dent that  if  the  coefficients  L  in  the  given  polynomial  (3)  are  such  that  their 
centre  of  gravity  falls  at  the  origin,  that  is,  at  the  place  of  l^,o,  q,  the  stati- 
cal moment  of  the  system  with  respect  to  any  plane  through  this  centre  will 
be  null,  and  we  shall  have  a^  =  0,  aj  =  0,  a,  =0.  Furthermore,  if  the 
coefficients  and  assumed  coordinate  axes  are  such  that  these  axes  are  the  free 
axes  of  the  system  of  masses  X,  that  is,  the  principal  axes  through  the  cen- 
tre of  gravity,  we  shall  have  also  7*1=0,  /•2=0,  Tz'^^'  This  follows  from 
the  known  properties  of  the  principal  axes  in  bodies  of  three  dimensions. 
(See  for  instance  Chapter  II.  of  Vol.  II.  of  Poisson's  Traite  de  Me'canique) 

Of  course,  if  the  possible  points  of  error  and  their  probabilities  are  arbi- 
trarily distributed,  in  other  words,  if  any  arbitrary  set  t)f  values  is  assigned 
to  the  coefficients  L  in  (3),  their  centre  of  gravity  will  not  in  general  coin- 
cide with  the  origin  or  place  of  Xq,  q,  q,  and  the  axes  taken  will  not  in  gen- 
eral be  free  axes.  Buc  the  position  of  the  free  axes  can  always  be  found  by 
means  of  the  formulas  demonstrated  in  Poisson's  treatise,  and  being  at  right 
angles  to  each  other,  they  can  be  taken  as  coordinate  axes.  By  reasoning 
precisely  analogous  to  that  employed  in  my  article  on  errors  in  two  dimen- 
sions (Analyst,  March  '81,  pp.  44  to  47),  it  will  appear  that  when  the 
coefficients  L  are  referred  to  any  new  rectangular  axes,  and  the  coefficients 
I  in  the  expansion  are  also  referred  to  the  same  axes,  the  coefficients  in  the 
expansion  are  unchanged  and  retain  the  same  positions  relatively  to  each 
other  which  they  had  under  the  old  system,  differing  only  in  position  rela- 
atively  to  the  axes. 
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For  the  sake  of"  simplicity  we  will  assume  the  same  arbitrary  interval  or 
oait  of  measure  in  all  directioDS,  so  that  Jj;  =  Jy  ^  Jz.  A  given  syetera 
of  coetticients  lot^ated  in  space  will  be  here  said  to  be  refrrred  to  any  given 
rectangular  axes,  when  the  variables  ;,  i;,  '  attaohetl  to  each  coefEcient  re- 
ceive exponents  equal  to  the  three  coordinates  of  the  coeftiuient,  expressed 
in  unilfl  of  measure.  And  ooellicients  whose  attadieil  vurlablee  have  any 
giVMi  exponents  are  said  to  be  referred  to  given  axes,  when  they  are  so 
placed  in  space  that  their  coordinates,  expressed  in  the  units  of  meaHure,  are 
n^nal  to  the  corresponding  exponents. 

Suppose  that  the  directions  of  the  axes  in  (3)  are  changed  while  the  ori- 
gin remains  the  same.  Let  x,,  y,,  2,  and  x,,  y^,  7,  be  the  coordinalcs, 
in  unite  of  measure,  of  two  given  points  of  error  referred  to  the  old  axes, 
lod  let  I'l,  y'],  ;'|  and  ar',,  y',,  z\  be  those  of  ihe  same  points  referred  to 
the  new  axes.  Multiplying  together  the  two  corresponding  terms  of  the 
[kolyuumial,  omitting  their  coeltidents  L  since  the  produ<:ts  of  these  have 
Ihe  BBme  value  iu  twth  cases,  we  find  iu  the  two  systems 

The  exponents  of  the  second  members  are  the  coordinntes  of  the  place  of 

the  coefficient  of  the  product  of  the  two  terms,  in  the  two  systems.     The 

IcDOWD  relations  between  the  two  systems  of  coordinates  give 

*,   =  o  ar',-t-fc  y'l+c  i'l.         »2  =  1  x'^-^-b  y'j-|-c 

y,   =  a'ar't+i'/,  -fc'i',, 

J,  =  a'>',4-6"y'i  -fcVj, 

where  a,  b,  c  &e.  are  the  direction-cosines  of  the  new  axes,  that  Is  to  say,  a, 

t>,  e  are  the  cosines  of  the  angles  which  the  new  X,  I'and  .ST  axes  make  with 

the  old  X  axis;  a',  6',  c'  are  those  of  the  angles  which  they  make  with  the 

r«xis;  and  so  on.     By  addition  we  get 

y,-f2r,  =:  a  {x\+x'j)  +  b  (y't-h!/',)+c  iz\+i'a\\ 

y,-fy,   =  a'{x\+x\)  +  b-{t/\+y\)+c(z\+z\\  \  (1«) 

i,-t-ij   =  a'(x\-\-x'j,Hb-(y\+y\)  +  c-(z\-i-z\).) 

These  relations,  being  of  the  same  kind  as  those  in  (17),  show  that  just 

■a  «,,  y,,  ij  and  I'j,  y'j,  i',  are  coordinates  of  the  same  [mint  in  the  two 

syittem*,  «i  the  point  whose  coordinates  in  the  old  system  are  i,  4-x„,  y,  -j- 

j,,  3)  +  *,,  is  the  same  pfint  whose  coordinates  in  the  new  system  are  x'. 

+*'a»  y'l  +y'j'  ''i  +^'f     I"!  other  words,  the  product  keejis  the  same  ab- 

nlal«  |K»ition  under  either  system.     And  as  this  is  trne  for  all  the  partial 

products  which  make  up  the  total,  it  follows  that  whatever  new  directions 

•m  give  to  the  rectangular  axes,  the  origin  being  unchanged,  the  absolute 

places  of  the  coefficients  in  the  squared  polynomial  will  be  the  same. 


a  ar'j-ffi  y'j-|-c  z',,  -J 
:  a-x'^-\-b-y\+oz\,  \    (17) 
:  aV,-f6"y',-|-c'Vj,  ) 
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In  Hke  manner  it  may  be  shown  that  they  will  continue  the  same  for 
higher  powers^  and  up  to  the  limit.  If  we  also  transfer  the  origin  to  some 
new  point,  and  draw  axes  through  it  parallel  to  the  new  directions  as  above, 
and  denote  by  a^,  6^,  c^  the  coordinates  of  the  old  origin  referred  to  the 
new,  then  in  the  first  power  of  the  |K)lynomial  all  the  exponents  of  f ,  ay,  (^ 
will  be  increased  by  the  constant  quantities  a^,  6^,  C|  respectively,  in  the 
second  power  they  will  all  l)e  increased  by  2a  j,  26^,  20^  respectively,  and 
in  the  nth  power,  by  naj,  ni,,  nc^  respectively.  Thus  the  positions  of  the 
coefficients  in  the  expansion,  relatively  to  each  other,  will  be  unaffected  by 
a  change  in  the  origin,  or  in  the  directions  of  the  axes,  or  in  both  together. 

Supposing  now  that  all  the  exponents  and  corresponding  sub-indices  in 
the  polynomial  (3)  have  been  altered  so  as  to  refer  to  the  new  axes,  it  is  ev- 
ident that  they  will  in  general  be  fractional  numbers,  and  x,  /,  and  k  likewise, 
whereas  we  regarded  them  as  integers,  in  our  demonstration  of  the  results  (10), 
(11),  (12).  But  we  may  imagine  that  the  given  block  of  coefficients  L  in 
(3)  is  enclosed  within  a  cubical  block  whose  centre  is  at  the  desired  new  or- 
igin and  whose  sides  are  parallel  to  the  new  axes,  and  that  this  new  block 
is  subdivided  into  very  small  cubes  by  equidistant  planes  parallel  to  its 
sides  and  taken  very  near  together. 

The  points  at  which  these  planes  intersect  are  supposed  to  be  each  occu- 
pie<l  by  a  coefficient  i,  only  all  these  coefficients  are  zero  except  at  the 
points  which  come  nearest  to  the  coefficients  in  the  original  block;  and  to 
these  points  the  original  coefficients  are  supposed  to  be  transferred.  It  is 
evident  that  by  diminishing  the  intervals  between  the  planes,  these  positions 
of  the  coefficients  L  in  the  new  block  c»an  be  made  to  approach  to  their  true 
positions  in  the  old  block,  within  any  assignable  limits.  Hence  the  rela- 
tions (10),  (11),  (12)  will  hold  good,  it  being  understood  that  m  is  now  the 
number  of  new  intervals  from  the  centre  to  ihe  surface  of  the  new  block,  in 
any  one  of  the  three  coordinate  directions,  and  that  ijj,  k  denote  the  num- 
ber of  such  intervals  from  the  centre  of  any  equal  block  of  coefficients  in 
tlie  ex[)ansi<)n,  to  the  respective  coordinate  planes.  But  we  may  restore,  if 
we  ])lease,  the  larger  unit  of  measure  Jx  =  Jy  =^  Jz,  by  dividing  (10),  (1 1) 
and  (12)  throughout  by  the  ratio  wliicli  the  small  interval  or  unit  bears  to 
the  larger  one.  The  effect  of  this  will  be,  that  the  coefficients  from  m  to 
—  m,  as  well  as  t,  j\  A-,  will  now,  in  general,  be  fractional  numbers.  The 
same  is  true  of  the  coefficients  from  m  to  —  m  in  (14).  Here  rf^tr,  djw  and 
d,w  are  the  increments  of  w  corresponding  to  those  increments  of  a?,  y  and 
z  which  are  equal  to  Jx  =  Jy  =^  Jz,  and  which  are  represented  bv  dx 
=  dy  =  efe  at  the  limit. 

[To  be  continued.] 
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FROM  THE  LA  W  OF  UNI  VERBAL  ORA  VITA  TION 

By  John  N.  Stockweli,  Fh.  D." 
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BY  G,  W,  HILL,  NACTICAL  ALMANAC  OFFICE,  WASH.,  D.  0. 

Ma.  Stockweli  has,  in  the  last  fifteen  or  twenty  years,  preseoted  to  the 
pnblic  several  memolre  on  the  luuar  theory,  of  which  the  one,  whose  title  is 
given  above,  is  the  latest  and  most  extensive.  In  all  of  these,  at  least  in  all 
thai  have  come  to  our  notice,  and  we  believe  we  have  seen  all,  the  ration 
d'etre  of  the  memoir  appears  to  be  the  author's  desire  to  controvert  certain 
of  l)ie  results  arrived  at  by  his  predecessors  in  this  subject;  results,  too,  vhich 
have  long  been  regarded  by  astronomers  as  definitely  settled  and  acquired 
to  science.  But  he  has  been  singularly  unfortunate  in  these  criticisma,  for 
tbere  is  no  caae,  in  which  he  has  called  in  question  the  legitimacy  of  some 
procedure  followed  by  previous  investigators,  but  that  he  is  himself  in 
trror,  or,  at  least,  that  his  objections  are  without  fouudation.  This  is  the 
more  to  be  regretted,  as  when  the  author  does  not  come  in  conflict  with  the 
generally  received  lheory,and  his  results  agree  with  what  was  known  before, 
be  is  often  right  in  the  methods  employed ;  though  it  must  be  mentioned 
that  the  latter  are  sometimes  unnecessarily  prolis. 

To  follow  Mr.  Stockweli  in  his  many  aberrations,  would  make  too  long 
a  story  for  this  place,  we  shall  be  obliged  to  confine  our  attention  to  the 
above-named  voluma  And,  even  with  this  restriction,  the  space  at  our  difl- 
poeal  will  not  allow  us  to  write  out,  in  full,  a  logical  refutation  of  the  mis- 
takes contained  in  tins.  Kor  is  it  necessary.  For  what  could  we  do,  but 
repeat,  in  a  slightly  varied  form,  perhaps,  what  has  already  been  said  saffi- 
fiUOtly  well  by  the  mathematicians  whom  Mr.  Stockweli  so  often  oontro- 
nrtB? 

On  p.  XXII  of  bia  Introduction,  we  find  the  author  [>ossessed  by  the 
DOtioo  that  each  coordinate  of  the  moon  can  be  divided  absolutely,  and  in 
onljooeway,  into  two  parts;  of  the  first  of  which  we  can  say,  this  is  ellip- 
tic and  produced  by  the  action  of  the  earth,  and  of  the  second,  this  is  per- 
bubational  and  is  due  to  the  action  of  the  sun.  Now  the  fact  is,  the  curve 
doo-ibed  by  the  moon  ift  described  under  the  simultaneous  action  of  both 
bodies,  and  what  belongs  to  each  cannot  be  separated  in  the  way  mentioned. 
Oar  analytical  expressions  for  the  coordinates  may  be  in  such  a  form  that  it 
ia  not  easy  (o  see  what  tbey  would  become  on  making  the  solar  lorce  zero. 
Fat  tbM,  Mr.  Stockweli  appears  to  think  that  it  is  only  necessary,  in  the 
Plana,  Ponte'coulant  and  Delaunay,  to  put  tn  =  0.     And  he 


observes  that,  when  this  is  done,  there  still  remain  some  terms  which 
pleased  to  attribute  to  the  solar  action  only.  Now  the  fact  is,  the  pat^Bg 
in:=0  implies  that  we  have  either  an  infinitely  short  month  or  an  infinitely 
long  year;  that  is,  the  semi-axis  major  of  the  moon's  orbit  is  infinitely  small 
or  the  semi-axis  major  of  the  sun's  orbit  is  infinitely  great.     Hence,  when 

we  put  m  =  0,  to  be  oonaistent,  we  are  obliged  also  to  put  — j-  =  0 :   alao 

we  notice  that,  under  these  conditions,  the  perigee  and  node  become  sUttion* 
ary  in  the  heavens.  The  terms  which  are  now  left  in  the  expressions  of 
die  coordinates  have  only,  in  their  ai^umente,  multiples  of  the  mean  anom- 
aly and  the  mean  argument  of  the  latitude,  of  the  moon ;  and,  hence,  return 
ti}  the  same  values  afler  each  revolution  of  the  moon,  since  the  perigee  and 
node  are  fixed.  Thus  the  curve  described  under  these  conditions  is  a  closed 
one;  and,  when  we  investigate  its  nature,  we  find  it  to  be  an  ellipse,  and  the 
laws  of  the  motion  of  the  moon  in  it  we  find  to  be  those  of  elliptic  motimi, 
the  central  force  being  equivalent  to  that  of  the  earth. 

Mr.  Stockwell's  notion,  that  what  are  called  tlie  perturbation al  parts  of 
the  ooordinates,  must  necessarily  vanish  when  the  disturbing  force  vanishes, 
is  entirely  unfounded.  All  that  is  necessary,  under  such  a  condition,  is, 
that  the  resulting  expressions  for  the  coordinates  should  satisfy  the  diEFer- 
eotial  e<]uationB  of  elliptic  motion  with  the  earth  as  central  body.  The 
terms  which  appear  to  have  puzzled  Mr.  Stockwell  so  much,  are  nothing 
but  the  expression  of  the  passage  from  one  ellipse  to  another  with  slightly 
different  elements.  Thus  falls  to  the  ground  Mr.  Stockwell's  startling 
statement  "that  there  must  be  something  seriously  wrong  in  the  published 
theories,  notwithstanding  their  intricacy  and  refinement", 

Mr.  Stockwell,  having  noticed  that  many  of  the  terms,  which  refuse  to 
vanish  when  m  is  put  equal  to  zero,  have  arguments  whose  motiou  dl^re 
from  the  mean  motion  of  the  moon  only  by  quantities  of  the  order  of  the 
disturbing  force,  proceeds  to  inquire  how  Xaplace,  Plana  and  Ponte'coi 
got  such  terms  into  their  expressions.     He  gives  his  equation  [3] 

r  =  -^co8  (t(  —  i), 

which  seems  to  trouble  him  a  great  deal.  So  great  is  his  dread  of  introdu- 
cing any  term,  of  the  zero  order  with  respect  to  the  disturbing  force,  into 
the  expressions  for  the  coordinates,  that  he  will  not  allow  us  to  cancel  the 
factor  m'  common  to  the  numerator  and  denominator  of  the  fraction.  How 
tbis  cauoeliiog  can  vitiate  the  computation  of  the  coefficient,  the  only  thing 
we  care  about,  one  does  not  see.     The  only  reason  he  can  give  for  tbis,  is, 

that  the  fraction  takes  the  indetermiDate  ibrm  ^  when  nt  =  0.    Kow  what^ 
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^t  each  an  argument  might  have  in  the  coae  where  m  actually 
,  it  has  no  application  in  a  lunar  theorj  where  m  has  some  definite 
bile  value,  as  is  the  case  in  the  motion  of  the  moon  about  the  earth.  But 
nppoee  that  m  is  really  zero,  why  need  we  be  troubled  about  the  result  ob- 
tained by  cancelling  the  fai^tors?  Has  Mr.  Stockwell  never  read  the  chap- 
ter, in  nur  treatises  on  the  dS'.  calc,  on  vanishing  fractions?   Has  be,  for  in- 
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Q  the  proof  that ^  1,  when  x  ^  0"!     And,  moreover, 


■nrl 


why  does  he  neglect  to  notice  that  the  term,  in  this  case,  having  a  period 
exactiy  etjnal  to  the  period  of  revolution  of  the  moon,  merely  expresses  the 
change  of  radius  vector  t'aused  by  passing  from  one  ellipse  to  another? 

Hence  we  cannot  accept,  as  true,  the  strange  assertion  that  "some  of  the 
moat  remarkable  cases  of  perturbation^which  have  hitherto  I>een  supposed 
lo  affect  the  moon's  motion,  have  no  ejiistence  in  nature". 

Mr.  Stockwell  next  turns  his  attention  to  Plaua's  determination  of  cue  of 
the  terms  under  discussion,  where  the  latter  uses  the  method  of  variation  of 
the  elements.  He  Ibllows  Plana  until  he  arrives  at  his  equation  [llj, 
which  he  says  agrees  with  what  Plana  has.  But  then  follows  this  remark- 
able statement,  "But  this  conclusion  is  not  satisfactory".  Why  a  conclusion, 
l^itiniately  deduced  from  correct  principles,  should  be  thrown  aside  at  a 
arbitrium,  certainly  surpasses  our  powers  of  explanation.     Mr.  Stock- 

^11  proceeds,  "I  shall  now  show  that,  if  we  neglect  the  square  of  the  dis- 
irbing  force,  we  may  suppose  the  elements  to  be  constant  in  the  differential 
ifquittooe,  and  that  then  we  shall  have  3e  ^  0,  Sto  ^  0".  It  appears  from 
tliia  that  Mr.  Stockwell  does  not  admit  there  may  be  terms  in  the  lunar 
coordinates,  to  the  values  of  which  we  cannot  obtain  the  lowest  degree  of 
approximatioti,  without  consenting  to  consider  the  square  of  the  disturbing 
fort*  as  well  as  the  first  power  of  it.  There  are  such  terms,  and  the  term 
under  consideration  is  one  of  them.  Mr.  Stockwell,  however,  proceeds  in 
Jtia  own  way  and  arrives  at  his  equation  [20].     We  give  it  here; — 


ae  =  — 


21tr 


21n 


ef'cos(fig-\-av)+—~efc<iS  j?^ 


Now,  what  is  afrange,  Mr.  Stockwell  does  not  perceive  that  this  equation 
a  virtually  identical  with  his  equation  [10].  The  last  term  iS  constant  and 
eoalescM  with  the  elliptic  value  of  e,  and  nothing  variable  is  left  but  the  first 
Urm,  which  differs  only  in  notation  from  the  second  member  of  [10].  Mr. 
Stockwell  continues,  "In  the  case  of  constant  elements  we  shall  have  a=0, 
and  thra  the  value  of  Se  will  become  de  =  0,  [21]".  How  [21]  results 
0]  by  putting  a  ^  0,  we  must  leave  analysts  more  competent  than 
s  to  discover.   Certainly  the  diff.  of  two  infinities  is  not  always  zero. 
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But  why  insifit  ou  putting  a  =  0,  when  v;e  know,  both  from  observation 
and  our  analyBis,  tbat  is  not  actually  the  valne  of  this  quantity:  tiia  perigee 
and  node  are  actually  in  motion,  whatever  we  may  say  to  the  contrary?  To 
forbid  the  perigee  and  node  to  move,  la  virtually  to  say  there  shall  be  no 
disturbing  ibrce,  and  tben  we  are  driven  back  on  elliptic  values,  as  Mr. 
Stockwell's  equation  [22]  shows.  Who  does  not  see  that,  to  get  even  the 
first  approximation  I«  this  inequality,  we  must  admit  the  movement  of  the 
perigee  and  node? 

Our  author's  dislike  to  quautities  of  the  order  of  the  square  of  the  dis- 
turbing force  is  remarkable;  on  p.  XXX['V,  we  find  hira  pninouncing  a 
correction  of  Laplace  erroneous  for  no  other  reason  than  that  he  thinks  it 
is,  or  ought  to  be,  of  the  order  of  the  square  of  the  disturbing  force. 

From  bis  closing  remark  pn  this  inequality,  we  see  that  Mr.  Stockwell 
regards  the  coefficient  of  it,  which  is  used  in  the  present  Tables,  as  being  no 
less  than  84".8  in  error.  But  bow  could  such  a  large  error  have  escaped 
detection  before  now?  We  must  remember  that  the  effect  of  this  inequality 
goes  through  all  its  phases  in  about  three  years,  and  that  there  is  no  other 
inequality  having  nearly  the  same  period  and  thus  capableof  concealing  the 
former.  Tobias  Mayer,  a  hundred  and  twenty  years  ago,  was  able  to  dis- 
cover the  small  term  in  the  moon's  longitude,  whose  at^ument  is  the  to!:gi- 
tude  of  the  node,  simply  by  comparison  of  his  rude  theory  with  observation, 
and  without  any  assistance  from  theory,  although  its  coefficient  does  not  ex- 
ceed 7".  And,  recently.  Sir,  G.  B,  Aiiy  and  Prof  S.  Newcomb  have  been 
able  to  discover  small  terms,  with  coefficients  not  much  exceeding  I",  in 
the  same  way.  It  is,  therefore,  simply  an  impossibility  that  such  a  large 
correction  can  be  needed;  and  this  consideration  ought  to  have  made  Mr. 
Stockwell  doubt  the  legitimacy  of  bis  mode  of  treating  this  ineqaality. 

We  next  notice  our  author's  treatment  of  the  inequality  depejiding  on  the 
angular  distance  between  the  lunar  and  solar  perigees.  He  says,  p.  XXVI, 
that  "the  inequalities  of  long  period  are  determined  with  great  facility"  by 
bis  equations  [23]  and  [24].  The  latter,  indeed,  are  much  simpler  than 
any  of  those  which  have  been  hitherto  employed  to  discover  the  value  of 
this  inequality.  But  truth  must  not  be  sacrificed  to  convenience.  We  can- 
not find  any  attempt  at  proof  of  these  equations,  either  in  the  present  vol- 
ume, or  elsewhere  iu  Mr.  Stockwell's  writings.  He  seems  to  have  adopted 
them  quite  arbitrarily.  Now  the  theory  of  dimensions  of  units  shows  ns 
that  the  equations  [23]  are  iuconsbtent  with  each  other.  For  the  first 
member  of  the  first  is  evidently  of  one  dimension  less  aa  to  the  linear  unit 
than  the  first  member  of  the  second ;  hence  it  is  impossible  that  the  seotrnd 
members  can  have  coefiScients  (denoted  by  h)  equal  to  each  other.     We 
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aigbt  snppoee  that  peHiape  h  deDOted,  io  generai,  a  eoDfitant  coefficieut,  but 
Lk  tre  debarred  from  thie,  bj  observing  that,  In  [24],  it  stands  outside  as  a 
KWmmon  factor  of  both  terms.     On  turning  to  page  366,  where  Mr.  Stock- 
Tvell  makes  an  application  of  these  equations,  however,  we  learn  that  the 
two  k'a  are  not  necessarily  equal.     But,  this  allowed,  ei|uation  [24]  is  still 
ODl  of  harmony  with  the  law  of  dimensions;  it  directs  ua  to  do  something 
very  like  adding  miles  to  square  miles.     It  is  also  singular  in  giving  an 
infinitely  great  coefficient  to  the  inequality,  when  the  disturbing  force  is 
infinitely  small.     It  is  almost  needless  for  us  to  slate  that  this  equation  is 
iooorrect,  and  that  the  large  coefficient  108". 53,  found  by  it  ibr  the  inequal- 
ity ooDBidered,  is  quite  wrong.     The  reader,  who  wishes  to  see  how  the 
inequality  ought  to  be  determined,  will  find  in  Ponte'coulant,  Tom.  IV,  pp. 
463-6,  probably  as  brief  an  investigation  as  can  be  made. 

The  author  states,  p.  SXVII,  that  he  has  "discovere<l  that  there  is  a  small 
secular  equation  of  the  longitude  arising  Irom  the  oblateness  of  the  eaith" 
and  that  its  value  is  -\-  0".1979t*,  i  being  the  number  of  centuries  elapsed 
fluioe  1850.  But  this  equation  does  not  exist.  The  way  the  mistake  arises 
is  this: — the  dilTerential  equations  of  the  moon's  motion,  which  are  usually 
given,  and  which  our  author  employs,  suppose  that  the  planes  of  reference 
are  fixed.  So  that  when  longitude  and  latitude  are  employed,  they  must  be 
referred  to  the  fixed  eclipti:;  and  equinox  of  some  date.  Now  the  obliquity 
of  the  equator  to  a  fixed  ecliptic  varies  very  slowly  and  proportionally  to 
the  square  of  the  time.  Peters  gives  as  the  formula,  when  1800  is  taken 
aa  the  epoch, 

»e,   =  <o  +  0".00000735f. 
This  ought  to  have  been  employed  instead  of  the  author's 
e  =  *(,— 0".48970/  — O".O0OO0I2C. 
And  aiterwards,  if  we  desire  to  have  the  longitude  and  latitude  referred  to 
the  mean  ecliptic  and  equinox  of  date,  all  we  have  to  do  is  to  substitute  the 
results  obtained  in  the  well-known  formulte  which  give  the  precession  lu 
longitude  and  latitude. 

Mr.  St«ckwell  gives,  in  equation  [25],  p.  XXVIII,  the  value  of  the  sec- 
alar  acceleration  which  arises  from  the  variation  of  the  solar  eccentricity. 
It  lies  between  the  old  value  of  Damoiseau  and  Plana  and  the  new  one  of 
Adams  and  Delaunay,  and  does  not  agree  with  the  value  obtained  by  the 
intbor  in  his  previous  papers.  Why  he  abandons  his  old  value  for  that 
pna  here,  he  does  not  inform  his  readers.  By  elimination  between  eq'na 
(673)  and  (676),  p.  358,  we  discover  that  the  equation  emploved  for  deter- 
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Bnt  this  gives  correctly  only  the  first  term  of  the  coefficient,  and  i 
we  wish  to  go  as  far  as  t*rms  multiplied  by  the  square  and  cubeof  thesokr 
dislurbing  tbrce,  it  is  nwessary  to  employ  two  equations,  such  as  Prof.  Cay- 
ley  has  given  (R.  A.  S.  Mon.  Not.,  Vol.  XXII,  p.  177). 

Mr.  SlockweJl,  having  calculated  the  coefficient  of  the  largest  ineqnality 
in  the  longitude,  duo  to  the  figure  of  the  earth,  and  finding  that  his  result 
does  not  agree  with  that  of  Laplace,  says,  p.  XXX,  he  will  give  "what 
seems  to  be  an  entirely  satisfactory  explanation"  of  this  discordance.  For 
this  piirimse  he  follows  Laplace's  procedure  correctly  and  ohtaios  his  equa- 
tion [4.i] ;  and  remarks  that  the  value  of  the  right  member  is  only  one-third 
of  that  ot  the  corresponding  term  in  (647).  Now  the  truth  is,  [43]  is  exact 
and  (647)  is  erroneous.  However  the  author  will  explain  this.  He  Bays 
Laplace  has  given,  in  a  certain  chapter  of  his  work,  a  eeuerat  method  of 
integration,  "and  that  the  method  followed  by  him  (Lapl.)  in  his  investiga- 
tion of  the  effects  of  the  earth's  oblateness  does  not  seem  to  be  in  accordance 
with  it".  But  the  fact  is,  the  chapter  contains  two  distinct  methods,  the  first 
attributes  the  perturbations  t«  the  coordinnlefi,  the  second,  to  the  elements; 
and  the  first  is  the  one  used  by  Laplace  in  his  treatment  of  the  present 
subject.  Yet  we  find  Mr.  Stockwell,  immediately  afterward,  quoting,  from 
another  chapter  in  Laplace,  a  process  which  is  only  permiseibte  in  the  second 
method,  to  justify  himself  in  putting  .9=1  in  a  certain  equation.  Now 
to  put  g  =  1,  is  to  insist  that  the  node  shall  not  move,  and  thus  the  ail- 
ment shall  remain  invariable.  Any  one  can  understand  that  a  coefficient 
determined  under  such  a  forced  condition,  not  in  accordance  with  the  real 
state  of  things,  for  we  know  the  node  does  move,  would  very  Hkely  be 
widely  different  from  that  which  actually  has  place.  Consequently  all  the 
equations  from  [44](o  [47]  are  quite  wrong. 

Mr.  Stockwell  now  investigates  a  second  term  of  Laplace,  and  he  finds, 
in  his  equation  [62],  that  it  is  the  exact  negative  of  a  term  in  the  disturb- 
ing function,  which  had  been  pneviousiy  considered.  He  therefore  fean  it 
is  some  unwarranted  duplicate  of  the  latler,  and  calls  it  "the  reaction  of  the 
force  expended  by  the  sun  in  giving  motion  to  the  moon's  nofles".  How 
such  a  strange  designation  can  be  uppliid  lo  it,  when  it  vanishes  together 
with  the  non -sphericity  of  the  earth,  he  does  not  inform  us. 

But  the  origin  of  this  term  is  easily  explained.  The  sun  acts  upon  the 
moon  in  the  place  where  the  latter  actually  Is,  and  not  in  tbe  place  where 
it  would  have  been  without  the  action  of  the  non -sphericity.  The  difl 
of  the  two  actions  is  expressed  by  this  term.  This  difference  v 
into  account,  when  equation  [28],  which  expresses  only  the  action  a 
\  Don-sphericity,  was  written,    Consequently  it  is  a  legitimate  additional  A 


loc  tokua     . 
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wbirh  caooot  be  set  aside,  as  Mr.  Stockwell  proposes.  And  his  remark, 
*4t  is  evident  that  the  whole  value  oC  3v  must  be  derived  fr^m  the  value  of 
R  ia  [53623",  cannot  be  admitted. 

Mr.  Stnckwell  adds,  "But,  in  this  second  part  of  his  work,  Laplace  seems 
to  have  committed  a  grave  oversight,  for  he  has  treated  his  equation  [5372], 
in  the  construction  of  [5373],  as  ttiough  ds  were  cont^tant;  whereas  it  is  a 
fiiBCtion  of  r  and  v  according  to  [5376],  which  he  afterwards  'ises  in  his  re- 
ductions". Now  this  remark  has  no  bearing  on  the  matter  in  hand;  for  all 
the  partial  differential  ions  and  the  integration  are  to  be  executed  before  the 
variation,  expressed  by  the  symlxil  3,  is  taken,  Thus  R,  to  the  degree  of 
approximation  adopted  by  Laplace,  having  no  variables  but  the  coordinates 
of  ihe  moon,  we  mnst  have    1  rfiJ=  R,  and  r(— — J  ^  2R,  consequently 


id,  taking  the  variation, 
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Heace  to  get  [5373]  from  [o372],  we  have  only  to  mnltiply  by  7. 

Mr.  Stockwelt  next  notices  the  correction  given  hy  Laplace  to  reduce 
tbe  inequality  from  the  plane  of  the  orbit  to  the  plane  of  the  ecliptic,  and 
Mys,  "Jt  is  apparent,  however,  that  this  correction  Is  not  required,  for  La- 
place has  shown  in  [923'],  etc.,  where  this  subject  is  first  treated,  that  this 
oorreotion  is  of  the  order  of  the  square  of  the  disturbing  force;  and  as  terms 
of  that  order  ha%'e  not  been  considered,  it  is  evident  that  the  value  of  that 
eorr«ction,  which  he  has  given  in  [A385],  is  erroneous".  This  statement  b 
incorrect  in  every  point.  What  Laplace  has  really  shown  in  [923']  is  that 
the  reduction  of  the  longitude  from  one  plane  to  another  is  a  quanlily  of  the 
order  of  the  square  of  the  dif>turbing  force,  whfn  the  inclinution  of  (he  plows 
it  o  quantity  of  the  order  of  ihe  dislurbivg  force.  But  the  inclination  of  the 
■0000*8  orbit  to  the  ecliptic  is  not  a  quantity  of  the  order  of  the  disturbing 
force,  consequently  Laplace's  remark  has  no  application  in  the  present  case. 
And  bad  Mr.  Stockwell  taken  the  trouble  to  work  out  [6385]  from  the 
equations  from  which  it  is  derived,  he  would  have  found  it  exact. 

There  is  nothing  in  the  present  volume,  nor  anything  in  his  previous  pub- 
Ucatiooa,  that  substantiates  the  author's  assertion  "that  the  existing  theories, 
iHtew)  of  being  correct  lo  terras  of  the  seventh  order,  are  really  erroneous 
in  temw  of  the  third  order".  It  is  a  matter  for  regret  that  so  much  pen«- 
vering  Imbor,  enthusiastically  followed,  for  so  raany  years,  should  have  been 
pven  to  the  pmduction  of  this  book,  since,  directed  in  less  ambitious  cban- 
aal^  U  might  have  brought  both  honor  to  the  author  and  profit  to  sdence. 


NOTE  ON  PROBLEM  ZU\ 


BY  PROP.  ASAPH  HALL. 

If  the  solution  of  this  problem  given  on  p.  30  of  the  Analyst,  VoL 
IX,  be  correct,  it  furnishes  an  easy  method  for  improving  numerical  tables. 
Thus,  we  have  only  to  interpolate  the  table  into  the  middle,  as  the  jihrase 
is,  and  then  laying  aside  the  original  table  we  have  one  of  equal  intervals 
but  more  accurate.  Again  interpolating  into  the  middle  we  get  a  table  still 
more  accurate  than  the  second  one,  and  having  the  same  arguments  as  the 
original,  and  so  on  ad  infinitum.     But  the  solution  seems  to  me  erroneous. 

If  we  have  a  series  of  values  v,  v\  v'\  &c.,  all  of  which  have  the  common 
probable  error  r,  then  the  probable  error  of  the  sum  or  difference  of  any  two 
of  these  values  is  r.|/2.  Since  in  interpolating  we  multiply  the  difference, 
v' — V,  by  a  factor,  -j^,  the  probable  error  of  the  corrections  J,  that  we  add 

to  t,  is     'Yi\    '     ^^w  ^^  probable  error  of  t;+ J  is 

Hence  the  interpolated  value  is  less  correct  than  the  tabular  one,  and  our 
method  of  improving  the  tables  fails. 


PLANETARY MAS8  AND  VIS  VIVA. 


BY  PLINY  EARLE  C^ASE,  LL.  D. 

All  persistent  oscillations  in  elastic  media,  whether  luminous,  electric, 
thermal,  atomic,  molecular  or  cosmical,  must  be  harmonic 

The  fundamental  harmonies  of  oscillatory  movement  in  the  luminiferous 
aether,  must  involve  simple  functions  of  the  velocity  of  light. 

In  applying  the  oscillatory  equation. 


=  '^\lf 


at  the  centre  of  gravity  of  a  stellar  system,  let  t  represent  the  duration  of 
an  oscillation  or  half-rotation,  g  the  acceleration  of  gravity  at  the  stellar 
equatorial  surface,  ttV  the  stellar  modulus  of  light  or  the  height  of  a  homo- 
geneous sBthereal  atmosphere  which  would  propagate  undulations  with  the 
velocity  of  light.  Then,  if  the  stellar  rotary  oscillation  is  due  to  the  reac- 
tion of  cosmical  inertia  against  aetherial  influence,  gt  is  equivalenit  to  the 
velocity  of  lightj  v  . 


Coulomb's  toreional  formula  may  be  applied  to  Sun,  by  taking  Sun's 
Iqiutorial  semidiameter,  r,,,  as  the  radial  unit; — 


/=  —  =—. 


Sf 


;  ir'aVu  =  t^I  =:  gC-  gt  =  t 


(1) 


ICsun's  apparent  semidiameter  is  961". 83,  Earth's  semi  axis  major  (^a) 
=  214.45rp;  g  at  Sua's  equatorial  surface  lg„)  =  .0OOUOO3909446ro ;  v 

=  Cg  -^  497.827  =  .4307721^0.     Iherefore,  from  (1),  (  =  1101875 sec. ; 
inlai-  rotation  =  2(  =  2203750  sec.  =  25.506  days. 

Vis  viva  may  be  represented  by  orbital  areas,  as  well  as  by  distances  of 
j»Ojectioii  against  uniform  resistance.     The  virtual  areas  of  eynchronoua 
planetary  reaction,  or  the  mean  instanlaueoiis  areas  whicli  a  particle  at  Sun's 
Burface  tends  to  describe  about  any  given  planet,  vary  as  y'{mr).     The  doc- 
trine of  conservation  of  energy  supplements  Laplace's  two  laws  of  constancy 
f  a  third,  viz. : — Jke  sum  of  all  the  histantaneous  virtual  areas  in  a  ni/stem 
U  abeaya  remain  invariable. 
The  laws  of  the  chief  centre  of  condensation.  Earth,  which  is  the  central 
ud  controlling  planet  in  the  dense  belt,  exerts  important  harmonic  influ- 
If  Earth  were  rotating  with  the  speed  which  a  coincidence  of  La- 
■jplace'B  limit  with   its  equatorial  surface  would  give,  its  time  of  rotation 
luld  be  2/r  ^'(r-^g]  =  5073.8  seconds.     Its  coefficient  of  orbital  retarda- 
^jgon  is,  therelore,  *  =  86164,1^-5073.8  =  16  9822.     In  an  expanding  or 
goDden§ing  nebula,  the  atmospbi^ric  radius  varies  as  the  ^  power  of  the  nu- 
K^deal  radius;  xt  =  43.651. 

Berschel's  locus  of  incipient  subsidence,  in  the  controlling  two-planet  belt, 
r  Saturn's  secular  aphelion,  is  1.0843289  times  the  outer  limiting  locus  of 
tfae  b«It(Stockwell,5m)7/(son.  Contrib.,  232,  p.  38);  )fl-E-1.0843289  =  40.2- 
pfi6,  which  is,  approximately,  the  ratio  of  the  instantaneous  virtual  area  at 
the  inner  locus  of  the  controlling  belt,  to  the  virtual  area  at  the  chief  centre 
of  condensation.  The  tendency  of  exponents,  in  elastic  media,  to  become 
coefficients  of  harmonic  via  viva,  is  shown  in  the  following  table : — 
Harmonic  Areas.  Mean  Virtual  Areas,  Difference. 
Jupiter    40  587  —.331 

Saturn      30.063  -f.l29 

Neptune  22,675  —.031 

Uranus    16.782  +.201 

Earlh         1.000  .000 

Venus  .749  +.001 


II  =  >t 

40.260 

f=ta 

30.192 

r-W 

22.644 

'  =  ir 

16.983 

c 

1.000 

l'% 

.760 

.662 

hi 

.422 

.316 

.237 

i=  1 

.178 

Mars 


.404 


Mercury      .162 


The  perceDtage  ofdiETereoce  betweeo  the  harmonic  and  virtual  areu  is, 
respectively,  I  of  .01,  ^  of  .01,  |  of  .01,  f  of  .01,  +  of  .01,  .045,  .099.  In 
testing  the  combined  harmonic  influeuces  of  a  rem  causa,  subject  to  internal 
pertarbations,  there  is  room  for  a  possible  deviation  of  50  per  cent,  and  i 
probable  deviation  of  25  per  cent.  The  combined  probability  of  the  d^ten- 
dence  of  the  above  approximations  npon  cethereal  influence  is,  therefore,  {25 
-j-J=30)X-4J^X175Xi|'iX175X^XVr=  15664091727:1.  The  intei^ 
mediate  harmonic  areas  between  Venus  and  Mars,  and  between  Mara  and 
Mercury,  may,  perhaps,  be  partly  distributed  among  the  asleroids,  zodiacal 
meteoroids,  the  intra- Mercurial  harmonic  nodes,  and  the  special  require- 
ments of  approximately  syuclironous  rotation  in  the  dense  planetary  belt. 

If  we  let  m^,  m,,  m^  represent  the  masses  of  Sun,  Earth,  Jupiter;  Cj, 
Earth's  aphelion  orbital  velocity;  the  value  of  mg,  in  units  of  fflg,  which 
would  satisfy  central  requirements  of  subsidence,  linear  oscillation,  conical 
oecitlation,  and  the  conversion  of  subsident  into  orbital  velocity,  is  (2X3 
X4)*  ^=331776.  The  jihotodynamic  via  vtva  at  the  chief  centre  of  conden- 
sation, }(ntj(i'},  furnishes  the  following  approx.  harmonic  proportionality:- 

m^v^v^  :  m^v'^  ::  mgoj  :  m^v^v^.  (2) 

For,  C8  =  (:W1776,*<X3962.8X(31558149-H5073.8)'i  =  92783200  miles; 
V,  =  Jg-f-497.827  =  186376  miles;  v,  =  2r!;^-i-(i  01677X3I&.58149)  = 
18.1683  miles.  Substituting  these  values  in  (2)  we  get,  m^  =  317.18;  in, 
^  I04(>.02.  A  harmonic  approximation  which  is,  probably,  still  closer,  is 
found  by  taking  r^  as  the  locus  of  the  secular  perihelion  centre  of  gravity 
of  the  two  controlling  masses,  m^  and  m^ ;  Stockwell's  estimate  (foe.  ait.), 
with  the  British  Nautical  Almanac  estimate  of  Sun's  semidiameter,  gives 
.9.191726X5.202798X214.45  =  1047.872. 

The  maximum  and  mean  planetary  accelerations  and  retardations  at  sec- 
ular and  mean  apsides,  produce  aathereal  disturbances  with  secondary  nodal 
tendencies,  which  modify  the  harmonic  areas  in  various  ways.  The  masses 
of  the  principal  planets  in  the  extra-asteroidal  and  intra-asteroidal  bi^Its, 
Jupiter  and  Earth,  are  determined,  as  we  have  seen,  by  simple  harmonic 
relatione  to  Sun.  Their  companion  planets,  Saturn  and  Venus,  show  the 
nodal  influence  of  the  principals;  Jupiter  and  Saturn  varying  directly  as 
the  mean  orbital  vis  viva,  and  inversely  as  the  mean  subsidence  potential,  of 
particles  in  their  respective  orbits,  while  Earth  and  Venus  represent  the 
maximum  disturbance  ol  the  mean  orbital  via  viva  of  Earth's  particles  npon 
the  orbital  via  viva  of  the  particles  of  Venus.  Ui'anus  shows  the  combined 
influence  of  apsidal  nodes  of  Earth,  Jupiter  and  Uranus;  Neptune,  the  com- 
bined influence  of  apsidal  nodes  of  Earth  Uranus  and  Neptune. 


The  following  additional  definitions  and  propositions  are  intended  to  fur- — 
ther  illustrate  the  subject 

1.  Def.    The  St  surface  having  the  St.  line  as  its  O.  is  called  a  plon^— ^ 
a.    A  surface^  such  that  if  any  two  of  its  points  be  joined  by  a  St  lin^ 

the  line  will  lie  wholly  in  the  surface,  is  determined  by  three  of  its  points^ 
for,  revolve  it  about  the  St  line  joining  two  of  the  points  till  it  coincides 
with  the  third.     If  now  it  be  revolved  it  will  no  longer  contain  the  thirA 
point ;  .  * .  it  is  determined  by  three  points,  or  two  St  lines, .  * .  it  is  a  plane ^ 
and  since  but  one  plane  can  be  passed  through  two  St  lines,  therefore — 

6.  If  any  two  points  of  a  plane  be  joined  by  a  St  line,  the  line  will  lie 
wholly  in  the  surface. 

2.  A  regular  polygon  is  one  which  is  both  equilateral  and  equiangular. 

3.  A  circle  is  the  path  of  a  point  the  direction  of  whose  motion  is  uni- 
formly varied.    The  circle  is  evidently  the  limit  of  a  regular  polygon. 

4.  All  the  vertices  of  a  regular  polygon  are  equally  distant  from  a  points 
called  the  centre  of  the  polygon;  for,  bisect  the  angles,  the  resulting  triang's 
are  isosceles,  and  since  their  bases  are  equal,  the  bisectors  intersect  in  a  com- 
mon point 

5.  From  3  and  4,  the  circle  may  lie  defined  as  the  path  of  a  point  mov- 
ing so  as  to  remain  at  a  constant  distance  from  a  fixed  p't  called  the  centre. 

6.  A  line  drawn  from  the  centre  to  any  point  of  the  circumference  of  a 
circle  is  called  the  radius  at  that  point 

7.  (As  in  Roberval's  method  of  tangents)  The  St  p.  of  instantaneous 
motion  of  the  generatrix  at  any  6.  of  a  curved  path  is  called  the  tangent 
path  at  that  6. 

8.  In  a  circle,  the  radius  is  perpendicular  to  the  tangent 

Proo/.-- Decompose  the  motion  in  the  direction  of  the  radius  and  at  right 
angles  to  it.  The  component  in  the  direction  of  the  radius  must  be  zero, 
or  the  radius  would  not  be  constant,  as  it  is  by  definition. 

Prop.  — If  from  any  point  in  one  terminus  of  an  angle,  and  at  a  distance 
h  from  the  vertex,  a  perpendicular,  p,  be  let  fall  on  the  other  terminus,  the 
distance,  6,  from  vertex  to  foot  of  perpendicular,  is  called  the  ftoaf,  6  and  p 
being  the  projections  of  h  on  the  corresponding  indefinite  St  lines. 

Since  l}ut  one  perpendicular  can  be  drawn  from  a  point  to  a  line,  a  right 
angled  triangle  is  determined  by  the  hypothenuse  and  the  angle  at  the  base. 

If  the  length  of  h  be  denoted  by  /^,  and  the  corresponding  values  of  p 
and  6,  by  pi  and  fi^i  then  will 


?  =  2i  =   sine,  and  -.  =  -12=  ooaine 

A         Aj  h         hi 


of  angle  at  base. 
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CORRESPONDENCE. 

Editor  Analt/stt 

A  copy  of  the  Analyst  for  July  1881  lias  jnst  fallen  Into  my  hands  in 
which  I  find  "An  iDvcstigation  of  the  Mathematical  Relations  of  Zero  and 
Infinity",  by  Professor  Judson.  In  this  article  the  author  makes  use  of 
■ome  equations,  and  the  solution  of  the  Bame,  from  Thomson  and  Quimby's 
Collegiate  Algebra,  as  follows : — 

"Messrs.  Thomson  and  Quimby  give  the  following  illustration  of  a  false 
fnlerpretation  of  a-^0  =  cw.     (Algebra,  Art.  348,  p.  146.) 

■Given  3^  +  xi/  =  10  (1),  and  ary  -f-  y'  =  16  (2),  to  find  x  and  y. 

Let  «  =  ly.    Then,  from  (1), 

y*  =  ?^  (5)'  ^°^  ^'°'°  '2),  f  =  j^  (6). 

From  (h)  and  (6)  lOz  +  lO  =  152*-|-15r  (7);  .  ■.  «  =  |  or  — 1. 

Subetituting  —  1  fori  in  (6)  or  (6)  we  have  y  =^  ±  oo,  .■ .  x  =  ^^  »o; 
lience  CO*  —  o\d'  ^  10  and  c«*  —  co*  ^  16'. 

That  th^se  results  are  incorrect  is  manifest;  for  if  we  eliminate  y  between 
.)  and  (2|  we  liave  an  equation  of  the  second  degree,  which  shoujd  have 
to  roots  only.  But  it  ±  oo  be  roots,  then  an  eijuation  of  the  second  deg. 
lay  have  four  roots.  Adding  (1)  and  (2),  x'  -)-  2j:y  -i  y*  =  25,  . ' .  a  -f  J 
:  ±  6.  By  substituting  in  (1),  ±  5i  =  10,  or  a:  =  ±2.  Substituting  in 
Ij,  i:  6y  =  15,  .  ■ .  y  =  ±  3;  and  these  are  the  only  roots. 

The  correct  interpretation  of  this  example  is,  since  when  »  =  —  1,  y*  = 
Sh-0,  - ' .  z  =  ;—  1  is  an  impossible  value  for  (1)  and  (2)." 

In  reply  to  Professor  Judson,  I  will  say:  — 

1.  The  elirainntiou  of  y  between  (l)and  (2)  gives  an  equation  ol  the  4th 
Sgrce  which  must  have  lour  roots. 

2.  Hence  it  follows  that  x  =  ±  2  and  y  =  i:  3  are  not  the  only  roots 
ot  I  =  ±  c«  and  y  =  ^  cvo  are  also  roots. 

3.  I  have  never  before  heard  that  y'  =  15  -*-  0  indicated  impossibility 
accept  the  impossibility  of  expressing  the  result  in  terms  of  a  finite  unit. 
r  Prof,  Judson  will  refer  to  the  Algebra  above  named  he  will  find  that 
[po  is  defined  as  an  infinitesimal,  and  the  book  does  not  recognize  a  zero 
rliich  means  nothing.  Tlie  Professor  is  certainly  wrong  when  he  says  that 
ifinity  cannot  be  a  root  of  simultaneous  equations.  The  equations  above 
r*  esch  the  equation  of  an  hyperbola,  and  the  two  hyperbolas  have  com- 
lou  points  at  a;  =  ±  2,  y  =1  ±  3,  and  also  have  a  common  asymptote,  and 
lereJbrG  have  infinity  as  roots. 

E.  T.  Qdimby. 
Hanover,  N.  H. 


Editor  Analyst : 

.  The  problem  on  p.  17  of  the  Akaltst  of  January  1882,  *K>n  the  Oom- 
patation  of  the  Ecoentric  Anomaly",  eto.,  reminds  me  of  the  method  of 
solving  numerical  equations  which,  some  years  ago  (Sept  1876),  I  contrib- 
uted to  the  Analyst,  and  of  which  nobody  seems  to  have  taken  nptioe. 

This  method,  giving  an  acceleration  of  the  third  order,  applies  also  to 
transcendental  equations  that  have  no  multiple  roots.  I  beg  to  subjoin  its 
applicatt4m  to  the  above  mentioned  problem. 

If /(x)  =  0  be  the  equation  to  be  solved,  a.ndf(x)f  f'(x)  denote  the  first 
and  second  differential  quotient;  if  further  the  assumed  initial  value  of  the 
root  be  x^^  then  is  the  corrected  value 

X    =x    -  fMf(^o) 

Applied  to  our  problem,  we  have : 

f{E)  =^  E—esinE—mj 

f{E)  =  1  —  «oosjE; 

f'{E)  =  esin^ 

Now  as  6  =  0.2056,  by  mere  inspection  we  see  that  E  ==  160^  is  a  good 
initial  value;  for  sin  160^= sin  SO''  =},  and  the  term  « sin  J? ^^  }(0.205tf ) 
=  0.1028 ;  the  length  of  the  arc  of  1""  »  (;r-i-180)  =  0.0174683,  so  that 
0.1028  translated  into  degrees  will  give  an  arc  of  between  6^  and  6^;  as 
m  =  143^,  the  value  160^  will  give  a  small  number  for  f{E).  The  oom- 
putation  is  now  as  follows : — 

/(150^)  =  150^-5^.89003—143^  =  1M0996,  in  d^rees  of  arc, 

=  0.01937  in  fengdi  of  arc 
/'(150^)  =  1  +  0.2056  X  0.86603  =  1,178066; 
/'(150^)  =  J(0  2056)  t=  0.1028. 

Now^   =1600 r.l0996Xl.l78056    

^  (1.178056/— K0.01937X0.1028) 

=  150^  —  1°.10996X0.84946  =  149^.05714 

=  149^.  3'  25".7 

This  value  substituted  in /will  make  f{E^)  =  —0.000009 

=  1''.85  in  arc 

It  seems  to  me  that  this  method  is  recommendable,  especially  in  those 
cases  where  the  several  differential  quotients  admit  of  simple  expressions. 

Dr.  H.  Egoebb. 
Milwaukee,  Wisconsin. 


Analyst  : 

publicatioi 


Siooe  the  publication  of  the  article  on  the  Solution  of  Equations 
lut  Amalyot,  I  think  I  have  ciiscDvere<l  "the  weak  link  in  the  chain*' 


n  the 
of  its 


logic,  as  applied  to  the  solution  of  the  equation  of  the  5th  degree. 

It  lies  in  the  statement,  near  thi!  bottom  of  page  5,  that  in  the  supple- 
mental equations  "one  letter  may  be  interchanged  with  another  without 
disturbing  any  relations".  If,  in  brief,  numerical  values  be  assigned  to  the 
letters,  an  interchange  in  the  order  of  their  arrangempjit  materially  disturbs 
the  relations, 

Tfine  if  a!  =  V«*+V*'  +  V'^+V<^  =  1  +  3+6+7,  the  arrangement 
ofs  =  1  +  3  +  7  +  6  furnishes,  when  the  substitution  is  made,  a  different 
equation  Irom  the  one  first  given.  As  these  letters  are  capable  of  twenty- 
four  permutations,  the  result  is  the  production  of  twenly-fbur  general  eq'ua 
of  the  5th  degree.  But  as  only  one  is  given  for  solution,  an  additional  ele- 
ment is  unfolded  in  the  eq'n  of  the  5th  degree,  namely,  a  dependence  of  its 
BoIntioD,  not  only  upon  the  value  of  the  four  lettei-s  a,  b,  c  and  d,  but  also 
npno  the  order  of  their  arrangement.  As  these  letters  cannot  be  thus  per- 
muted and  satisfy  the  giveu  equation,  it  would  ap{>ear  that  instead  of  oae 
final  equation  being  produced  by  elimination,  "whichever  three  of  the  four 
ankoown  quantities  are  eliminated",  four  final  equations  would  be  produced, 
oae  each  in  a,  b,  c  and  d.  It  remains  to  determine  by  algebraic  analysis,  if 
poesibte,  die  character  of  the  roots  of  these  final  equations,  their  mutual  re- 
Istioos,  (he  eSect  of  permissable  permutations,  and  whether  ihey  can  l>e  sep- 
iTSted  info  groups,  so  as  to  permit  of  the  reduction  of  the  equations  to  the 
4tii  degree ;  or,  on  the  other  hand,  to  determine,  by  algebraic  methods  within 
the  oooi  prehension  of  the  ordinary  algebraist,  the  impossi'ty  of  such  reducL 

I  r^ret  that  pressure  of  professional  labors  renders  it  impossible  for  me 
to  further  proe^ute  the  work  at  present;  but  1  shall  be  pleased  itj  per 
chance,  I  shall  have  contributed  my  mite  towards  awakening  a  renewed 
interest  in  the  subject,  trusting  that  further  research  will  yet  result  in  the 

rvelopment  of  a  perliect  and  complete  Theory  of  Equations, 
T.  S.  E.  Dixon. 
Chicago,  III.,  Feb.  13,  1*82. 


SoLCTEON  OF  393  BY  R.  J.  AlKx>CK. — "Two  particles  of  masses  m  and 

m'  respectively,  are  connected  by  a  string  passing  through  a  small  fixed  ring 

and  are  held  so  that  the  string  is  horizontal ;  their  distances  from  the  ring 

being  a  and  a',  they  are  let  go.    If  p  and  p'  be  the  initial  radii  of  curvature 

f  thdr  paths,  prove  that 

m  m'  J  1  ,  1  ,  1  ,  1  „ 
—  =  — ;,  and  -  +  _-;■=-  H — J." 
p         p'  p       p'        a       a' 


-56- 

Let  the  origin  of  rectangular  coordinates  be  the  fixed  point  thro'  which 

the  string  passes,  the  axis  of  y  vertical  and  positve  downwards,  j/^x*  +  /) 

=  r,  i/(x^  +  y'*)  ==  r',  their  distances  from  the  origin  at  any  time  t  after 

the  motion  begins,  T  =  the  tension  of  the  string,  g  =  the  force  of  gravity 

.,    .  {da^+df)"^       da  (dx'*+dy'*)^      ds'        ,  ^.   . 

per  unit  of  mass,  ^ -rr^-^-  =  -tt  =  t'*  ^ „  ^       =  -—  =  t; ,  their  v^ 

dt  dt  dt  dt 

locities.     Then  the  sum  of  the  horizontal,  and  the  sum  of  the  vertical  com- 
ponents of  the  forces  on  m  and  m',  per  unit  of  mass,  are,  respectively, 

d^x  _   _Tx  d^  _  _Jy    , 

de  mr'  df  mr  "^  ^' 

"75-   = r-'i         -Jr  = r-'+  9*     Hence, 

dv  m'r  dr  m/r 

Since  r-^r'  =  a-\-a',  therefore 

Since    1  =  /''^'^  ^_d^  M  ^_8  1  _  /  _     »»'y      fo/'y-i-  y' ^ 

When  2  =  0,  y  and  y  each  is  also  zero.  Hence  by  (1)  and  (2)  the  initial 
tatio  of  the  forces,  per  unit  of  mass,  on  m  and  m\  is  unity,  and  therefore, 
since  the  bodies  start  from  rest,  the  initial  ratios,  v-^v'  =  1,  c/y  -r-  c&  =  1, 
da:-s-d8=  -y-T-r,  x-hr=  1,  y'i'V^=l-i-2g,  y-5-y'=  1,  dr*-^c&*  =  dr^-i-cfo*— 0, 

and  -  =  ——+       ^       (-+--7)  =  — T — /(-H — /Ij^"^  its  initial  val. 

In  like  manner  i-=      ^    ,  (-+^V   Therefore 

/o'      m  +  m'  Va     av 

m         m'       J  1     ,     1          1,1 
—  =  -7,  and  -  +  —r  =  -  H -. 

p         p'  p        p'        a        a' 


dt 


OTE  ON  THE  SOLUTION  OP  PKOB.  374,  BY  R.  S.  WOODWABD. — That 
the  probable  error  in  s  Hystero  of  errors  of  constant  probability  between  the 
limits  ±a  is  ±.^a,  or  one-half  the  maximum  error,  would  appear  to  follow 
directly  from  the  definition  of  the  probable  error,  viz.,  that  error  which  is 
u  likely  to  be  exceeded  as  not.     The  proof  ordinarily  given  is  this: 

Let  f(e)  ^  probability  of  error  e,  and  ipi  +  t)  ^  f{ — e).  Then  if  all  er- 
rors are  included  between  the  limits  -\-a  and  — a,  and  v(e)=  c,  a  constant, 

I  J     Vi')*^'  ^  J     cde  ^  1;  whence  o  ^  ~. 

The  probable  error  for  euch  a  system  of  errors  is  the  limit  p  determiued 

Iqr  the  equation  J       crfe  =  J.     This  gives  />  =  —  =  -. 

That  the  probable  error  of  bp  interpolated  value  is  correctly  given  by  the 
formula  0.2d[1  —  2{y'j —  -mj']^  """yt  however,  be  questioned.  This  ex- 
preseion  is  based  on  two  assumptions,  viz.,  Ist,  that  the  errors  of  the  tabular 
vmliKS  are  independent,  2nd,  that  the  law  of  combination  of  these  errors  is 
the  ordinary  law  of  error. 

The  resolt,  §(0.25)',  for  the  probable  error  of  an  interpolated  value  is 
given  without  proof  by  F.  G,  W.  Struve  in  Arc  Du  Meridian,  Tome  J, 
p,  94,  with  reference  to  7  place  logarithms. 

BcBsel,  in  Asirtmomische  Nachricbten,  No.  529,  has  also  investigated  this 
problem  as  applied  to  logarithms.  His  investigation  assumes  that  the  errors 
oTthe  tabular  values  are  independent;  and  the  probable  error  of  the  inter- 
polated value  is  made  to  depend  on  the  special  law  of  error  which  obtains 
ID  case  two  independent  errors,  each  of  constant  probability  between  its  lim- 
its of  variation,  conspire,  fiesset's  formulas  make  the  probable  error  of  an 
iDterpolBted  value  lees  always  than  that  of  a  tabular  value. 

[Becatise,  in  writing  the  interpolated  value,  there  may  be  a  maximum  er- 
ror of  .6  of  a  unit  of  the  last  place  figure,  even  when  its  calculated  value  is 
Kmet,  and  because  the  tabular  values,  from  which  the  interpolated  value  is 
determined,  may  have  q  maximum  error  of  .5  of  a  unit  of  the  last  place  fig- 
ure, which  will,  in  general,  cause  the  iiiter[K}tated  value  to  be  iu  error  aa 
Calculated  which  error  may  conspire  with  the  error  of  writing;  therefore 
(lie  inter] tolated  value,  when  incorjKirated  into  the  table,  mu<jt  have  a  greater 
prc4»ble  error  than  the  tabular  values  from  which  it  is  deduced. — Ed.] 


I  KoTE  OH  THE  Solution  op  372,  liv  Prop.  D.  V.  Wo<il>.— There  ai-e 
D  positions  ot  the  stale  bordering  on  motion  —one  tn  which  the  force  /tR 
a  up  tbe  plane;  the  other  in  which  it  acts  down.     Hence  we  find 


an)  -. 


Sain  (0+/?)  ±  3/IC03  {a+^j' 


SoLDTiONB  of  problems  id  No.  1,  have  been  rere'ived  as  follows:- 
From  R.  J.  Adcock.  386  ;  Marcus  Baker,  376  ;  Alex.  8.  Christie,  I 
377,379,382;  Prof.  L.  G.  Barbour,  386;  Prof.  W.  P  Casey,  376.  376, 
377,  279,  381  ;  Prof.  H.  T.  Eddy,  384,  385,  386;  Dr.  Eggera,  376;  Prof. 
E.  J.  Edmunds,  375,  377.  380;  Geoi^e  Eastwood,  386;  H.  B.  Gooduow, 
384;  Prof.  A.  Hall,  384;  H.  Heatoii,  376,  380,  382,  383,  3a4,  38,*;  T.  N. 
Haun,  375;  W.  E.  Heal,  379,  380,  383,  384;  Dr.  A.  B.  Nelson, 37ft, 376, 
377,  380,  381,  382;  Paul  Peltier,  379;  Prof.  E.  B  Seitz,  375,  376,  377, 
379,  380.  382,  383;  Prof.  J.  Scheffer,  375,  376,  377,  380,  383;  Prof.  D. 
V.  Wood,  380;  E.  Vansickel,  Jr.,  375;  Alexander  Ziwet,  379. 


375.  By  W.  B.  BaUa. — "A  aud  B  enter  into  partnership  and  gain  $200. 
Now  six  times  A^s  accumulated  titock  (capital  and  profit)  equals  five  times 
B'b  original  stock,  and  six  limes  f  s  profit  exceeds  A'»  original  stock  hy 
f200.     Required  the  original  stock  of  each." 

8OLITTI0N  BT  T.  N.  HADN,  GREESYILLE,  E.  TENKE8SEC 

Let  X  ^  A's  original  stock.     Then,  by  conditions  of  the  problem. 

i(a:-f200)  =  B's  gain ; 
.  • .  200  —  i(iB+200)  «=  i(lOOO-r)  =  A's  gain,  and 
6[ar-t-i(lf*00-^)]-^5  =  x+200         =  B's  original  stock. 
Since  their  gains  are  proportional  to  their  original  stock,  we  have 
X  :  a:  +  200  ;:  J(1000— x)  :  J(.a:+200}, 
or  a;  :  ar-|-200  ::      1000— a;   :     x+200; 

.  ■ .  (1+200)1  =    (1000— I)  (x+  200). 
Whence  we  get  x  =  $500,  A's  stock,  and 

500+200  =  $700,  B's  stock. 


angle  into  three  parts,  such  &ti 


given  □  umbers." 


— eo— 

The  lines  repreRented  by  this  equation  for  different  valnes  of  r,  i.  e.,  the 
polars  of  the  point  (x\  y')  for  the  different  circles,  will  all  pass  through  tlie 
intersection  of  the  lines  ans'-}'  yy'  =  0,  a?  -h  a?'  =  0,  of  which  the  former  is 
perpendicular  to  the  line  joining  (a;\y')  to  the  point  of  contact  of  the  circles. 

The  problem  is  a  special  case  of  a  more  general  problem,  solved  in  Geo. 
Salmon's  Conic  Sections,  Chapt.  IX;  as  the  common  tangent  may  be 
garded  as  the  radical  axis  of  the  circles. 


380.  Uy  Lieut.  Chas.  A.  Stone,  U.  8.  Naval  Aoad.,  Ann.,  Md. — *^Find 
the  equation  of  the  curve  in  which  the  tangent  of  the  angle  which  the  tan- 
gent line  makes  with  the  axis  of  X,  increases  proportionally  to  the  length  of 
the  curve." 

SOLUTION  BY  PROF.  DE  VOLSON  WOOD. 

W.  have  *  =  a.,  .-.  0  =  a^(l+^),«id 

Int^rating 

Passing  to  exponentials,  clearing  of  radicals,  <&c.,  and  integrating,  gives 

which  is  the  equation  of  the  Catenary. 


381.  By  Prof.  W.  P.  Ccwdy.— **To  find  a  point  in  a  given  line  so  that 
the  rectangle  contained  by  two  lines  drawn  to  it  from  two  given  points  may 
be  given  or  a  minimum  (without  the  aid  of  the  Cassinian  Ovals).'^ 


SOLUTION  BY  PROP.  W.  P.  CASEY. 


Let  FD  be  the  given  line,  A  and  B  the  given  p'ts  and  C  the  req'd  point 
Analysis. —  Draw  AH  perp.  to  FB;  .  • .  if  is  a  given  point  Join  BH, 
it  is  a  given  line,  and  its  middle  point  X,  is  a  given  point,  and  the  perpend. 
XF  to  HB  is  in  position;  .  • .  F  is  a  given  point  Draw  CM  perp.  to  BH 
and  CK  perp.  to  -4  C  meeting  AH  produced  in  K,  and  make  ABxHS  = 
2HBXLM,  draw  SN  perp.  to  AK  meeting  the  perp.  CNtoFDm  the  p't 
N;  join  NY  and  produce  it  to  meet  the  perp's  A  0,  JBTjB  to  AK  in  O  and  B. 
Now  CH^—CB"  =  HM^—MB"  =  2HBxLM=  AHXH8;  HC*— 
AHXHS=  CB",  that  is,  AHxSK^  CB", .  • .  AC*.AHJ3K=  AfT^.CB", 
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which  is  giv«i,  .■ .  AOXAHX.  1 
SK  is  given  and  AH  'vi&  given  I 
line. .  • .  AC*  X  SK  is  given,  or  | 
AH-KAKy.sk  ia  given,  wlience 
JiTxSff  is  (liven;  but  as  AH  v. 
m  =  2UB  X  LM;  .-.AH  : 
IHB  ::  LM :  HS  or  C.V  a  giv'n 
ratio,  mud  IIL  \HY::  LM  :  YC  | 
a  given  ratio;  .■,  the  ralio  ol 
yC  :  CY  ia  given  and  the  angle 
yCY  is  a  right  angle;  whence  2 
tbe  Z9  MYC.  YNC  are  given. 
. ' .  JVy  ia  in  position,  and  Ihe  p'l 
O  is  given.  The  ratio  of  AT  : 
PH  is  also  given  being  the  s 
taAC'.CY,  .-.AKXNP: 
XPR  is  given;  Lut  AKx.^'P\ 
or  8K  has  been  shown  to  be  giv- 
en .• .  AKXPR  is  given,  or  the  iiariillelo^rarii  XORP  is  glv.;n.  hence  the 
locns  of  P  ia  an  hyperbola  PZ.  whose  asymptotes  are  OX,  OP,  ami  AHX 
BK=  EP*,  i.  e.,  a  given  line  multiplied  by  HK  =  KP',  .  ■ .  the  loeus  of 
i*  ia  a  parabola  PH,  hence  P  is  a  given  point,  and  .  ■ .  the  perp.  PC  is  in 
position  and  C  is  a  given  point.  When  the  two  curves  become  tang't  there 
will  be  only  one  point  from  which  a  perp.  to  FB  can  be  drawn,  and  in  that 
ease  the  product  will  be  a  minimum.    There  are  two  points  when  the  curves 

ioteneot.     The  oonstruction  is  obvious  from  the  analyis. 


\  // 


'"17/^ 


382.     By  Thomas  Speneer,  —  "Prove  in  general  that  the  chord  drawn 
tboogh  8  given  point  so  as  to  cut  oETttie  minimum  area  from  a  given  curve 
—IB  bisected  at  that  point." 
H  eoLnrros  by  auc.  s.  christie,  v.  e.  coast  survey. 

■   Let  P,  PQi  Q  be  any  given  curve,  PQ  a  chorti  I 
Uiroagh  the  given  point  0  culling  ofl'  minim 
ana  on  one  side  of  the  chord,  and,  if  the  curve  be  I 
elosed,  a  maximum  area  on  the  other  side. 

Then  taking  P^OQj  a  consecutive  iK)3ition  of| 
tbe  chord,  to  in6Dite«mal,  the  areas  OPP^,  OQQj  are,  to  terma  oi  the  1st 
ar,  equal  to  OP.OP^.m,  OQ.OQi.to,  respectively.    But  to  the  same  or- 
der 0P=  OP^,  0^=0Q,  ;heuce  the  element'y  areas  are  (OP)*.iu,  {OQ^ 
Xa>/  and  for  either  a  maximum  or  a  minimum  these  areas  are  equal,  or 


atHt.-'Sg  Fnf.  l'ifcnwirfit-""Solve  and  disooss: 

«•     +    »»  =  a», 
l<^aj+Iogjf  =  n." 


{ 


80LI7TIOK  BY  DB.  A.  B.  XEJU90N. 

Vritiog  the  seoond  equation  in  the  form  ary  s  e^,  we  reisKlity  find 

^  «  K:t,/(a>+2^)±l/(a«-ar)], 

y  -  J[±|/(a>+2e^)=Fv>"-2€-)3.        • 


384.    By  Prof.  Jmph  HaU.—f'8how  that 

/cfoj    f{a?,y).rfy  ^  J    rfy  j   ?<*i y )«^- 
(Dirichlet'a  theorem.)'^ 

SOLUTION  BY  PROP.  H.  T.  EDDY. 


the  isosoeleB  right  angled  triangle  enclosed  by  the  lines 

af=»y,  a?c»a,y  =  0. 
The  first  member  of  the  given  equation  extends  the  integration  over 
area  of  this  triangle  by  finding  first  an  elementary  strip  parallel  to  y  bet^ 
y  =  0  and  y  =  x^  and,  secondly,  taking  sum  of  such  strips  between  x  s 
and  26  =  a. 

The  second  member  proposes  to  take  first  an  elementary  strip  parallel 
X  between  x  =  y  and  rp  s=  a,  and  then  sum  all  such  strips  between  y  s 
and  y  =  a.    These  summations  are  evidently  equal. 


385.    Sded^  by  Prof.  H.  T.  Eddy.— ''Show  that 

SOLUTION  BY  HENRY  HEATON. 

We  have  given  the  definite  integral 

j^*^-(yHc"y*)^y  =  l/;r.e-^    (See  Todhunter's  Int.  dale.  Art  21 

Put  y  =  «(cos  O+i  sin  d)  and  o  =  Ja(l +»)f  where  t  =  |/ — 1.    Thei 

=  |/;r.€r*€r^(ooa  0 — %  sin  8 


Bute     ^         ^^^  '  =  coe[iHiin2fl+{«*-f-2i«)co8  2tf] 

—  i  sin  [irtin  2fl+  (a*-4-2j*)  coa  2tf,  ainl 
<~^  —  coec  —  isin  a.     Hence 

J      «  <  coe(arsin2P4-=-^  cos  2ff  1 

— iiin^Am2#+^coB2»H(ic  =  v/7T.e— [(oosflcoaa   -  sinflaino)  — 

ilcwl^sina+sin  flcoaa)].   Sepamting  the  possible  and  impoe.  p'ta  we  have 

I      f.  cos(arsin2#+^-x«M2fflaa! 

=  JT^e— cos(*+a), 


By  George  Eastwood. — "Integrate  the  equalion 

^     ^  —    f#     ^)'  =  0" 
de   '  dx^         \dt'  dx> 

SOLUTION  BY  PBOF.  L,  Q.  BAHBOUB. 


;^  = 


'  di  ' 


q;  (hen  is 


^=: 


dt   '  dx 


:  p^q^.  It  is  allowable  and  saflT, 


=  dt; 


~log{t+c)i-loso',  .• .  et=c'~{i  +  c)=<^"-i-{x+c", 


,  387.     By  Prof.  L,  G.  Burtowr.— Given  the  length  of  each  side  of  any 

idrilateral,  and  the  distance  from  the  middle  point  of  any  side  (o  that  of 

i  side  opposite.     Re<|uire<l  the  distance  from  tlie  middle  point  of  one  of 

■  other  sidee  to  that  of  the  side  opposite. 

y  388.     By  Prof  M.  L.  Comgtock.—F  &aA  F'  being  the  foci  of  an  ellipse 

IPs  point  on  the  curve,  FD  is  drawn  perpendic'r  to  FP  meeting  F'P 

I  D.     Find  the  locus  of  D:  (1)  when  i  >  c,  (2)  when  b  =  e,  (3)  when 

»<"<!,  if  &  =  semi-niinor  axis  and  c  =  dtstaLce  from  the  centre  to  either 


389.  By  Prof.  W.  W.  Johnson. — If  three  triabgles  have  a  oommoQ  ax- 
is of  homology  when  taken  in  pairs,  the  three  centres  of  homology  are  in  a 
straight  line:  and  reciprocally  if  three  triangles  have  a  common  centre  of 
homology  when  taken  in  pairs,  the  three  axes  of  homology  pass  through 
a  common  point. 

390.  By  Prof.  W.  P.  Casey.  —  In  a  triangle  ABC,  BD  is  perpendic'lr 
to  the  l>ase  AC^  and  0  is  the  center  of  gravity  of  the  triangle.  Join  AO^ 
DO  and  CO.  Given  the  base  AC  and  the  Zs  AOD^  AOC^  to  constmct 
the  triangle  ABC. 

391.  By  Prof.  Asaph  HalL-  Given 

log.  91  =  1.95904  ±  r, 

log.  92  =  1.9.379  ±r, 
find  log.  91.6  to  five  decimals,  by  simple  proportion  from  the  difference; 
and  find  the  probable  error  of  this  logarithm. 

Query  by  Prof.  H.  T.  Eddy.  —  When  two  determinants  of  the  same 
order  have  the  same  algebraic  value,  show  whether  it  is  always  possible  to 
transform  the  one  into  the  other  by  mere  combinations  of  rows  and  cola'ns; 
and  if  possible  transform  the  two  following  values  of  26oco8ii — 6* — c^,  the 
one  into  the  other : 


0, 

b, 

0, 

2booosA, 

b, 

c. 

b, 

1. 

cos  J, 

b, 

1, 

0, 

0, 

cos  A, 

1, 

1 

«, 

0, 

1, 

Correction  of  ^'Barlow's  Tables  of  the  Squares  and  Cubes  of  NnmbV, 
De  Morgan's  Edition.  London.  1875.    Communicated  by  Prof.  A.  Hall. 
Page  42:  for  the  square  of  2059,  instead  of  4230481  read  4239481. 
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ERR  A  TA. 

In  Index  to  Vol.  VIII,  line  17,  for  "3,  73".  read  3, 187. 

On  page  41,  line  5,  for  **Mb.  Stockwell",  read  Mb,  Stockwsll. 


THE  ANALYST. 


Vol.  IX.  May,  1882.  No.  3. 


LA  W  OF  ERROR  IN  THE  POSITION  OF  A  POINT  IN  SPACE. 


BY  E.  L.  DE  FOREST. 

[Continued  from  page  40.] 

When  the  positions  of  the  coefficients  in  the  given  polynomial  and  its 
expansion  are  referred  to  any  arbitrarily  chosen  rectangular  axes,  the  dif- 
ferential equations  (15)  will  still  be  those  of  the  limiting  function  sought, 
provided  that  the  constants  a,  ^,  &c.,  are  understood  to  refer  to  the  axes 
thus  adopted,  each  L  receiving  new  sub-indices  equal  to  its  new  coordinates, 
expressed  in  the  unit  of  measure  Jx  =  Jy  =  Jz.  For  convenience,  we  shall 
henceforth  assume  the  free  axes  of  the  system  of  weights  L  as  the  coordinate 
axes,  because  this,  as  already  stated,  reduces  a^,  a^,  a^  and  ^-j,  y^f  Ta  ^^ 
zero,  so  that  the  equations  (16)  take  the  simple  form 

^^'''«' =  (n'ri)  "'    ^'^''^  =  (nTl)"'    M.«'=(^)«'.  09) 
Substituting  for  t,  /,  k  their  equivalents  from  (13),  and  using  n  instead  of 
n+1,  which  we  may  do  because  n  is  infinite,  we  get 

dgW — zdx  dyW — ydy  d^w — zdz 

~w        nj9i  {dxf  ~w        n^iUyf  w    ""  nfi^  (dzf 

If  we  also  write 

r?  =  fi,{dx)\         rl  =  p^(dy)\         rl  =  ^^{dzf,  (21) 

h\  ==  l-*-2nr?,       hi  =  l-^2nr2.       A'  =  l-^2wr|,  (22) 

then  (20)  will  stand 

^^  =  —  2h\xdx,    ^  =  —  2hlydy,     ^  =  -  2h%zd2.         (23) 

From  the  significations  of  ^j,  ^.^,  ^„  as  stated  in  connection  with  (16), 
and  the  fact  that  IL  =^  1,  it  appears  that  r^,  r^,  r^  in  (21)  represent  the 
''radii  of  gyration"  of  the  system  of  coefficients  or  masses  L  with  respect  to 
the  free-axial  planes  of  FZ,  XZand  XY^  in  the  sense  in  which  that  nom- 
endaiiire  was  used  by  me  in  Analyst,  May,  '80,  p.  80. 


(20) 
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The  squared  radius  of  gyration  of  a  system  of  masses  of  material  points, 
with  respect  to  a  plane,  was  there  defined  as  the  result  obtained  by  multi- 
plying the  mass  of  each  point  into  the  square  of  its  perpendicular  distance 
from  the  plane,  adding  all  the  products  together,  and  dividing  their  sum  by 
the  sum  of  the  masses.  The  squared  radius  of  such  a  system  with  respect 
to  a  line  or  point  is  found  in  like  manner,  using  the  distance  of  each  mass 
from  the  line  or  point.  When  the  points  and  their  masses  represent  points 
of  error  and  their  probabilities,  the  radius  of  gyration  of  the  system  of  mass- 
es with  respect  to  a  plane,  a  line,  or  a  point,  is  identical  with  the  quadrcUic 
mean  error  or  q.  m.  deviation-  of  the  syst.  of  points,  from  such  plane,  line  or 
point.  It  will  be  seen  that  in  forming  the  mean  of  the  squares  of  the  errors, 
each  error  is  taken  with  a  weight  proportional  to  the  probability  of  its  oc- 
currence. It  was  shown  in  my  article  that  when  two  entire  polynomials 
and  their  product  are  arranged  each  in  block  form,  and  coordinate  planes 
are  passed  through  the  centre  of  gravity  of  the  coefficients  in  each  and  par- 
allel to  the  sides  of  the  block,  the  square  of  the  radius  of  gyration  of  the 
system  of  coefficients  in  the  product,  with  respect  to  any  one  of  these  coor- 
dinate planes,  is  equal  to  the  sum  of  the  squares  of  the  radii  for  the  two 
factors,  with  respect  to  their  corresponding  planes.  It  is  not  material,  how- 
ever, whether  the  rectangular  coordinate  planes  are  parallel  to  the  sides  of 
the  block,  or  whether  they  have  other  directions,  for,  as  we  have  seen,  the 
system  of  coefficients  in  a  block-formed  entire  polynomial  can  be  replaced, 
to  any  desired  degree  of  approximation,  by  those  of  another  block  whose 
centre  and  sides  have  any  required  position  and  directions,  the  intervals 
being  supposed  equal  and  as  small  as  we  please,  while  the  exponents  are 
changed  so  that  in  any  term  they  shall  represent  the  number  of  new  inter- 
vals from  the  coefficient  of  that  term  to  the  coordinate  planes  respectively. 

A  relation  between  distances,  such  as  lever  arms  or  radii  of  gyration,  holds 
true  without  r^ard  to  the  magnitude  of  the  common  unit  employed  to  meas- 
ure such  distances.  If  any  two  polynomials  have  had  their  coordinate 
planes  of  reference  changed  as  above,  the  coefficients  in  their  product  are  not 
changed  either  in  magnitude,  or  in  their  relative  positions  when  set  so  that 
the  coordinates  of  each  are  represented  by  the  corresponding  exponents. 

If  the  axes  in  each  factor  are  taken  through  the  centre  of  gravity  of  the 
coefficients,  the  origin  or  place  of  exponent  zero  in  the  product  will  be  the 
centre  of  gravity  of  its  system  of  coefficients.  The  proposition  then  holds 
good,  that  the  square  of  the  radius  of  gyration  of  the  system  of  ooeffidents 
in  the  product,  with  respect  to  any  one  of  the  coordinate  planes,  is  equal  to 
the  sum  of  the  squares  of  the  corresponding  radii  in  the  two  ftctors.  If 
such  a  polynomial  is  raised  to  the  nth  power,  the  square  of  the  radius  of  gy- 
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ration  of  the  coefflcienlfi  in  the  expaoeion,  wiih  respet-t  to  any  one  of  the  coor- 
dinate planes,  is  n  times  the  sijuare  of  the  corresponding  radius  in  the  first 
power.  This  shows  that  in  (22),  nrj,  nr^  and  "r^  represent  the  squared  ra- 
il of  gyratloo  of  the  system  of  coefficients  I  in  the  espaneion,  with  respect 
|^4be  planes  of  YZ,  XZ&ni  XY.    In  other  words, 

«i  =  ^iV^,  «a  =  r<ii/n,  £3  =  r^^/n,  (24) 

e  the  quadratic  mean  errors  or  q.  m.  deviations  of  the  coeOicients  in  the 
:pansiuu,  from  the  coordinate  planes  which  pass  through  the  free  axes. 
When  two  polynomials  referred  to  rectangular  planes  through  their  cen- 
s  of  gravity  are  mulliplii'd  together,  their  product  being  likewise  referreil, 
e  sam  of  the  squares  of  the  two  radii  of  gyration  of  the  system  of  coeffi- 
B  in  the  protluct,  with  respect  to  the  ZX  and  the  ZY  planes,  is  equal  to 
ibe  sum  of  the  squares  of  the  radii  in  the  two  factors,  with  respect  to  the 
same  two  planes  in  each.  But  the  square  of  the  distance  of  any  point  from 
the  axis  of  Z  is  equal  to  the  sum  of  the  squares  of  its  distances  from  the  ZX 
and  ZY  planes,  so  that  the  square  of  the  radius  of  gyration  of  any  system  of 
codTs,  about  the  /  axis,  is  equal  to  the  sum  of  the  squares  of  its  radii  with 
respect  to  the  ZA' and  ZF  planes.  Hence  the  square  of  the  radius  of  gyration 
ofthecoeff's  in  the  product  of  the  two  polynomials,  about  the  Zasis  of  the 
product,  is  equal  to  the  sum  of  the  squares  of  the  radii  for  the  two  factors, 
about  their  if  ases.  The  like  will  evidently  be  true  for  radii  about  the  A' 
OP  yaxes.  If  a  jwlynomial  thus  referred  is  raiseil  to  the  nth  power,  the 
sqnare  of  the  radius  of  gyration  for  the  product,  about  any  one  of  the  coor- 
dbiate  axes,  is  n  times  the  square  of  the  radius  for  the  first  power,  about  the 
Mne  axis.  It  is  a  known  mechanical  projierty  of  the  free  axes,  in  bodies 
of  three  dimensions,  that  out  of  all  axes  of  rotation  which  can  be  passed 
tfarongh  the  centre  of  gravity,  the  one  which  renders  the  radius  of  gyration 
a  mtnimnm  is  one  of  the  free  axes,  and  the  one  which  renders  it  a  maxim'm 
is  another  free  axis.  If  therefore  a  given  polynomial  is  raised  to  successive 
poweiM,  making  n  ^  2,  n  =3,  Ac,  and  the  polynomial  and  its  powers  are 
all  referred  to  the  same  rectangular  axes  arbitrarily  taken  through  the  cen- 
tra of  gravity  of  the  coefficients  in  the  first  power,  then  in  the  nth  power 
lecentre  of  gravity  remains  at  the  origin,  and  the  radius  ot  gyration  about 
leh  axis  is  t'li  times  what  it  was  in  the  first  power,  for  any  given  direc- 
ms  of  the  axes,  so  that  It  is  still  a  minimum  when  taken  about  one  of  the 
e  axes  of  the  first  jwwcr,  and  a  maximum  about  another.  Hence,  the 
>  axes  retain  a  constant  position  in  all  the  successive  powers.  The  free 
»  of  the  nth  system  of  coefficients  are  the  same  as  those  of  the  first,  and 
e  ]K)iiare8  of  the  radii  of  gyration  about  them  are 

f^irl+rl),        n{r\+rl),         n(r?+r?).  (25) 
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The  squared  radius  of  gyration  of  the  coefficients  in  the  nth  power,  with 
respect  to  tlie  origin  or  centre  of  gravity,  is 

E^   =  n{rl+rl  +  rl).  (26) 

We  now  proceed  to  integrate  the  eq's  (23),  and  find  that  the  func.  sought  is 

w  =  c€-<*>^*^+*«^>,  (27) 

from  which  (23)  can  be  derived  by  differentiating  with  respect  to  the  varia- 
bles separately,  and  dividing  by  w.  '  To  find  the  value  of  e  we  consider 
that  since  the  sum  of  the  coefficients  in  any  {lower  of  the  polynomial  is  unfty, 
we  shall  have  at  the  limit, 

which  is  equivalent  to 

The  known  values  of  the  three  definite  int^rals  here  are 

(/tt-^Aj,  "i/^^r-f-Ajj  t/^"*'^8> 

so  that  we  have 

which  determines  c,  and  the  complete  equation  of  the  limiting  funct,  stands 

^  =_   hKK^§y^ ^-W^i^A^i^^^^  (30) 

If  we  assign  any  constant  value  to  tr,  the  exponent  of  e  becomes  constant, 

so  that 

h\x'^  +  hly^-\-hlz'^  =  a  (31) 

This  is  the  equation  of  an  ellipsoid  whose  centre  and  axes  coincide  with 
the  origin  and  coordinate  axes.  The  axes  of  the  ellipsoid  lying  in  the  x,  y, 
z  directions  are  inversely  proport'al  to  Aj,  Ajj  ^8»  *°^  therefore  by  (22)  are 
directly  propor'l  to  r  j,  rj,  rj.  Since  any  change  in  w,  and  conseqnently  in 
Cy  causes  all  three  axes  to  vary  in  like  proportion,  it  appears  that  the  loci  of 
points  of  error  whose  probabilities  w  are  the  same,  are  ellipsoidal  surfaces 
which  are  all  similar  and  similarly  situated  and  concentric.  From  their 
symmetry  with  respect  to  the  coordinate  axes,  it  follows  that  these  are  the 
free  axes  of  the  system  of  expanded  coefficients  or  probabilities  tr,  r^arded 
as  masses  in  space,  so  that  the  given  probabilities  X,  and  the  resultant  prob- 
abilities Wf  have  both  the  same  free  axes.  This  accords  with  what  has  been 
already  found  in  connection  with  (25).  The  value  of  k?  is  a  maximum  at 
the  origin,  which  is  the  centre  of  gravity  of  the  whole  system  of  masses  tr, 
as  it  also  is  that  of  the  ipasses  L,     The  function  (30)  represents  the  law  of 
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ladlifj  of  deviation  of  the  centre  of  gravity  ofaUrge  number  n  of  similarly 
oljeerved  points  of  error,  from  its  most  probable  place.  For  w  is  the  ]irob- 
ability  tbat  tbe  sums  of  the  deviations  in  the  x,  y,  z  directioDB  will  be  x  ^ 
idx,  y  =  jdtf,  z  =  kdz  respectively,  and  this  is  the  probability  that  their 
.irithmetical  means  will  be  x-^-n,  y-i-n,  r-nn  respectively. 

If  all  tbe  possible  points  of  error  are  set  closer  together,  so  that  the  inter- 
nUa  dz,  dy,  dz  are  reduced  to  dx-i-n,  c/y-^-n,  (fc-^n,  the  distribution  of  tbe 
probabilities  or  masses  w  will  represent  the  law  of  facility  of  deviation  of 
tbe  mean  position  or  centre  of  gravity  of  the  n  observed  points,  from  its 
most  probable  place.  Thus,  whatever  may  be  the  actual  law  for  a  single 
observed  point,  as  expressed  by  the  distribution  of  the  probabilities  L  in 
(3),  tbe  law  of  facility  of  error  of  the  centre  of  gravity  of  a  lai^e  number  u 
of  similarly  observed  points  is  always  expressed  by  the  same  exponential 
form  of  function  as  in  (30).  This  function,  then,  seems  to  be  a  typical  form 
of  the  law  of  probability  of  errors  in  space,  and  may  reasonably  be  assumed 
as  the  most  plausible  law  for  all  such  observations,  in  the  absence  of  any 
previous  knowledge  to  the  contrary.  Although  the  law  has  hardly  any  di- 
rect practical  applications,  it  is  important  in  theory.  Its  properties  are  quite 
soslogous  to  those  of  the  law  ot  errors  in  two  dimensions,  as  discussed  by  me 
io  AKALY8T,  May, '81,  Indeed  the  law  for  three  dimensions  is  the  general 
law  of  probability,  which  includes  the  laws  for  one  and  two  dimensions  as 
special  caries  under  it. 

If  an  unlimited  number  of  equidistant  planes  are  supposed  to  be  drawn 
psrallel  to  tbe  coordinate  planes,  dividing  space  into  elementary  cubes  dxdy 
dXf  BO  situated  that  tbe  origin  is  at  the  middle  of  one  of  them,  then  (30) 
may  be  regarded  as  giving  tbe  probability  v>  that  a  point  of  error  which  oc- 
enra  will  fall  within  the  cube  whose  centre  is  at  the  point  a-,  y,  z. 

The  like  holds  tnie  approximately  when  any  arbitrary  but  small  finite 
valnee  are  assigned  to  dx,  dy  and  di,  for  the  probability  that  an  error  will 
fall  within  any  small  space  whose  location  is  given  is  approximately  propor- 
tioaal  to  the  size  of  that  space.  From  observed  positions  of  a  considerable 
BnEabM*  of  points  of  error,  regarded  as  material  points  whose  masses  are 
equal,  we  can  tiiid  the  positions  of  the  free  axes  of  the  system  of  points,  and 
then  compute  the  quadratic  mean  deviation  of  the  system  fiom  each  of  the 
liee-axial  coordinate  planes.  These  are  approximately  the  values  of  s,,  t,, 
^^  in  (24),  from  which  with  (22)  we  find 

^B  AJ  =  1-^2(J,  hi  =  l-^2£»,  A|  =  1-2£|.  (32j 

^Kf  It  is  not  material  what  values  are  assigned  to  dx,  dy  and  dz,  nor  whether 

&By  are  taken  equal  to  each  other,  only  being  represented  as  in&nitesimals 

is  the  Ibrmula,  they  ought  always  to  be  quite  small  in  comparison  with  the 

.  deviations  tj  &c.,  which  are  linit«.     If  the  probability  of  deviation 
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from  the  most  probable  point  is  considered  to  be  the  same  in  all  directions, 

we  have  e,  =&  e,  ?=  eg,  and  by  (24)  and  (26)  the  q.  m.  deviation  measared 

directly  from  the  origin  is 

E  =  €iv^3.  (33) 

Consequently  by  (32), 

AJ  =  Ai  =  A|  =  1-^iE^,  (34) 

and  the  function  (30)  becomes 

w  =  dxdy&(Al_]%-*i«^,  (35) 

where  r  is  the  radius  vector  or  distance  from  the  origin  to  the  centre  of  the 
space  dxdydzy  and  A^  is  computed  by  (34),  from  the  observed  value  of  E, 

Returning  now  to  the  most  general  form  of  .the  function,  let  (30)  be  re- 
ferred to  polar  coordinates  by  taking 

a;  =  rcos^cos^,        y  =  roostf8in^,         z  =  r6ind,  (36) 

where  d  is  the  angle  which  r  makes  with  the  XY  plane  and  f  is  the  angle 
which  its  projection  on  that  plane  makes  with  the  X  axis.    Then  if  we  put 

a^  =  A«cos«tfcosV+A5oo8»tfsinV+A|8in*»,  (37) 

(30)  becomes 

This  expresses  the  facility  of  error  at  any  point  along  an  unlimited  radius 
vector  whose  direction  is  given.  From  the  origin  as  a  centre,  suppose  a 
series  of  spherical  surfaces  to  be  described  at  infinitely  small  intervals  eqM  to 

{dx  dy  dz)^. 

Let  the  origin  be  made  the  apex  of  a  square  pyramid  whose  axis  coincides 
with  r,  and  whose  base,  or  intersection  with  the  spherical  surface  of  unit  ra- 
dius, is  the  infinitesimal  {dip)*,  so  that  if  the  pyramid  is  extended  to  the  dist^ 
r  its  base  is  {rd<p)*.  The  section  of  the  pyramid  included  between  consecu- 
tive spherical  surfaces  at  distance  r  is 

[Tdipf{dxdydzf^y 

and  dxdydz  is  contained  in  this  {rd<pf'^{dxdydzf^  times,  80  that  the  proba- 
bility that  a  point  of  error  which  occurs  will  fall  within  this  section  of  the 
pyramid,  is  VD(rd(p)*'¥-{dxdydzp , 

and  the  probability  that  it  will  fall  anywhere  within  the  pyramid  whose 
height  is  r  will  be 

where  dr  =  {dxdydz)^.    Taking  %o  from  (38)  we  get 


0 
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The  probability  P  that  the  error  will  fall  within  the  pyramidal  space  ex- 

tcDcied  to  infinity,  is  found  by  taking  c«  as  the  upper  limit  of  the  integral. 

If  DOW  it  is  required  that  the  probabilily  p  for  the  finite  space  shall  be  a 

^—giTen  fraction  !>  of  the  prob.  P  for  the  infinite  space,  we  have  the  condition 

^K    The  known  value  of  the  iut^ral  in  the  deuominator  is  yn-t-'la*. 
^Hfar  the  Dumemtor,  we  have 

■  .-"=.  l-t(ar)'+T!l("-)'-T.4.l('''-)'+&o., 

■  r .jj._j/l       1,..,,,      1    ,..^.  1 

K  If 


/'/""'"' 


Hezce  (40)  becomes 


^lar)'+. 


*  7.1.2' 


^(-)*- 


-(ar)6-r&c. 


r.-^-Jar}^+&--\ 


(40) 


(41) 


13     5. 

If  any  particular  value  is  assigned  to  i-,  we  have  a  numerical  equation 

CDOtaining  only  one  unknown  quantity  or,  the  value  of  which  may  be  found 

by  known  methods.     If  for  instance  we  wish  to  find  a  limit  such  ihat  it  is 

^mpo  even  chance  whether  the  point  of  error  will  fall  within  or  without  it, 

^Bkktng  V  =  },  and  using  12  terms  of  the  series,  (41)  gives 

^r  ar  =  1.08765-2, 

^^^e  last  decimal  figure  being  doubtful.     This  determines  the  distance  r  of 
the  desired  limit  from  the  origin,  in  any  given  direction  whicli  determines 
To  find  the  locus  of  the  limit  for  all  directions,  since  —  [arf  is  the  ex- 
tnent  of  e  in*(30),  we  have 

AJx»  +  A3y'-i-A|z2  =  (1.087652)', 
lod  assigning  to  A,,  A,,  A3  their  equivalents  from  (32), 

( ? .V  +  f y^^Y  +  (-  - Y  =  1-     (42) 

U.63817£,/    ^U.6.38]7e,y    ^U.53817ea'  ^     ' 

This  is  the  equation  of  an  ellipsoid  whose  semi-axes  coincide  with  the 

'dinate  axes,  and  are  equal  to  1.53817  times  the  q.  m.  deviations  from 

■  YZ,XZnnd  A'yplanes.    It  is  thee//ip«ojd  o/pro6oA/<error,8ince  there 

B  on  even  chance  that  any  error  which  occurs  will  fall  within  it. 

If  any  three  or  more  planes  are  made  to  meel  at  the  origin,  so  as  to  in- 
clude between  tbem  any  polyhedral  angle,  there  is  an  even  chance  whether 
a  point  of  error  which  falls  within  this  angle  will  fall  inside  or  ontslde  of 
tl>«  ellipsoid.  It  the  probability  of  a  given  deviation  or  error  is  the  same 
io  all  directions,  we  may  introduce  the  direct  central  q.  m.  error  E  trom 
e  equation  c 


«■  +  »■  +  >■  = 


(.8 


(43) 


wbo8e  radios  .88806  iS?  is  the  probable  error,  or  probable  deviation  of  the 
observed  point  from  its  most  probable  place. 

We  can  uow  make  a  comparison  between  the  relations  which  the  proba- 
ble error  bears  to  the  central  q.  m.  error,  in  space  of  one,  two,  or  three  di- 
mensions.    In  the  ordinary  case  of  one  dimension,  it  is  well  known  that 

prob.  errdt  =  ,67449  (q.  m.  error). 

From  the  equation  of  the  '^ellipse  of  probable  error*'  in  the  case  of  two 
dimensions  (Analyst,  May  '81,  p.  77),  and  the  &ct  that  when  errors  are 
equally  probable  in  any  direction  the  q.  m.  deviation  from  the  origin  is  |/2 
times  the  q.  m.  deviation  from  either  the  JIT  or  the  Faxis,  it  follows  that 
prob.  error  ==  1,17741  (q.  m.  e.)-f-|/2  =  .83266  (q.  m.  e.). 

Taking  these  two  cases  in  connection  with  (43),  we  see  that  when  the 
probability  of  an  error  of  given  amount  is  the  same  in  all  the  possible  direc- 
tions in  any  one  of  the  three  cases,  the  ratio  of  the  probable  error  to  the  q. 

m.  error  will  be 

.67449,  .83266,  .88806, 

according  as  the  errors  are  limited  to  space  of  one,  two,  or  three  dimensions. 

The  occurrence  of  errors  in  three  dimensi«)ns  can  be  illustrated  by  the 
drawing  of  balls  from  an  urn,  each  ball  being  marked  with  three  numbers 
representing  the  x,  y  and  z  coordinates  of  a  possible  point  of  error,  referred 
to  the  true  point,  or  place  of  zero  error,  as  an  origin.  Each  ball  is  restored 
to  the  urn  as  soon  as  drawn,  and  they  are  all  mixed  so  as  to  keep  the  chances 
the  same.  Knowing  the  number  of  balls  of  each  kind,  we  have  the  prob'ty 
of  drawing  one  of  that  kind,  and  all  these  probabilities  are  ctefficients  L  in 
a  polynomial  such  as  (3),  the  numbers  marked  on  the  balls  becoming  the 
exponents  off,  r^,  ^.  When  n  drawings  are  made,  the  probability  that  the 
sums  of  the  x-.  y-,  and  z-  numbers  drawn,  will  be  «,  ^  and  v  respectively,  is 
the  coefficient  of  f'jy'^'  in  the  expansion  of  the  polynomial  to  the  nth  power. 

If  n  is  a  large  number,  the  probability  of  any  given  result  can  be  found 
by  means  of  the  limiting  function  (30).  To  obtain  this,  we  should  proceed 
in  a  manner  analogous  to  that  given  for  the  case  of  errors  in  space  of  two 
dimensions,  at  p.  80  of  my  Analyst  article  cited.  It  is  easy  to  find  the 
centre  of  gravity  of  the  coefficients  Z,  and  their  coordinates  referred  to  axes 
passing  through  this  centre  and  parallel  to  the  original  axes.  Then  known 
formulas  such  as  are  given  in  Poisson's  treatise  already  cited  enable  us  to 
calculate  the  positions  of  the  free  axes,  or  principal  axes  through  the  centre 
of  gravity,  and  to  find  the  radii  of  gyration  Tj,  r^,  r^  of  the  system  of  co- 
efficients L  about  these  axes,  from  which  A^,  A,,  h^  are  obtained  by  (22), 
and  the  limiting  function  (30)  is  determined.  This  function  has  its  max- 
imum value  at  the  origin,  which  is  the  centre  of  gravity  of  tlie  coeffieients 
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1  the  relative  positioD  of  th!s  centre  is  readily  found 
beatifl«  its  raordinat«s,  referred  to  the  original  axes,  are  n  times  those  of  the 
emit*  of  gravity  of  the  coefficients  L  in  the  first  power.  By  assigning  the 
proper  values  to  x,y,  t  in  (30),  the  approximate  value  w  of  the  coefficient 
of  any  t«rni  in  the  expansion  may  be  found.  It  will  be  understood  that  dz 
^  dy  =i  ih  here  represents  an  interval  equal  to  the  distance,  in  any  origin- 
al coordinate  direction,  between  coefficients  of  terms  whose  corresponding 
expooents  differ  by  unity.     For  convenience,  we  may  reckon 

(in  =  rf«  ^  rfs  ^  1, 
making  t&is  the  unit  of  measure  tor  x,  y,  z  and  r^,  r,,  r^. 

For  the  purpose  of  illustrating  and  verifying  results  contained  in  this 
paper,  a  polynomial  of  27  terms  has  been  constructed,  whose  coefficients  ar- 
ranged in  block  form  are  shown  in  the  acc<jm|>anying  diagram.  The  sum 
of  all  (he  numbers  in  it  ii 
144,  so  that  the  true  cocf- 1 
ftcicDls  /.  aru  the  mmiber?  | 
io  iti«  diagram  divided  by 
144,  and  the  sum  of  ihem  I 
all  ia  unity.  For  grcatei  I 
MtpJicity,  the  number^! 

B  been  bo  choaen  tliat  when  regarded  an  the  masses  of  material  points, 
eir  centre  of  gravity  and  free  axes  coincide  with  the  centre  and  axes  of 
f  of  the  block.     By  the  notation  we  have  used,  the  three  coeffi- 
btbe  left  hand  column,  for  example,  arc 

FX_,.i.i  =tK'         ^-1.1.0  =  VA.         ^-1,1.-1  =  rij- 
e  in  the  lower  right  band  row  are 

The  whole  polynomial  is  denoted  by 

::i,  21=1, 2:;i,(i.,.,.fYo. 

When  the  polynomial  is  rat^  to  the  second  power,  and  referred  to  the 
■me  axea  as  in  th^  first  power,  we  find  that  the  coefficients,  forming  a  block 
of  136  terms,  have  their  centre  of  gravity  and  free  axes  coincident  with  the 
origiD  and  axes  of  reference,  and  these  are  the  centre  and  axes  of  symmetry' 
of  tlie  bk>ck,  just  as  they  were  in  the  first  power.  It  is  also  found  tliat  the 
squared  radius  of  gyration  of  the  coefficients  with  respect  to  the  origin,  or 
with  reapect  to  any  one  of  the  three  axes,  or  to  any  one  of  the  three  coordi- 
nate planes  of  reference  passing  through  them,  is  twice  as  great  in  the  sec'd 
power  as  it  ia  in  the  first. 

To  obtain  approximately  the  coefficients  w  in  the  expansion  of  the  poly- 
1  power,  aay  the  nth,  we  can  proceed  thus.    The  coeff's 
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and  by  (21),  (22)  and  (13), 

hidx  =  6-<-|/(38n),     h^dy  =  6-i-i/(51n),    h^dz  =  6-4-i/(57n), 
A«x«  =  36i»-4-38n,      A«y«  =  36y»^-51n,     AJ«»  =  36Jfe«-?-67n. 
Subetitating  these  in  (30)  we  find 

log  to  =  1.06711  — *logn—l(.41143t«  +  .30656/+  .27429  ii?), 

from  which  the  values  of  w  may  be  computed  by  assigniug  suitable  values  to 
h  J}  K  which  in  this  example  are  any  whole  numbers,  either  +  or  — .  It 
would  be  interesting  to  have  the  polynomial  raised  algebraically  to  a  pow^ 
high  enough  to  show  the  agreement  between  the  true  coefficients  in  the  ex- 
pansion, and  their  approximate  values  as  given  by  the  above  formula;  but 
this  is  impracticable,  owing  to  the  tedious  length  of  the  work  required  in 
forming  the  algebraic  expansion. 

The  exponential  function  (30),  r^arded  as  the  law  of  probability  of  error 
in  space,  has  been  reached  by  previous  writers,  but  in  ways  quite  different 
from  ours.  One  of  the  early  investigators  ot  the  law  for  space  of  two 
and  three  dimensions  was  Bravais,  whose  essay,  Sur  lea  probabUUea  des  er- 
reim's  de  nt^iation  cf  un  pointy  may  be  found  in  the  Me  moires  • . .  par  divera 
aavana  . .  . .  ,  Inst.  France,  Vol.  IX.  (1846).  His  process  treats  the  prob- 
ability of  error  of  an  observed  point  in  one  direction  as  independent  of  its 
probability  of  error  in  another  direction  perpendicular  to  the  first.  This  ob- 
jectionable assumption,  which  has  been  made  by  other  writers  on  the  salgect 
so  far  as  I  know,  is  avoided  in  our  present  method.  (See  AjTAiiTsr,  May 
1881,  pp.  75  and  79.) 


ON  THE  COMPUTATION  OF  PROBABLE  ERROR. 


BY  T.  W.  WRIGHT,  U.  8.  LAKE  SURVEY,  DETROIT,  MIGHIGAK. 

In  computing  the  probable  error  of  the  determinations  of  an  observed 
quantity  two  forms  are  in  common  use,  BesseFs  and  Peters\  If  with  the 
ordinary  notation  we  let 

m  =  the  number  of  observations, 
r  =  the  probable  error  of  a  single  observation, 
r^  =  the  probable  error  of  the  final  result, 
p  =  0.4769363, 
t;^,  t;2  •  •  •  =  the  residual  errors  of  observation,  [tm]  the  sum  of  their 
squares  and  \v  their  sum  without  r^d  to  sign,  then  acoord'g  to  BesBel's  form. 


The  Latter  form  can  be  more  rapidly  computed  and  is  usually  close  enough. 

The  labor  of  t-omputing  the  factors  0.6745-;*i/m(m — 1), ....  is  consid- 
erable in  any  case.     Accordingly  in  practice  I  have  found  it  convenient  to 
tabulate  these  quantities  for  values  of  m  from  2  to  100.     The  formulee  for   , 
the  probable  error  being  now  written  in  the  simple  forms 

H^  fo  =  ;j|/[w]  r^  =  i"[v, 

^Hn  that  we  have  to  do  is  to  enter  the  proper  table  with  the  aigument  m, 
^Take  out  the  corresponding  multiplier  X  and  perform  a  single  multiplication. 
For  finding  V''[fp]  a  close  enough  approximation  to  the  square  root  can 
be  taken  out  at  sight  from  a  table  of  squares,  or  if  it  be  preferred  the  com- 
putation may  be  made  logarithmically. 

It  often  happens  that  we  wish  to  tind  the  probable  error  of  a  series  of 
observations  roughly  and  quickly.  The  following  rule  will  be  foimd  con- 
venient in  such  a  case  and  also  as  a  check  on  the  values  found  by  the  pr&- 
ceding  method. 

A  glance  at  the  observed  results  will  show  the  greatest  and  least,  and 
tbeir  difference  will  be  the  range  of  the  results.  Then  for  the  probable  er- 
ror (r)  of  a  single  observation  we  have,  if  the  number  of  results  b 

2,  r  =  J  the  range, 

3,  r  =  i    ■•       " 
l>etween  3  and  8,     r  =  ^    "       " 

"         8  "    15,     r  =  I    "       " 
"       15 "    35,     r  =  J    "       " 
"       35  "  100,     r  =  4    "       " 
L  The  probable  error  of  the  final  result  is  found  at  once  by  dividing  the 
tobable  error  of  a  single  observation  by  the  square  root  of  the  number  of 


In  finding  the  range  caution  must  be  exercised  with  regard  to  abnormal 
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Table  I. 


m 

^ 

h 

m 

^1 

^, 

40 

0.1080 

ojain 

41 

.1066 

.0167 

2 

0.6746 

0.4769 

42 

.1053 

.0163 

3 

.4769 

.2764 

43 

.1041 

.0159 

4 

.3894 

.1947 

44 

.1029 

.0166 

6 

0.3372 

0.1508 

46 

0.1017 

0.0152 

6 

.3016 

.1231 

46 

.1006 

.0148 

7 

.2764 

.1041 

47 

.0994 

.0146 

8 

.2549 

.0901 

48 

.0984 

.0142 

9 

.2385 

.0795 

49 

.0974 

.0189 

10 

0.2248 

0.0711 

60 

0.0964 

0.0136 

11 

.2133 

.0648 

51 

.0964 

.0134 

12 

.2029 

.0587 

52 

.0944 

.0131 

13 

.1947 

I   .0640 

53 

.0936 

.0128 

14 

.1871 

1   .0600 

54 

.0926 

.0126 

16 

0.1803 

0.0466 

55 

0.0918 

0.01^ 

16 

.1742 

.0435 

66 

.0909 

.0198 
.0119 

17 

.1686 

'   .0409 

67 

.0901 

18 

.1636 

!   .0386 

58 

.0893 

.0117 

19 

.1590 

1   .0366 

59 

.0886 

.0116 

20 

0.1647 

0.0346 

60 

0.0878 

0.0118 

21 

.1508 

.0329 

61 

.0871 

.0111 

22 

.1472 

.0314 

62 

.0864 

.0110 

23 

.1438 

.0300 

63 

.0867 

.0108 

24 

.1406 

.0287 

64 

.0860 

.0106 

25 

0.1377 

0.0275 

66 

0.0843 

0.0106 

26 

.1349 

.0266 

66 

.0837 

.0103 

27 

.1323 

.0256 

67 

.0830 

.0101 

28 

.1298 

.0246 

68 

.0824 

.0100 

29 

.1276 

.0237 

69 

.0818 

.0098 

30 

0.1262 

0.0229 

70 

0.0812 

0.0097 

31 

.1231 

.0221 

71 

.0806 

.0096 

32 

.1211 

.0214 

72 

.0800 

.0094 

83 

.1192 

.0208 

73 

.0796  '. 

.009S 

84 

.1174 

.0201 

74 

.0789 

.0092 

36 

0.1167 

!  0.0196 

75 

0.0784 

0.0091 

36 

.1140 

'   .0190 

80 

.0769 

.0085 

37 

.1124 

j   .0186 

86 

.0736 

.0080 

38 

.1109 

.0180 

90 

.0718 

.0076 

39 

•1094 

.0176 

100 

.0678 

.0068 

■ 

r 

— n— 

■ 

^^H 

^B 

Tim.ir  II. 

^^^^B 

m 

i' 

1" 

m 

I' 

X"            ^H 

40 

0.0214 

0,0034          ^1 

41 

.0209 

,0033          ^H 

2 

0.6978 

0.4227 

42 

.0204 

^H 

S 

.^61 

.1993 

43 

.0199 

,0030          ^H 

4 

.2440 

.1220 

44 

.0194 

,0029          ^H 

s 

0.1890 

0.0845 

45 

0.0190 

^1 

e 

.1643 

.0630 

46 

.0186 

,0027          ^M 

7 

.1304 

.0493 

47 

.0182 

,0027          ^M 

S 

.1130 

.0399 

48 

.0178 

,0026          ^M 

9 

.0996 

,0332 

49 

.0174 

,0025          ^H 

10 

0.0891 

0.0282 

50 

0.0171 

0.0024          ^1 

U 

.0806 

.0243 

61 

.0167 

,0023          ^B 

IS 

.0736 

.0212 

52 

.0164 

,0023          ^H 

U 

.0677 

.0188 

53 

.0161 

,0022         ^^M 

14 

.0627 

.0187 

54 

.0158 

,0022         ^H 

16 

0.0683 

0.0151 

66 

0,0156 

0,0021          ^H 

M 

.0646 

.0136 

66 

,0152 

,0020         ^B 

17 

.0613 

.0124 

57 

,0150 

,0020          ^H 

18 

.0483 

.0114 

58 

0147 

,0019          ^B 

19 

.0467 

.0106 

59 

.0145 

^H 

90 

0.0434 

0.0097 

60 

0.0142 

0,0018         ^H 

21 

.0412 

.0090 

61 

.0140 

^H 

22 

.0393 

.0084 

62 

.0137 

,0017          ^H 

2S 

.0376 

.0078 

63 

.0135 

,0017          ^H 

24 

.0360 

.0073 

64 

,0133 

^H 

25 

0.0345 

0.0069 

66 

0,0131 

0,0016         ^^1 

26 

.0332 

.0065 

66 

,0129 

,0016         ^^1 

27 

.0319 

.0061 

67 

.0127 

,0016         ^H 

28 

.0307 

.0058 

68 

,0125 

,0015         ^H 

29 

.0297 

.0055 

69 

,0123 

,0015         ^H 

30 

0.0287 

0.0052 

70 

0.0122 

0,0015          ^^1 

SI 

.0277 

.0060 

71 

,0120 

,0014          ^H 

32 

.0368 

.0047 

72 

,0118 

0014          ^H 

ss 

.0260 

.9046 

73 

,0117 

0014          ^H 

34 

.0262 

.0043 

74 

,0115 

.0013          ^H 

U 

0.0246 

0.0041 

75 

0,0113 

0.0013          ^1 

u 

.0238 

.0040 

80 

,0106 

.0012         ^H 

37 

.0232 

.0038 

86 

,0100 

.0011       ^H 

n 

.0226 

.0037 

90 

,0095 

.0010       ^H 

3* 

.0220 

.0035 

100 

■ 

.0086 

.0008     ^^^M 

Example. — In  the  tel^raphic  determinatioii  of  the  loDgitade  bd^ween  St 
Paul  and  Daluth,  Minn.,  June  15^  1871,  the  following  ware  the  oorrections 
found  for  chronometer  No.  176,  at  16h.  51m.,  sidereal  time,  from  the  obser- 
vation of  21  time  stars.  (See  Annual  Report  of  Survey  of  N.  &  N.  W. 
Lakes,  1872,  p.  40.) 


Correction 

V 

.  w 

—  8.78 

+  0.04 

0.0016 

.76 

+ 

.02 

4 

.86 

+  . 

.11 

121 

.78 

+ 

.04 

16 

.61 

.23 

529 

.64 

— 

.10 

100 

.68 

.06 

36 

.63 

.11 

121 

.58 

-^ 

.16 

266 

.80 

+  '. 

.06 

36 

.76 

-f  . 

.01 

1 

.78 

+  . 

.04 

16 

.96 

+  . 

.22 

484 

.64 

.10 

100    i 

.66 

— 

.09 

81    i 

.83 

-h  . 

.09 

81 

.70 

.04 

16 

• 

.64 

+  '. 

.10 

100 

.79 

+  . 

.05 

26 

.90 

+  . 

.16 

266 

• 

-8.93 

±, 

.19 

0.0861 

Mean  —  8.74 

^ 

m 

Then  m  =  21 

[«  =1  2.02 
[w]  =  0.2756 
|/[tw]  ^  0.525,  from  a  teble  of  aqunB. 
Henoe  from  table  I, 

r  =  0.526X0.161  «  0.079 
ro  =  0.625X0.033  =  0.017. 
From  table  II, 

r  =  2.02X0.041    =  0.082 
r,  =  2.02X0.009    =  0.018 
Approximate  Method. — Bange  =  8.96  —  8.51  ^  0.46 

0.45 


»-o  = 


6 

0.076 
1/21 


=  0.075 


=  0.016. 


So  cloee  an  agreement  among  the  determinations  <»f  the  valii^  of  **  and 
Tq  is  not  always  to  be  expected. 
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BY  PROF.  DE  V0L60N  WOOD,  HOBOKEK,  N.  J. 

The  arguments  raieed  against  the  infioiteaimal  Calculus,  in  the  last  July 
AsALTBT,  have  been  coosidered  by  different  writers  at  various  times  since 
ibe  days  of  Leibnetz ;  and  the  philosophy  of  this  method,  as  well  as  the 
NewtoDiaD  method  of  Limits,  and  of  Lagrange's  method  is  clearly  set  forth 
in  Compte's  Philosophy  of  Mathematics  (Chap.  Ill,  Gillespie's  translatson). 

The  InBnileeimal  method  is  more  arbitrary,  and  hence  less  inductive  and 
apparently  less  philosophical,  than  the  method  of  Limits;  still  it  is  none 
the  less  a  valid  system.  It  is  not,  however,  just  to  that  system  to  use  it  for 
a  part  of  our  argnment  and  some  other  system  for  the  remaining  part.  The. 
argument  must  be  self-consistent  and  in  accordance  with  the  principles  of 
the  analysis.     We  notice  one  point: — 

This  method' asserts  that  the  finite  value  of  1  +  "=>  is  1,  where  the  hori- 
zontal zero  is,  according  to  Prof  Judson's  notation,  infinitesimal.  A  anp- 
poaed  f:illacy  in  this  statement  is  detected  by  showing  that  [I  +  {1  -i-xfl'  is 
not  1  for  X  infinite,  whereas  all  finite  powers  of  1  are  1;  but  the  infinitesi- 
mal system  asserts  that  coXO  ^  something,  and,  in  this  example  there  will 
be  an  infinity  of  foctors  when  x  is  infinite,  each  of  the  form  1  +  o ,  and 
hence  it  may  be  possible  that  (1  +  o  )"  will  exceed  unity;  and  hence  the 
valae  found  is  not  inconsistent  with  the  principles  of  the  system. 

There  is  an  element  in  the  definition  of  the  limit,  which  is  worthy  of  no- 
tice. The  definition  given  is — "The  Umii  of  a  variable  is  a  constant  which 
the  variable  indefinitely  approaches." 

"0)r.  I.  The  variable  can  never  reach  its  limit,  otherwise  the  approach 
woald  DOt  be  indefinite," 

Maoy  writers  incorporate  the  corollary  into  the  definition;  and  taken  to- 
gether they  constitute  the  substance,  and  in  many  cases  the  language,  of  the 
■iefinttion  of  the  limit  as  given  by  many  modem  writers.  For  our  part  we 
do  not  consider  the  corollary  as  a  necessary  consequence  of  the  definition ; 
or  if  incorporated  with  the  definition  it  unnecessarily  restricts  the  law  of 
ipproach  of  the  variable.  Todhunter,  in  his  Differential  Calculus,  Asserts 
that  a  variable  can  not  reach  its  limit,  and  yet,  on  the  same  page,  asserts 
that  any  one  of  the  values  of  the  variable  may  he  considered  as  a  limit.  la 
il  tme  that  a  variable  cannot  reach  any  one  ot  its  values?  We  admit  that 
a  variable  may  be  subjected  to  such  a  law  that  to  the  human  mind  it  will 
^ifiear  impossible  for  it  to  reach  the  limit,  but  we  assert  that  it  may  also  be 
(Directed  to  sucii  a  law  that  it  will  reach  it.     Writers  generally  give  illus- 


tratioDS  of  a  law  of  approach  (as,  for  ioBtance,  a  descending  geometricsf'f 
gression  approachiug  zero  as  a  limit)  according  to  which  we  are  amble  lo 
see  bow  the  limrt  can  be  reached  so  long  aa  the  law  is  continuoos;  battitef 
make  no  use  of  the  illustration,  or  principle,  !d  practice. 

Indefinite  approach  may  imply  that  the  iliiference  between  the  vuriable 
and  its  limit  shall  be  less  than  any  assignable  quantity;  and  in  thia  Mate 
the  difference  may  bo  absolutely  zero  without  doing  violence  Ut  the  defini- 
tion— in  which  case  tlie  limit  will  be  reached. 

But  tlie  argument  sometimes  employed  to  sustain  the  detiaitioo  ie  open  to 
objection.  Thus,  if  a  point  moves  from  A  towards  B,  moving  over  the  first 
half  of  the  distance  in  one-half  of  a  minule,  one-half  of  the  remaiiuDg  dis- 
tance (or  ^A  B)  in  one-fourth  of  a  miunte,  and  so  on ;  when  will  it  reach  £? 
Some  assert  that,  according  to  this  law,  B  can  never  be  reached.  Pro&aur 
Newcomb  reasons  thus  (Alg.,  p.  212):  "since  the  remainder  is  halved,  if 
there  was  any  movement  that  would  overcome  the  entire  renutinder,  the  haif 
of  a  thing  would  equal  the  whole,  which  is  impossible".  As  forcible  and 
apparently  uaaoswerable  us  this  ai^um't  seems  to  be,  it  is  shown  to  be  &1U- 
clous  by  its  proving  too  much.  Thus,  by  precisely  the  same  argutacDt,  it 
may  be  proved  that  the  min.  hand  of  a  watch  can  never  oveitake  the  hour 
hand;  that  two  intersecting  right  lines  can  never  intersect;  that  bodies  at 
rest  can  never  move,  Ac. 

In  the  above  illustration,  we  are  asked  to  admit  the  fuiulataental  diCB- 
culty.  It  is  slated  that  the  point  moves  over  one-half  the  distance,  Ac; 
now  explain  how  it  moves  over  half  the  distance,  and  we  will  explain  how 
it  reaches  B  according  In  the  same  law. 

We  assert  that  there  is  no  more  difficulty,  and  preclaely  the  eanie  diffi- 
culty  in  reaching  B  that  there  is  in  leaving  A.  It  cannot  get  any  dtalaDce 
from  A  without  first  having  passed  over  one-half  of  that  distance;  and 
since  no  distance  is  so  small  that  it  cannot  be  halved,  the  smaltat  novemcnl 
would  pass  over  the  smallest  space  and  its  half  at  the  sme  time  which  i> 
absurd;  therefore  it  cannot  leave  A!  But  motion  does  occar;  hence  tbe 
logic  must  be  fallacious.  The  trouble  with  the  logic  is,  it  doa  not  include 
the  immeasurably  small  quantities  which  make  time  and  space  ahoolately 
continuous.  Introduce  the  term  finiU,  or  meaiurabU,  and  the  logic  is  self 
consistent.  We  know  nothing  of  the  ultimate  elements  of  time  and  space; 
but  NewtOD  consideted  time  as  flowing  at  a  uniform  rate,  and  that  finite 
time  may  be  considered  as  the  sum  of  all  the  elements.  This  la  a  naUiral 
wny  of  considering  the  subject,  and  we  assert  that  it  is  poeaihie  to  connect 
a  variable  to  time  in  such  a  way  that  the  variable  shall  reach  the  limit  un- 
der the  operation  of  said  laxo  in  a  finite  time.     Thus,  for  example,  if  the 
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___  k  of  an  inscribed  square  Bboulij  grow  in  length  at  a  uniform  rale, 
ma  ff  polygons  of  double  the  number  of  sides  be  conceived  to  be  instantly 
described  as  the  growing  line  becomes  the  apothem  of  an.  octagon,  then  of 
t  polygon  of  sixteen  sides,  and  so  on,  the  inscribed  polygons  will  reach  the 

I  circle  in  a  finite  time. 

I  ,  This  is  an  extreme  case.  It  does  not  include  the  possibility  of  actually 
WDstructiog  the  polygons,  nor  even  the  possibility  of  carrying  out  the  con- 
oeptioD ;  but  simply  that,  under  the  operation  of  the  law,  the  limit  will  be 
reidied.  But  the  Calculus  does  not  determine  the  area  of  the  circle  in  this 
my.  The  abscissa  x  may  be  conceived  to  grow  uniformly,  and  thus  to 
mcb  any  assigned  limit  between  0  and  r;  and  at  the  same  time  the  ordi- 
nate and  area  will  reach  thetr  limit.  Definitions  should  not  exclude  a  kn'n 
bet.  We  therefore  suggest  that  the  Corollary  be  excluded,  aud  that  the 
following  be  substituted  for  the  definitions 

The  limit  of  a  variable  is  a  quantity  which  the  variable  approaches  and 

1  which  it  may  be  made  to  differ  by  less  than  any  assignable  quantity. 

^  We  have  here  used  the  term  quantky  instead  of  consiant  so  as  to  make 

e  definition  more  general. 

In  r^ard  to  the  law  of  continuity.  Prof.  Price  seems  to  consiaer  it  reason  - 

TfUe  that  it  should  be  endless  in  extent.     Thus  an  ellipse  is  a  continuous 

curve,  and  the  function  y  =  -  4/(0' — a^),  is  a  continuous  function  of  a:,  and 

real  (ttim  x  =  — a  to  i  =  +a.  But  x,  an  an  independent  variable,  is  con- 
tiDuoas  and  real  lor  all  finite  values,  but  the  liinction  becomes  imaginary 

tfor  all  values  of  3r  greater  than  a,  in  which  case  it  may  be  written 
Txh 
pKtt 
Pn 


I  l/(a^-«')  t/- 


L  The  real  part  of  the  preceding  expression  is  the  equation  of  an  hyperbola, 
1  bence  the  entire  expression  is  called  an  imaginary  hyperbola. 
Prof.  Price  sought  such  an  explanation  of  imaginarifs  and  in/inUies  as 
woald  make  the  locus  continuous.  For  this  purpose  he  considered  that  the 
cfibct  of  |/ — 1  was  to  turn  the  locus  through  a  right  angle  per)Kudicu]ar  to 
B  plane  of  tlie  ellipse  and  that  in  that  plane  the  hyperbola  would  be  real. 
pe  ellipse  and  hyperbola  will  then  have  a  common  axis  aud  common  ver- 
,  but  will  be  in  mutually  perpendicular  planes.  This  assumption  is 
bitrnry,  but  it  serves  the  purpose  of  preserving  the  law  of  continuity. 
t  Wc  also  find  that  tan  x  passes  from  -|-  03  to  —  cw  as  x  passes  }ff,  henoe 
foo  is  considered  as  consecutive  to  -f-  (to.  Similarly  for  other  expres'ns. 
KAdmittiog  that  a  -^  0  is  impos.^iblc,  but  that  a  -=-  o  ^  00  is  rational,  we 
t  that  the  former  may  be  expressed  thus :  o  -^  0  ^  g  .  But  nothing 
intiaJ  will  be  gained  by  multiplying  symbols  for  this  purpose. 
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ON  MR.  HILL'S  REVIEW  OF  THEORY  OF  MOON'S  MOTION. 


BY  JOHN  N.  STOCK  WELL. 

In  the  March  number  of  this  Journal,  Mr.  G.  W.  Hill,  of  the  Nautical 
Almanac  Office,  has  given  a  somewhat  extended  "review*' of  the  "Theory  of 
the  Moon's  Motion,  &c.,"  prepared  and  published  by  myself.  Mr.  Hill  is 
a  profound  mathematician,  and  has  rendered  valuable  service  to  astronomy 
in  more  than  one  department;  his  opinions,  therefore,  on  subjects  which  he 
has  thoroughly  investigated,  are  entitled  to  great  weight.  Unfortunately, 
the  "review"  bears  evidence  of  having  been  hastily  prepared ;  for  it  is  diffi- 
cult to  believe  that  a  mathematical  astronomer  of  Mr.  Hill's  attainments 
would  have  made  statements  so  palpably  untrue,  had  he  taken  the  time  to 
inform  himself  in  regard  to  the  subject  in  all  its  various'  bearings.  It  ap- 
pears also  to  have  been  prepared  in  an  unfriendly  spirit;  and  it  cannot 
properly  be  called  an  "impartial  review",  since  the  reviewer  is  content  with 
the  slightest  allusion  to  its  acknowledged  merits,  while  he  bears  with  tre- 
mendous poicrer  on  what  he  fancies  to  be  defects.  This  is  to  be  regretted, 
because  it  shows  the  "reviewer"  and  the  "reviewed"  in  an  unfavorable  light, 
and  cannot  fail  to  have  less  influence  over  the  unprejudiced  reader,  than  it 
would,  had  it  been  written  in  a  spirit  of  friendly  criticism.  To  correct  for 
any  false  impression  which  the  "review"  may  produce,  has  made  it  incum- 
bent upon  me  to  prepare  the  following  reply;  but  no  notice  would  have 
been  taken  of  the  "review"  had  it  emanated  from  a  less  distingu'ed  source. 

On  reading  the  very  first  paragraph  of  the  '^review"  one  is  reminded  of 
the  celebrated  answer  of  the  caliph  Omar^  to  the  inquiry  of  -4.wirou,  as  to 
what  disposition  should  be  made  of  the  Alexandrian  library.  "If  the  wri- 
tings agree  with  the  Koran",  says  Omary  "they  are  useless  and  need  not  be 
preserved ;  if  they  disagree,  they  are  pernicious,  and  ought  to  be  destroyed". 
In  like  manner,  according  to  Mr.  Hill,  although  the  greater  part  of  my 
results  agree  with  what  other  calculators  have  found,  and  only  a  very  few 
diffisr;  those  which  agree  are  useless,  and  those  that  diSer  mud  be  wrong; 
so  that  in  either  case,  although  obtained  by  a  diffisrent  method  from  what 
other  calculators  have  employed,  the  putting  of  the  results  in  a  permanent 
form  is  to  be  regretted,  and  the  labor  bestowed  on  its  preparation  cannot  be 
considered  as  much  better  than  wasted.  The  motives  which  prompted  the 
preparation  of  the  work  are  said  by  the  reviewer  to  be  a  "desire  to  contro- 
vert certain  of  the  results  arrived  at  by  his  predecessors;  results,  too,  which 
have  long  been  regarded  by  astronomers  as  definitely  settled  and  acquired 
to  science". 
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Now,  juHt  how  mticli  has  been  "definitely  settled  and  acquired  t«  science" 
no  be  heat  determined  by  referring  to  the  history  of  scientific  (IeveIo|iment. 
And  we  need  go  back  no  farther  than  the  time  of  Sir  Isaac  Newton  for  a 
Auting  point.  Newton  eomput<.-d  the  mean  motions  of  the  node  and  peri- 
gee of  the  moon's  orbit,  and  also  several  of  the  periodic  inequalities  in  the 
motion' of  the  moon;  and  the  results  obtained  by  him  were  "definitely  eet- 
lled  fttid  acquired  to  science",  during  a  period  of  more  than  sixty  years,  and 
were  oonfiruied  by  the  most  celebrated  analysis  about  the  middle  of  the 
tMt  century,  fiut  notwithstanding  these  calculations  of  Newton,  and  tbetr 
^tgnfiriaations  by  his  successors,  Olairaut  demonstrated  that  Newton's  value 
ifer  the  motion  of  the  perigee  was  not  the  true  value  due  to  gravitation,  but 
vw  only  about  one-half  of  it.  I  am  not,  however,  sufliciently  acquainted 
■»hh  Iho  periodical  literature  of  that  time  to  be  able  to  state  that  the  an- 
,<BOUneement,  by  Clairaut,  that  Nt^wton  had  not  correctly  computed  tlie  mo- 
llion  of  the  perigee,  created  a  flurry  among  his  scientific  brethren,  and  caused 
BOmeof  them  to  accuse  him  of  oeekiug  notoriety  by  controverting  the  results 
,  Inog  wncc  "acquired  to  science".  On  the  otlier  hand,  I  suspect  they  were 
{nvlbtindly  grateful  for  his  having  so  happily  removed  the  greatest  obstacle 
'4a  the  <]e\'elopment  of  the  lunar  theory. 

The  next  result  of  especial  prominence  to  which  I  shall  call  attention,  re- 
latcft  to  the  secular  acceleration  of  the  moon's  mean  motion  in  longitude. 
Thb  was  calculated  by  La  Place  as  long  ago  as  1787,  and  confirmed  by 
Ia  Orange  and  afterwards  by  Dunioiseau,  Plana,  Poiite'coulant  and  others 
who  busied  themselves  with  the  subject;  so  that  it  was  "definitely  settled 
10(1  atvgutred  to  science"  during  more  than  half  a  century.  And  yet,  not- 
wtthstaoding  all  these  confirmations,  Mr.  Adams  tells  us  that  the  result  thus 
"acquire^]  to  siience"  is  wholly  wrong,  and  our  reviewer  accepts  the  stat«- 
ment  without  question. 

It  IB  unnecessary  to  multiply  examples  in  whicli  results  "definitely  acq'd 
to  Bcience"  have  been  just  as  definitely  abandoned,  when  the  phenomena 
soogkt  to  be  explained  have  become  more  perfectly  known,  and  the  modus 
operandi  of  the  acting  forces  been  brought  into  subjection  tu  mathematical 
UwB.  Indeed  the  history  of  sctenoe  is  made  up,  ingront  measure,  with  the 
aoooaatB  of  controversies  about  theories  long  since  exploded ;  and  the  best 
■untf  in  science  are  often  associated  with  tbeorie.'^  that  are  no  lunger  aouept-  - 
cd.  Thus,  Newton  and  La  Place  both  advocated  the  emission  theory  of 
light,  and  up)>oficd  the  undulatory  theory;  but  the  emission  theory,  though 
OMS  well  vstAhiished,  has  been  pushed  into  the  background,  and  at  present 
ii  intereeting  only  as  a  fiction  of  the  giast.  These  subjects  are  alluded  to 
ben,  not  by  way  of  justification  for  any  mistakes  that  I  may  have  commit- 
le  work  under  review,  but  to  show  the  reader  that  mistakes  I 


been  made  by  the  most  eminent  men  in  every  department  of  pbjrsioal  scienoe ; 
and  I  can  recall  no  names  of  men  who  have  attained  to  eminence  in  either 
theology,  literature  or  science,  who  have  not  confessed  to  having  made  mis- 
takes in  the  treatment  of  even  simple  questions ;  and  I  hope  to  show  that 
my  reviewer  is  no  exception  to  the  general  rule. 

I  shall  now  pass  from  these  general  considerations  to  some  of  th^  partic- 
ular cases  mentioned  by  Mr.  Hill.  And  first  in  regard  to  his  statement  that 
the  value  ^*m  =  0,  implies  that  we  have  either  an  infinitely  short  month  or 
an  infinitely  long  year;  that  is,  the  semi-axis  major  of  the  moon's  orbit  is 
infinitely  small  or  the  semi-axis  major  of  the  sun's  orbit  is  infinitely  great. 
Hence  when  we  put  m  =:  0,  to  be  consistent,  we  are  obliged  to  put  a-r-  a' 
=  0".  I  cordially  agree  with  Mr.  Hill  in  this  statement  of  general  princi- 
ples; and  am  profoundly  grateful  for  his  having  stated  the  case  so  clearly. 
This  is  also  valued  the  more  highly  from  the  fact,  that,  some  years  ago,  he 
declined  to  discus  the  lunar  theory  at  all,  '* because*',  says  he,'^  there  is  not  a 
single  point  of  agreement  between  us  on  which  to  base  an  argument". 

And  I  will  also  venture  to  believe  that  there  is  one  other  point  in  connec- 
tion with  the  lunar  theory,  on  which  we  shall  agree  perfectly ;  and  that  is, 
that  the  solutions  of  the  problem  of  the  lunar  perturbations,  by  La  Place, 
Plana,  Ponte^'coulant  and  Delauuay  are  entirely  general  in  their  nature,  and 
are  not  restricted  to  the  particular  values  of  the  elements  of  the  sun  and 
moon ;  except  in  the  parts  where  the  analytical  values  of  the  inequalities  are 
reduced  to  numbers.  If  this  be  so,  it  is  an  easy  matter  to  determine  the  per- 
turbations the  moon's  motion  would  suffer  if  subjected  to  disturbing  forces 
of  different  intensities.  In  fact  the  principal  utility  of  a  general  solution  of 
a  problem  consists  in  the  facility  with  which  the  results  may  be  applied  to 
all  problems  of  a  similar  character. 

Now  for  greater  facility  in  printing,  we  may  suppose  the  sum  of  the  mass- 
es of  the  moon  and  earth  to  be  represented  by  unity,  and  then  we  may 
write  equation  (217)  of  the  "Theory  of  the  Moon's  Motion",  as  follows, 

m«  =  m'^..  [I] 

In  this  equation  a  denotes  the  moon's  mean  distance  from  the  earth,  a', 
the  sun's  distance;  m'  denotes  the  sun's  mass,  and  m  the  disturbing  funct'n. 
Now  we  may  vary  m  in  three  ways  without  changing  the  moon's  distance 
First  we  may  suppose  that  the  sun's  distance  is  changed  while  its  mass 
remains  the  same;  or  second,  we  may  suppose  it  to  haye  a  different  mass 
while  its  distance  remains  unchanged;  and  finally  we  may  suppose  both  mf 
and  a'  to  vary,  without  altering  the  nature  of  the  problem. 

This  being  premised,  let  us  take  the  equation  corresponding  to  the  third 
term  of  the  second  member  of  equation  {B)^  page  72  tome  II,  of  ^^The'orie 


Is  la  JjWie,  by  Plaua.     By  clmngiug  the  notation  of  the  ar- 
gmnent  so  as  to  conform  as  much  as  possible  to  that  u.sed  in  my  own  work, 


^+(i-W'»;'+«r"(-V»'H|H'»')cos(.+« 


-2Si)  =  0. 


[2] 


For  the  integral  of  this  equation,  Plana  gives  on  page  76  the  following 

»«!«  =  I7'(-|+W'») «"  (t>+«-2//l.  [3] 

This  is  wholly  due  to  perturbatioD,  because  there  is  no  equation  depend- 
-iog  on  this  argumCDt  iu  the  elliptical  value  of  fi. 

Let  us  tiow  inquire  what  would  be  the  value  of  this  equation,  provided 
the  son's  mean  digtance  were  four  times  its  prewnt  distance.     In  this  case 
the  disturbing  function  would  be  ^  of  the  actual  value,  and  the  year  would 
^^be  8  times  its  present  length.     Equation  [3]  would  become 
B  d'fi  =  e^(-^+^|m)cos  IV+W-2U).  [4] 

^»    Again,  suppose  the  sun  to  be  at  sixteen  times  its  present  distance;  the  dis- 
turbing function  would  be  j-^gj  of  its  present  value,  and  the  year  would  be 
64  times  its  present  length;  but  for  this  case  equation  [3]  would  become 
^  3"l^=efi-l  +  :^^m)cos{v  +  o>-2i^).  [5] 

^B   In  these  two  hypotheses  the  value  of  the  disturbing  function  scarcely  ap- 
^Hproaches  the  limiting  value,  zero;  in  fact  the  smaller  value  corresponds  to 
^^me  case  of  a  planet  and  its  satellite  revolving  around  the  sun  nearly  mid- 
way between  the  centre  and  outer  limit  of  the  solar  system.    It  is  therefore 
a  Iq^itimate  hypothetical  case,  and  will  answer  the  purpose  of  comparison 
as  well  as  though  it  were  real. 

If  we  now  compare  the  values  of  8/i,  f/t  and  If'/t,  omitting  the  term  mul- 
tiplied by  m,  which  is  equivalent  to  neglecting  the  square  of  the  disturbing 
force,  we  find  1st,  that  the  disturbance  of  the  moon's  distance  from  the  <«rth 
would  be  the  same  as  at  present,  if  the  disturbing  force  were  only  jt^th  of 
its  present  value;  and  2nd,  that  it  would  still  be  the  same  if  the  disturbing 
force  were  only  the^-jlj-jth  of  its  present  value.  The  most  obvious  conclusion 
to  be  drawn  from  these  very  curious  results  of  analysis,  is,  that  the  disturb* 
e  is  independent  of  the  disturbing  force,  and  would  still  remain  the  same 
e  the  disturbing  force  to  vanish;  in  which  case  we  shall  have  m  ^  0; 
1  the  term  depending  on  the  given  argument  in  equation  [2]  would  van- 
I,  and  we  should  have  3/t  ^  0,  [tjj 

[  If  we  now  lake  account  of  the  terms  depending  on  m  in  eqaitions  [3], 
]  and  [6],  another  very  remarkable  result  follows;  namely, 

3ti<d'[i<d",i;  [7] 

^t  is,  the  leas  the  dislur&ir^  force  the  greater  the  dUturbance! 
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Were  this  very  extraordinary  result  of  analysis  to  be  maintained  by  any 
body  else  than  a  profound  mathematical  astronomer,  his  sanity  would  at 
once  be  called  in  question. 

According  to  Mr.  Hill,  this  term  expresses  the  transition  from  an  orbit 
in  motion  to  one  at  rest.  If  this  be  so,  the  transition  becomes  more  violent 
in  proportion  as  the  disturbing  force  becomes  less. 

Mr.  Hill  next  refers  to  my  notice  of  Plana's  calculation  of  the  same  ine- 
quality, by  means  of  the  variation  of  the  elements;  and  becomes  quite  exci- 
ted because  1  stated  that  a  certain  conclusion  is  not  satisfactory.  "Why  a 
conclusion",  says  Mr.  Hill,  "legitimately  deduced  from  correct  principles, 
should  be  thrown  aside  at  a  mere  arbilrium^  certainly  surpasses. our  powers 
of  explanation."  Now  without  reflecting  at  all  on  Mr.  Hill's  "powers  of 
explanation",  it  is  at  least  charitable  to  suppose  that  he  is  acquainted  with 
the  principle  of  the  reductio  ad  abaurduniy  so  much  employed  in  geometry. 

If  a  conclusion  supposed  to  be  legitimately  deduced  from  correct  princi- 
ples, leads  to  absurd  or  inijM)ssible  results,  it  is  fair  to  believe  either  that  the 
principles  arc  not  correct,  or  else  that  the  condaaion  is  not  legitimaidy  de- 
duced. Take  a  case  in  point :  La  Place  dedu3es  certain  conclusions  respect- 
ing the  tides,  whicli  conclusions  are  confirmed  by  Mr.  Airy,  by  means  of  a 
somewhat  different  method  of  investigation ;  but  these  conclusions  were  not 
satisfactory  to  Mr.  Ferrel,  because  they  involved  the  absurd  consequence 
that  very  high  tides  would  be  produced  even  when  the  dist'bing  force  vanish- 
ed. IJut  it  often  happens  that  conclusions  may  be  legitimately  deduced  from 
correct  princi|)lcs,  and  yet  not  be  applic4ible  to  the  problem  which  gave  rise 
to  them.  Mr.  Hill  certainly  knows,  that  in  the  computation  of  the  orbit  of 
a  planet,  the  equation  by  which  the  distance  of  the  planet  from  the  sun  is 
determined  is  of  the  eighth  degree,  and  consecjuently  may  be  satisfied  by 
eight  different  values  of  the  unknown  quantity.  But  only  one  of  them  is 
applicable  to  the  particular  planet  whose  orbit  is  sought  to  be  determined. 

How,"  then,  are  we  to  discriminate  between  so  many  values,  and  fix  upon 
the  correct  one?  Or  are  there  really  eight  different  positions  of  the  planet 
at  the  same  time,  in  order  that  Mr.  Hill's  powers  of  explanation  may  not 
be  overtaxed?  Surely  not.  In  order,  then,  to  discriminate  between  the 
different  values  of  the  unknown  quantity  and  fix  upon  the  correct  one,  we 
test  them,  and  find  which  ones  lead  to  absurd  or  impossible  conditions  in 
regard  to  the  place  of  the  planet.  For  example,  one  value  might  give  a 
negative  radius  vector  to  the  planet,  another  might  give  a  negative  distance 
from  the  earth,  and  these  must  of  course  be  rejected;  still  another  might 
bring  the  planet  even  into  tlie  eye  of  the  observer,  which  would  of  course  be 
the  wrong  place  for  a  planet.  And  by  continuing  in  this  way  till  we  find 
one  value  which  will  satisfy  both  physical  and  analytical  conditions  we  ac* 
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oepl  it  as  the  correct  value  of  the  unknown  quantity,  and  do  not  hesitate  to 
rgeot  tho  aeven  values  which  merely  satiely  the  analytical  conditions. 

Returning  now  to  the  particular  case  under  consideration,  we  find  that 
Plana  has  given  the  two  Ibllnwing  expresaioDH  for  the  differential  vartatioiiB 
of  the  eccentricity  and  jterigee  of  the  moon's  orbit.     See  tome  T,  p.  97. 


■.^m'ffsm2{o,-M}, 


^■mVcos  2((o  — i/). 


[8] 


These  are  strictly  secular  equations,  eince  tliey  depend  wholly  on  the  varj- 
■tiona  of  the  elements  of  the  moon's  orbit,  and  are  independent  of  the  poni'n 
of  the  disturbing  body.  Now  Plana  hsis  integrated  tliemas  if  they  were  what 
sre  ralle<l  periodic  equations;  simply  bccaiisolhe  perigee  and  node  complete 
a  revolution  in  a  comparatively  short  period  of  time.  It  is  found  that  the 
quantity  2(«—  J?)  varies  by  the  quantity  3mV.  Noxv  if  we  put  the  variahlc 
jBrt  of  the  angle  '2{<o — £)  equal  to  3m*u,  and  rail  the  integrals  of  equations 
^S],  ie  and  dio  gie  shall  have, 

o>  =  -lefcos  2(m-Q),         S,o  =  jr^in  1{.o-U).  [9] 

The  principal  term  in  the  value  of  jU  is 

[10] 

lll». 


sing  from  any  finite  variations  of  c  and  (i 


»/■=   I 


[11] 


J  =  co9(«— <o)5e+siH{t'— «')e5(u, 

9  of  Se  and  Sto,  in  this  equation,  it 
I  [12] 


ind  the  variatiou  of /i 
givea  by  the  equation 

If  we  suhetitutc  the  preceding  va 
will  become 

dfi  =  —\€fcos{v-\-iii—2ii) 
irhicfa  is  the  same  as  the  6rst  term  of  equation  [3]. 

In  the  case  of  the  moon  disturbed  by  the  sun,  the  argument  of  He  and  dw, 
requires  three  years  lo  complete  a  revolution.  Were  the  sun  placed  at  four 
timet  his  present  distance,  the  period  of  the  argument  \xould  be  192  years; 
hut  the  values  of  de  and  3io  would  remain  the  same,  since  the  time  increaeea 
in  the  same  ratio  as  the  force  diminishes.  Again,  were  the  sun  stxfeen  limts 
Ma  present  distance,  the  period  of  the  argument  would  be  more  than  12000 
yain»,  and  yet  the  variations  of  5e  and  Sni  would  remain  unchanged,  since 
the  diminution  of  the  force  would  still  be  compensated  by  the  increase  of 
the  lime.  But  whatever  be  the  amount  of  these  variations  of  Se  and  Sta, 
their  foibstitution  in  equation  [11]  always  gives  the  same  value  of  d/t. 

If,  then,  the  value  of  S/i  remains  the  same  whether  the  perigee  and 
wide  move  much  or  little,  it  is  obvious  that  it  is  Independent  of  this  change 
of  tbe  elernents,  and  would  still  subsist  were  the  elements  constant,  lu  which 
OM  we  should  have  He  =  0,  8w  =  0,  and  then  equation  [11]  would  give 
s  before  fbunil. 
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It  is  easy  to  trace  these  carious  results  to  the  values  of  the  integral  given 
by  equation  [9].  If  we  suppose  that  at  a  particular  epoch^  the  eooentridty 
and  longitude  of  the  perigee  are  denoted  by  e  and  oi,  it  is  evident  that  at 
that  epoch  we  should  have  dti  =  0,  dw=^0;  but  equations  [9]  show  this  to 
be  impossible^  because  when  de  vanishes  dw  is  a  maximum^  and  vice  vena. 

The  maximum  value  of  8e  in  equation  [9]  amounts  to  80^^,  and  has  a  pe- 
riod of  three  years,  or  40  revolutions  of  the  moon.  Now  in  general,  the 
variations  of  the  elements,  in  orbits  of  small  eccentricity,  are  much  greater 
than  the  variations  of  the  coordinates;  but  according  to  Plana's  calculations 
we  have  here  a  mtynikly  equation  amounting  to  114'^  growing  out  of  a  small 
secular  equation  whose  period  is  40  months.  Were  we  to  apply  the  same 
principle  to  the  perturbations  of  the  earth  by  Venus,  we  should  find  the 
following  values  de'  =  449''co8  {w" — a>'),  e'do)'  ==  449''sin  (o)" — a>'),  <o" 
denoting  the  longitude  of  the  perihelion  of  Venus ;  and  these  quantities 
would  give  lor  the  perturbation  of  the  earth's  longitude 

dv'  =  898''8in  (n'^— oi^')* 

That  is  to  say,  a  small  secular  inequality,  in  the  elements  of  the  earth's 
orbit  having  a  period  of  90000  years,  gives  rise  to  an  awaual  equation  of 
898"  in  the  earth's  longitude.  Now  there  is  no  such  inequality  in  the  earth's 
longitude,  and  consequently  any  method  of  computation  which  gives  such 
an  inequality  must  be  erroneous.  But  if  the  principle  is  not  applicable  to 
the  motion  of  the  earth,  it  is  not  applicable  to  the  motion  of  the  moon;  and 
the  results  derived  from  its  application  must  be  erroneous. 

There  is  another  equation  of  the  moon's  longitude,  of  considerable  impor- 
tance in  the  lunar  theory,  and  which  has  for  its  argument  fit  —  a>',  or  the 
moon's  distance  from  the  sun's  perigee.  This  arises  from  the  motion  of  the 
moon's  perigee,  and  like  the  one  we  have  been  considering,  it  increases  in 
magnitude  as  the  disturbing  force  diminishes; — the  distance  of  the  disturb- 
ing body  being  supposed  to  remain  unchanged. 

There  is  also  an  important  equation  of  the  moon's  latitude,  which  is  pro- 
duced by  the  secular  variations  of  the  node  and  inclination  of  the  moon's 
orbit,  the  argument  of  which  is  rd — iio-^-ii.  It  is  also  subject  to  the  same 
peculiarities  as  those  already  mentioned ;  and  it  is  unnecessary  to  enter  more 
into  the  details  of  the  question. 

Our  reviewer  next  insinuates  that  the  terms  depending  on  the  square  of 
the  disturbing  force  annoy  me  ver}*  much.  But  in  this  he  is  mistaken. 
These  terms  are  simply  the  perturbations  arising  from  the  previous  pertur- 
bations produced  by  the  first  power  of  the  disturbing  force;  and  in  order  to 
correctly  compute  them,  the  terms  depending  on  the  first  power  must  be  cor- 
rectly computed.  But  the  terms  arising  from  the  first  power  may  be  accu- 
rately computed  without  any  reference  to  those  arising  from  the  second  and 
higher  powers  of  the  disturbing  force. 


Air.  Hill  next  states  that  the  largeneee  of  the  error  which  my  reeulta 
wonid  imply  as  existing  in  the  lunar  tables  ought  to  have  led  me  to  suspect 
the  legitimacy  of  my  own  conclusions.  I  cheori'ully  accept  this  statement  of 
my  reviewer;  and  will  only  reply  to  it  as  Prof.  Adams  replied  to  a  similar 
objection  from  bb  opponents  in  the  controversy  about  the  moon's  secular 
sooeleration ;  namely,  that  it  is  purely  a  question  of  theory,  with  the  deci- 
uon  of  which  observation  has  nothing  whatever  to  do. 

But  perhaps  nothing  can  better  illustrate  the  supreme  efforts  Mr.  Bill 
has  nude  to  become  acquainted  with  the  work  he  has  attempted  to  review, 
than  bis  remarks  about  the  inequality  depeuding  on  the  angular  distance 
between  the  perigees  of  the  sun  and  moon.  After  admitting  that  my  equa- 
tioD  [24]  b  simpler  than  any  which  have  before  been  applied  to  the  cotnpu- 
tation  of  such  inequalities,  he  says  that  he  cannot  find  any  proof  of  these 
equations;  and  charges  me  with  having  adopted  them  quite  arbitrarily. 

Now  I  admit  that  the  demonstration  of  these  equations  has  not  required  a 
separate  chapter,  as  is  usual  in  most  works  on  the  lunar  theory;  and  this 
ifill  probably  account  for  his  not  being  able  to  find  it;  but  the  demonstra- 
tion is,  nevertheless,  in  the  work  under  review.  And  as  to  bis  statement 
that  equations  [23]  are  inconsistent  with  each  other,  I  will  only  say  in  ex- 
pUnation,  that  that  part  of  the  work  was  designed  more  for  the  non-techn'al 
teader,  and  that  I  did  not  wish  to  complicate  it  with  abstruse  mathematical 
fcinnnlfe.  But  I  now  perceive  that  it  was  an  oversight,  as  it  has  had  the 
efiect  of  misleading  so  good  a  mathematician  as  Mr.  Hill.  In  the  body  of 
the  work,  however,  the  formulas  are  all  right.  And  as  to  his  statement 
that  the  formula  gives  an  infinitely  great  coefficient  to  the  inequality,  when 
the  disturbing  force  is  infinitely  smalt,  it  is  suGBcient  to  say  that  the  formula 
meete  all  the  requirements  of  the  case.  If  the  disturbing  mass  is  infinitely 
tmall,  the  value  of  k  will  be  infinitely  small,  and  tlie  inequality  would  be 
amalt ;  but  if  a  is  small,  the  period  of  the  inequality  would  be  long,  and  the 
mere  novioe  in  science  would  be  able  to  understand  that  a  very  small  force 
acting  during  a  very  long  time  is  sufficient  to  accomplish  very  considerable 
work.  In  fact,  were  the  perigees  of  the  sun  and  moon  to  remain  stationary, 
lli«  moon  would  be  acted  upon  by  a  constant  tangential  force  {unless  their 
longitudes  were  the  same  or  diametrically  opposite);  aud  it  is  evident  that 
the  resulting  inequality  would  ultimately  become  infinite. 

Mr.  Hill  next  says  that  the  secular  equation  depending  on  the  oblat^neee 
of  the  earth,  and  arising  from  the  diminution  of  the  obliquity  of  the  ecliptic 
Id  Ifae  equator  does  not  exist,  because  the  inclination  of  the  equator  to  the 
filed  ecliptic  of  any  given  date  varies  very  slowly  and  proportionally  to  the 
•qoare  of  the  time.  Now  the  fact  that  the  inclination  of  the  moon's  orbit 
[iUptic  remains  constant,  was  one  of  La  Place's  happiest 
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discoveries;  aud  so  long  as  the  apparent  ecliptic  approaches  the  equator,  the 
the  moon's  orbit  must  approach  it  also.  The  fixi^d  ecliptic  haa,  tlicrefore, 
DO  more  to  do  with  the  proMeni  than  has  the  plane  of  Jupiter's  orbit. 

Liastl;,  in  regard  to  the  s<>cii]ar  inequality,  I  would  say  that  I  have  nev- 
er before  att(;mpte<1  a  thorough  invesligatioii  of  that  subject.  It  is  true, 
however,  that  acme  fifteen  yeara  ago  I  published  a  pamphlet  in  which  I  st* 
tempted  to  show  that  the  new  terms  fbuud  by  Mr.  Adams,  had  no  existeooe; 
and  as  yet  I  have  seen  no  reason  to  change  the  viewB  there  expressed  in 
regard  to  that  matter. 

Id  general,  we  may  say  that  small  secular  equations  of  the  elements  of 
both,  planets  and  moon,  are  produced  by  tlie  large  periodic  Jnequalitiea  to 
which  these  bodies  are  subjected;  but  for  a  large  periodic  inequality  to  be 
produced  from  a  small  secular  inequality,  is  incoiisistent  with  l>oth  reason 
and  correct  calculation.  And  from  whatever  point  of  view  we  approach  the 
subject,  it  becomes  more  and  more  apparent  that  our  lunar  tables  in  iiee  at 
present  are  based  on  very  defective  theories;  and  the  only  wonder  is,  that 
they  can  be  made  to  represent  the  moon's  motion  as  well  as  they  do.  I  can, 
therefore,  as  yet,  see  no  reason  for  recalling  or  modifying  my  statement  that 
our  present  lunar  tables  are  really  erroneous  by  some  of  the  smaller  terms 
of  the  Uiird  order,  instead  of  being  correct  to  terms  of  the  seven^i  order  as 
has  heretofore  been  supposed. 

[Cbrrerfn. — In  llm  foregoing  paper,  for /i  read  u,  ezceplinflrnpuvnthcBCsof  liae4^p,MaiJ 


Note  by  the  Editob.  —  At  the  time  Prof.  Wood's  article  on  Linjfif 
(see  p.  80)  was  put  in  type,  we  had  not  seen  Newcomb's  Algebra  to  which 
reference  is  there  made.  As  it  seemed  improbable  that  Professor  Newcomb 
would  pursue  the  line  of  argument  there  attributed  to  hira,  we  have  since 
procured  a  copy  of  the  Algebra  alluded  to  and  find  that  Prof.  Wood  has 
(unintentionally  no  doubt)  misrepresented  Prof.  Newcomh's  argument.  As 
stated  by  Prof.  Newcomb,  the  argument  is  entirely  legitimate  and  the  con- 
clusion is  unqufslionably  correct.  The  argument,  as  stated  by  Prof.  New- 
oomb,  is  as  follows : — 

"Suppose  AB  to  be  a  line  of  given  length.  Let  us  go  one-half  the  dist 
from  A  ta  S  at  one  step,  one-fourth  at  the  second,  one-eighth  at  the  third, 
etc.  It  is  evident  that,  at  each  step,  we  go  hall  the  distance  which  remains. 
Hence  the  two  principles  just  cited  apply  to  this  case.     That  is, 

"1.  We  can  never  reach  iJ  by  a  series  of  such  ste|>s,  because  we  shall 
always  have  a  distance  equal  to  the  last  step  left. 

"2.     But  we  can  come  as  near  as  we  please,  because  every  step  c 
over  half  the  remaining  distaoce." 
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INTEGRATION  OF  TWO  DIFFERmTIAL  FORMS. 


BY  FERDINAND  SHACK,  ESQ.,  NEW  YORK  CITY. 

To  int^rate  a:"*8iii  xdx  and  af^oo&xda:.    Becauseyiicfo  =  uv — fvdu;  let 
«  =  006  a;  and  do  =  af'dxj  then 

/aj*oo6a?daj= ^-a^"*"^  oosx  A =- 1  a*+^  An  xdx: 
n+1                      n+W 

.•^  /a*+^  sinicda:  =  — a^^  cosa?  +  (n+l)/a5^cofla?db.  (1) 

Again,  let  u  =  sin  a;  and  dv  =  Tf'dx, 

fof^^  co&xdx  =a:*+i8ina?  —  (n+l)/af8ina?cfe.  (2) 

L^  n  =^  0  and  substitute  in  (1)  and  (2), 

fx  sin  xdx  =  — x  cos  a:  —  sin  a?, 
fxoosxdx  =      a;  sin  a;  —  cos  a?. 
Let  n  =  1  and  substitute  in  (1)  and  (2), 

/a?%ina?da;  =  — a?*cosa:+2/a?co8a?dlaj 

=  — a:*cosa;H-2a;sina? — 2  cos  a;, 
/x'ooBxdx^      ;>^mx-2fxsmxdx 

=      a:'8ina:+2a?oo6a; — 2  sin  a?. 
Let  n  =  2  and  substitute  in  (1)  and  (2), 

fa^inxdx  =  — a:*C08a:+3/a^C08a?d!a? 

=  — aj*cos  ay+Sa^'sin  a?+3.2a?co8  a: — 3.2sina; 
fa^coB  xdx  =     a^in  x — 3/iAin  x  dx 

=      a^ina?+3a:*cosa? — 3.2a;  sin  x — 3.2  cos  a;. 
Let  n  =  3  and  substitute  in  (1)  and  (2),  &c. 
The  laws  of  the  series  are  thus  determined,  and  may  be  expressed : 
fa^Bmxdx  =  — a:"cos  a?+ma?**~^sin  a?+m(i» — l)a?"*~^cosa? 

— m(m-l)(i» — 2)a?'*"*siu  a? —  ++ , 

f^ooBxdx  =      a?"^in  a;+m«**~^cos  a? — m{m — l)a;"*~'8in  x 

— m(i»— l)(m— 2)a?'*"*co8a:+ H . 

[These  integrals  may  be  found  at  p.  265  of  Hirsch's  Integral  Tables,  but 
they  were  computed  by  Mr.  Shack  without  suspecting  that  they  were  known 
forms. — Ed.] 

Note  on  the  Solution  of  Prob.  373.— We  have  received  from  Prof. 
H.  T.  Eddy,  a  brief  and  elegant  solution  of  (373),  in  which  several  errors 
which  occur  in  the  published  solution  are  pointed  out  and  corrected.  We 
have  also  received  from  Mr.  Adcock  the  following  corrections  of  his  solution 
of  that  problem  (see  p.  56) : 


"I  find  two  errors  in  the  MS.  of  my  solution  of  (373).     In  the  [     

solutioa  on  page  ^6,  second  line,  strike-out  the  words,  "and  [Kisilive  down* 
wards",  and,  in  fourth  line  from  bottom,  for  "cfe-j-rfa  =  — y^r",  read  2/)tfa! 
^  ds*.  From  these  two  corrections  there  lollow  two  resulting  corrections, 
viz.;  iu  lines  8  and  9,  change  the  sigos  of  the  second  member  in  the  right- 
hand  equation  in  each;  and  in  Hue  3  from  bot.,  for — l-^2a  read — \-T-2p, 

"Errors  in  printing.  Strike-out  g  iu  line  10  and  insert  +  g  in  the  2 
parentheses  in  liav  11;  and  In  line  16  insert  -|-  g  immediately  befoH 
fint  bracket". 


SOL  VTIONS  OF  PROBLEMS  IN  NUMBER  TWO. 


1 


Solutions  of  problems  in  No.  2  have  been  received  as  follows : 

From  Prof.  L.  G.  Barbour,  387,  390 ;  Prof.  W.  P.  Casey,  387, 388, 389, 

391;  Prof.  A.  B.  Evans,  387;  George  Eastwood,  390;  W.  E.  Heal,  387, 

388,389;  Prof.  A.  Hall,  391 ;  Prof.  J.  Scheffer,  387;  Isaac  H.  Tnrrell,  390. 

Prof.  Casey  should  have  been  credited,  in  No,  2,  for  a  solution  of  3S3. 


387.  By  Prof.  L.  6.  Barbour.— "Given  the  length  of  each  side  a 
quadrilateral,  and  the  distance  from  the  middle  point  of  any  side  lo  t' 
the  side  opposite.  Rei|uired  the  distance  from  the  middle  point  of  I 
the  other  sides  to  that  of  the  side  opposite." 

SOLUTION  BY  W.  E.   IIEAX. 

LfCt  EF,  GH  be  the  lines  joining  I 
the  middle  poinla  of  opposite  aides  off 
the  quadrtlaleral  A  BCD,  and  LK  the  I 
line  joining  the  middle  points  of  the 
diagonals. 

Put  AB  =  2a,  BC  =  26,  CD  = 
2c,  DA  =  2d,  EF  =  k,  GH  =  h. 

Then  FL  =  EK  =  a,  GHr^IIL  I 
=  b,EL  =  FK=c,GL  =  IIK  =  d.  \ 

And,  since  GHLK  and  EFLK  are  parallelogra 
A*  +  [LKf  =  2[a*  +  o»), 
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388.  By  Prof  M.  L,  Comdoch. — "f  aud  F'  being  the  foci  of  an  ellipse 
md  Pa  point  on  the  curve,  FD  is  drawn  perpendic'r  to  FP  meeting  F'P 
B  D.  Find  tbe  locus  of  D :  (1)  when  6  >  c,  (2)  when  b  =  e,  (3)  when 
r<c  if  6  =  Bemi-minor  axifl  and  c  =  distance  from  the  centre  to  either 


80LUTI0K  BY  PROF.  W.  P,  CASEY. 

Let  X,  y  be  the  coordinatee  of  D  to  the  axes  AB,m 
\R,  0  being  the  center  of  the  ellipse.     Then  FSm 
ze+xandSF'  =  c—x,  FP  =  a-i- ex  and  F'Pf 
'.a~tx)  andfi)=  [(c-ar)'-f^'^.  .-.PD-- 
e_,)'^-j^'*+a  — «Eand/'i)'=>  fc+2:)=  +  (/=.| 

y+2(a-«)[(o-a;)'+y^«  +  (n-ex)=-(«  +  « 

i^e+jj'+y*-     Therfore  2(a— kt)  [{c-a;)'+y]^^ 

)t+4(icr  :=  Sox,  or  [a  —  (c-^ti)x]'  [(c  —  a:)'-(- j*]  I 

»16cV,  the  equation  of  the  curve  which  is  the' 

mu  of  the  point  D ;  and  taking  b';>o,^e  and  <  c,  we  liud  each  curve. 


By  Prof .  W.  W.  Johnson, — "If  three  triangles  have  a  common 
Bis  of  homol<^y  when  taken  in  pairs,  the  tiiree  centres  of  homology  are  in 
■  Etnugbt  line:  and  reciprocally  if  three  triangles  have  a  common  centre  of 
bomalogy  when  taken  in  pairs,  the  three  axes  of  homology  pass  through 
.Dommon  point." 

BOLDTION  BY  W.  E.  HEAL. 

L  ifl  only  necessary  to  prove  the  first  part  of  the  theorem,  from  whiuh 
i  part  follows  by  reciprocation. 
t  ABC,  A'B'C,  A"B"C"  be  the  given  triiiugles  whose  corresponding 
I  in  three  pointe  0,  0',  0"  tying  on  the  common  axis  of  homol'y. 
B  lines  A  A',  BB',  CC  meet  in  0  the  center  of  homology  of  the  trian- 
I  j|£0,  A'B'C ;  A'B",  B'B",  CO'  meet  in  0',  the  center  of  homol- 
VtX A'B'C,  A"B"C';  and  A"A,  B"B,  C'Cmeet  in  0"  the  oenter  of 
hology  oiA"B"C'.  ABC. 
Tie  triangles  AA'A",  BB'B",  CCC,  taken  in  pairs,  have  dther  0, 
wtf  O",  for  a  center  of  homology,  and  therefore  the  intersections  of  corres- 
ing  sides  are  in  a  straight  line ;  but  these  are  the  points  0,  0',  0",  the 
B  of  homology  of  .dBC,  A'B'C,  A"B"C". 
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390.  This  is  the  same  as  366,  and  its  solution  will  be  found  at  page  163 
of  Vol.  VIII.     It  was  inserted  in  No.  2  by  an  oversight. 

391.  "Given 

log.  91  =  1.95904  ±  r, 

log.  92  =  1.96379  ±  r, 
find  1(^.  91.5  to  five  decimals,  by  simple  proportion  fiK>m  the  di£ference; 
and  find  the  probable  error  of  this  logarithm." 

AK8WER  BY  PBOF.  ASAPH  HALL.  ^ 

'If 

If/  be  the  interpolating  factor  we  have  fJ  =s  237.6,  and  the  valne  of 
log  91.5as  1.96142,  or  1.9j141. 

To  find  the  probable  error  of  this  value,  let  r^,  r,,  be  the  errors  of  the 
two  logs,  and  r^  the  error  made  in  stopping  the  product /J  at  the  given  de- 
cimal ;  then  the  real  error  of  the  interpolated  value  is 

(1  — /).»"i  +/.rj,  +  rg. 

Assuming  /constant,  the  probable  error  is  found  from  the  mean  value  of 
some  power  of  the  real  error;  —  r^,  r,,  r^  being  independent  variables  be- 
tween the  limits  ±0.5.  The  following  are  the  results  given  by  Bremiker, 
the  editor  of  our  best  logarithmic  tables :  Since  r  =  0.25, 

/  =  0.0      :  0.1       :  0.2       :  0.3       :  0.4      :  0.6      :  0.6      eta 
Pr.Er.=  0.293  :  0.279  :  0.270  :  0.263  :  0.262  :  0.261  :  0.262,  etc 

The  method  that  I  gave  in  the  preceding  No.  of  the  Analyst  is  incor- 
rect. In  fact,  the  law  of  error  is  not  that  which  is  assumed  in  the  method 
of  least  squares. 


Query  by  Prof.  H.  T.  Eddy. — "When  two  determinants  of  the  same 
order  have  the  same  algebraic  value,  show  whether  it  is  always  possible  to 
transform  the  one  into  the  other  by  mere  combinations  of  rows  and  oolu'ns; 
and  if  possible  transform  the  two  following  values  of  2&ccos^ — 6" — c",  the 
one  into  the  other : 


0, 

b, 

«, 

26o  cos  A, 

b, 

0. 

6, 

1,     • 

cos  J, 

b. 

1, 

0, 

c, 

cos  A, 

1, 

} 

0, 

0, 

1, 

n 


Prof.  Casey  answers  the  above  query  as  follows: 

'*The  two  determinants  are  equal ;  but  by  no  combination  of  rows  or  col- 
umns can  26o  cos  A  be  factored  so  as  to  transform  this  determinant  into  the 
other.  Neither  can  the  first  be  transformed  into  the  second,  as  fiir  as  I  can 
see,  by  any  of  the  known  laws  of  determinants.'' 
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PROBLEMS. 


392.  By  George  Eastwood,  SaxonvUle,  Mass. — In  a  triangular  pile  of 
I  ^NiDd  shot,  each  shot  Teste  upon  three  other  shot,  thus  forming  ao  empty 
fi^ice.  It  ia  required  to  find  the  ratio  of  the  capacity  of  all  the  spaces  to 
F^e  capacity  of  all  the  balls. 

393.  By  J.  M.  Boorman,  Esq.,  New  York  City. —  State  the  general  equa- 
lioD  of  the  4th  degree  in  terms  whose  coefiBcients  shall  be  real  and  direct 
fnocUons  cf  its  roots  and  admit  a  solution  showing  the  root's  real  nature — 
M  root  to  be  directly  expressed  by  a  letter. 

394.  Id. —  Show  that  the  general  equation  of  the  4th  degree  has  its 
oompanioD  biquadrate,  and  state  it  and  the  res|>ective  relat'ns  of  their  roots. 

395.  -By  C.  0.  Boije  of  Ocnnas,  Gothenburg,  Sweden. —  Determine  the 
tsff  of  density  of  a  sphere  in  order  that  its  centre  of  gravity  may  be  coinci- 
dent with  the  centre  of  gravity  of  the  half  sphere  cut  off  from  the  sphere. 

396.  8ekctf4  by  Prof.  H.  T.  Eddy. — A  smooth  horizontal  disk  revolves 
irith  the  angular  velocity  y'jt  about  a  vertical  axis  at  which  is  placed  a  roa- 
ttrial  particle  attracted  to  a  certain  point  of  the  disk  by  a  force  whose  accel- 
«itiaD  is  II  X  distance;  prove  that  the  patii  ou  the  disk  will  be  a  cycloid. 
(Routb's  Bigid  Dynamics,  p.  163.) 

397.  By  Prof.  J.  M.  Rice,  U.  S.  Naval  Amdemy.—GWea 

x"  +  y"  =  x"  +  y'», 
|B  determine  the  form  of  the  function  denoted  by  ip. 

By  Wm.  Hoover,  A.  M.,  Dayton,  Ohio— An  angular  velocity  hav- 
g  been  impressed  upon  a  heterogeneous  sphere,  about  an  axis,  perp.  to  the 
tical  plane  which  contains  its  center  of  gravity  G  and  geometrical  center 
l^and  passing  through  G,  it  is  then  placed  on  a  smooth  horizontal  plane; 
)  find  the  magnitude  of  the  impressed  angular  velocity  that  G  may  rise 
0  a  point  in  the  vertical  line  SCK  through  C,  and  there  rest;  the  angle 
pes  being  a  at  the  begioning  of  the  motion,  c,  the  radius,  and  f  the  req'd 
^alar  velocity. 

[  399.  By  E.  J.  Esadatyn,  New  Haven,  Conn,— Given  tw»  points  A  and 
\  ftad  a  circle  A'  having  its  centre  at  0.  Let  any  circle  X  be  drawn  thro' 
f  nod  £  so  as  to  cut  the  circumf.  of  the  circle  K  in  two  variable  points  m 
Show  that  the  circle  throngh  0,  A  and  B  is  cut  by  the  variable 
icle  through  O,  m  and  n,  in  a  fixed  point  P. 
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400.  By  Prof.  Asaph  Hall. — In  a  plane  passing  through  the  centre  of 
the  sun,  12  right  lines  are  drawn  from  this  centre  making  an  angle  of  30° 
with  each  other.  On  each  of  these  lines,  three  homogeneous  spherical  bod- 
ies are  placed  at  distances  respectively  of  10,  20  and  30  from  the  centre  of 
the  sun;  the  distance  from  the  earth  to  the  sun  being  the  unit  of  distance. 

The  mass  of  each  of  these  bodies  being  equal  to  that  of  the  sun,  what 
will  be  the  velocity  of  a  particle  that  starts  from  an  infinite  distance  and 
moves  in  a  right  line  towards  the  centre  of  the  sun,  and  perpendicular  to 
the  plane  of  the  bodies,  when  the  particle  is  at  a  distance  of  0.01  from  the 
centre  of  the  sun;  the  law  of  attraction  being  that  of  Newton? 

Query  by  George  Eastwood. — In  the  solution  of  problem  389,  show 
why  '^It  is  allowable  and  sufficient  to  write 

i.=p.,.„di=,.». 
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On  page  49,  line  15,  for  "laws'^  read  locos. 
•'     "     50,    "    22,  insert  mj  after  1046.02. 
«     "     85,    "     1,  insert  "  after  "Lun^\ 
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COMPLEMENTA  RY  DI  VISION. 


BY  LEVI  W.  HEECH,  A.  M. 

The  object  of  the  following  inveetigation  is  to  extend  the  well  known 
Wily  of  dividing  by  10,  100,  or  1000  etc.,  as  (ar  as  practicable,  to  9,  99, 
999,  aiid  other  adjacent  diviBors.  For  illustration,  let  996  be  the  divisor, 
•bere  996-+-4  =  1000.  It  will  be  seen  presently  that  the  smaller  coraple- 
fflent  or  4  can  be  used  in  place  of  the  larger  996;  and  this  has  suggested 
tben&me  of  the  method. 

Introductory  to  the  Rule,  a  first  Example  is  selected,  in  which  the  car- 
rying figures  from  one  period  to  the  next,  are  known  to  be  0.  Afler  sepa- 
rating the  dividend  into  periods  by  t^ie  Rule,  we  simply  bring  down  the 
filSl  left  Land  ])eriod  023  or  23  into  the  quotient,  multiply  it  by  the  compU- 
noi(  4,  and  add  the  product  23X4  to  the  next  period  068,  writing  the  sum 
160  uuderneath;  and  go  on.  Under  the  la^t  period,  we  bave  160  X  4  -|- 
069  =  709  the  Remainder. 

la  Example  2,  the  carrying  figures  1,  4, 2, 0  have  been  computed  mental- 
ly in  advance.     We  add  each  to  its  period,  and  proceed  with  the  sum  as  in 
Example  1,  only  omitting  the  same  1,  4,  2  when  reproduced,  since  each 
s  added  previously.     The  power  of  10  nearest  the  divisor  is  1000. 
Example  1.  Example  2. 

996  I  023' 068' 069  Dividend.  11  996  I  328' 571' 953' 274 

t     4      +0   +0    fO  4+1   +4  -i-2  +0 

+  I  23160^  Quotient.   ||     +  |        32989I519|ij. 

It  should  be  observed  in  Example  2,  that,  after  adding  the  1,  4,  2,  suc- 
eively,  the  standard  process,  which  gave  these  again  with  the  quotient 
I,  is  a  full  repetition  of  the  mental  process  previously  employed  or  ab- 
1  to  find  the  same  carrying  figures  1,  4,  2. 
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Demonstration.— In  Example  2,  let  the  divisor  99«  take  the  form 
of  1000 — 4.  And  let  c  denote  a  correction  such  that  328-f-o  shall  exprea* 
the  first  three  figures  of  the  quotient.  Multiplying  divisor  by  quotient,  or 
1000  —  4  by  328  +  c  and  subtracting  the  product,  the  first  period  of  the  di- 
vidend evidently  disappears.  Also  by  making  the  total  carrying  figure  1  = 
0,  the  terms  c— 1  disappear,  leaving  the  remainder  571-t-312+4c  or  887. 

The  next  step  including  the  sum  of  953  and  3548,  that  is  4'501,  requires 
that  c'  =  4;  80  that  501  +4o'  gives  the  517  remainder.  To  this  we  bring 
down  the  next  period  274,  and  proceed  as  before. 


996  I 
1000—4  I 


328'57r953'274 
0-1  312  -lo 


+  0 
887  +  0 


=  329 
=  891 


Eguivafent  procesa. 


(996  1 


887  9o3  274 
c'-3  648  -4c' 

517  274   517  +  o"=  519 
c"-2068-4o" 
32989l'519|||,  Quotient. 

;28       571       953     274  Dividend. 

8+1  87  +  4     7  +  2      Correot'n. 

129       891       519     ffj  Quotient. 

A.    I B,  ment'y  \  C.        ID.  \  ^-     \ 

8    32x4+57      8+1     329X4+571       87     etc 
32    I  =  1(85)      J329      |  =  (1)887        |  8       | 

Rule  I.    For  Division  near  lOOj  or  some  other  Power  of  10. 

Hule. —  Under  the  Divisor,  write  its  Complement,  such  that  the  Al- 
gebraic sum  of  the  two  shall  equal  the  nearest  integer  power  of  10.  Also, 
commeucing  on  the  right,  separate  the  Dividend  into  Periods  of  as  many 
figures  each  as  there  are  cyphers  in  the  chosen  power  of  10.  Then  bring 
down  the  first  one  or  two  digits  of  the  left  hand  period  into  the  Correction 
line,  and  the  rest  of  the  period  into  the  lower  line  of  the  quotient,  as  shown 
at  A,  or  £. 

When  any  period  of  the  Quotient  is  thus  iitcomplete,  multiply  its  two  left 
hand  figures  (or  cyphers,  if  the  period  is  deficient)  by  the  Complement,  and 
mentally  add  the  product  to  the  corresponding  figures  in  the  next  period  of 
the  dividend,  as  shown  at  B.  Write  the  carrying  figure  of  the  period  so 
found,  on  the  correction  line;  also  add  it  to  the  preceding  figure,  and  write 
the  sum  in  the  quotieiit,  as  shown  at  C 

As  soon  as  each  period  in  the  Quotient  line  is  completed,  multiply  it  by 
the  Complement  as  indicated  in  Z>,  and,  adding  the  product  to  the  next 
period  of  tlie  dividend,  write  the  sum  underneath  in  the  lorm  E  or  A,  but 
omit  the  final  carrying  figure  or  correction,  which  has  been  added  previ- 
ously. 


Note  1.  Should  this  true  carrying  figure  fouud  fn;oi  the  full  period  in 
i),  be  1  more  than  the  deficient  figure  previously  written  in  the  correction 
line,  erase  and  correct  accordingly.     And  correct,  when  thet«  is  1  to  carry 

adding  to  form  the  quotient. 

Note  2.  At  the  end,  the  last  period  of  the  Dividend  which  gives  the 
JKemainder,  has  the  tarrying  figure  or  correction  always  0,  as  shown  in  the 
demonstration. 

Note  3.  In  the  case  of  Divisors  like  ]03,  104,  1006.  which  exceed  the 
nearest  power  of  10,  we  multiply  by  the  Complement  regarded  as  negative, 
■ad  (instead  of  adding)  subtract  the  products  and  the  correction  or  carrying 
figure  of  the  period. 

E.KAUPLE3. 


86     612     743     29o  Dividend. 

6+0  0  +  3  2tO 
86     773     062     S|}  Quotient. 


991 


328     671     963 

28+3  0+6 
331     655     Jlf. 


13     28     67     19     63  Dividend. 

3  +  00  +  26+13  +  1 
I  3     42     26     24     Jf  Quotient. 

46     09     16     12     67 

6+32  +  48+08  +  5 
49    66    08     73    fj 
ByHotel,  era8e(6)  (6) 

998  )  23026860929 


1  314  1692  6636 

4  +  0  2+2 

314  3164  iUi. 

999  I  123*  456    789  Dividend 
1  3  +  0  9+1 

+  I  123     680     HI  Quotient. 
(7) 
98  )  434294482 


For  verification  of  the  quotients  so  easily  found  in  practice,  we  employ 
from  Arithmetic,  the  proof  by  excess  of  9's.  By  supposing  the  digits  of  the 
dividend  to  be  all  9's,  we  learn  that  whenever  the  mental  process  of  the 
Snle  gives  a  correction  that  is  e-jual  to  the  Complement  of  the  divisor,  such 
correction  is  exact,  being  the  maximum  %'alue:  also  tl]at  the  correction  is 
when  its  omitted  right  hand  digit  is  less  than  the  right  hand  digit  of 
the  Divisor. 

Id  the  next  Kxamples,  where  the  Complement  is  aubtracfive,  it  will  be 
most  convenient  to  extend  the  process  of  "borrowing  10  units  and  paying 
1  ten",  to  borrowing  20,  30  or  40  etc.  units,  and  paying  2,  3  or  4  etc.  tens, 
espectively.  Thus,  in  the  first  Example  below,  for  872 — 67  x  6,  we  begin 
tith  2—7  X  6  or  2—36  and,  borrowing  40  units,  say  42—36  =  7,  remain- 
^.  Then  paying  4  tens  to  the  next  prmluct  6X5,  it  becomes  34.  And 
17 — 34  leaves  53,  so  that  537  is  the  whole  remainder. 


Divisor.  1005167     872     631     624  Div. 
Comp't.        5    7-0  7—361—4 

— 167     634     867  ,%%  §'»■ 


1 103 1 23  02 
3  3-16- 
—  22    36 


58     60     93 
-13—27—2 

61  95  a,. 


^^^^^m                               ^^^^^^m 

H^^^^                         ^^^^^^1 

Diviaor                     9876543     6437ti96         Quotient. 

Complement               123467     IJ3582U483  Dividend. 

+         740742               exComplement. 

Continued.                        493828               4 

...338338    Quotient  1 

370.371             3 

123467  1  3341615  Remain. 

600334               New  Dividend. 

3833 1       37037 

3704 

^        740742         6 

987 

1111113       9             " 

CoDtraetion.         3343 

617285     6 

37                 J 

3341615    Remainder. 

Here  subtracting  the  right  hand  figure  of  the  Divisor  from  10,  end  tbK 
others  from  9,  we  obtain  the  enrnplement  123457.  Multiplying  thio  by  6, 
the  left  figure  common  to  the  Dividend  and  the  Quotient,  we  write  the  first 
figure,  2  of  the  product,  seven  places  to  the  right  of  the  6,  since  there  ar** 
seven  places  in  the  whole  Divisor.  Then  the  next  figure  of  the  Dividend, 
3,  increased  by  1,  carrying  figure,  gives  4  lo  the  quotient.  Continuing  tli« 
process  as  described  in  the  Rule,  we  obtain  6437695  Quotient,  and  3341615 
Remainder. 

Coniraction. — As  shown  on  tlie  left,  above,  the  process  is  continued  by 
writing  the  nest  quotient  figure,  3,  both  in  the  Quotient,  .ind  under  5,  the 
second  figure  of  the  Complement,  to  apply  contracted  multiplication.  And 
thus  we  obtain  further  338338,  making  these  thirteen  places  in  the  Quo- 
tient, 6437695338338. 

By  the  the  usual  operation  of  Long  Division,  each  quotient  figure  wonld 
cost  the  writing  of  aixteeo  other  figures;  so  that  208  other  figures  would  be 
required  with  the  corresponding  mental  labor  to  determine  the  quotient  64- 
37695338338;.where  the  Complementary  process  properly  requires  0Dly78 
figures,  and  the  mental  labor  is  much  shorter  and  easier.  Id  general,  the 
more  d's  on  the  left  of  the  Divisor,  the  smaller  the  Complement  and  tbeet- 
sier  the  process  of  Division. 

With  respect  to  the  preliminary  Multiplier  of  the  Rule,  since  the  product 
of  the  Divisor  by  its  reciprocal  is  always  1,  the  required  Multiplier  will  be 
a  little  less  than  the  reciprocal  of  the  Divisor,  and  may  thus  be  found  from 
the  published  Tables  of  Reciprocals. 

Less  exact  Multipliers  are  given  in  the  following  outline  Table  which 
may  serve  for  illustration.  The  values  oaa  be  eBaHjr  verified  by  tibeeqair 
mon  Table  of  Reciprocals. 
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Prepabatohy  Multiplier  fob  Rdle  IV. 


FlKt 

Mnlti 

Finsl 

Multi- 

Fiml 

Multi. 

Fin.1 

Wiilti- 

First 

Multi- 

Divisor 

plisr. 

Divis. 

plier. 

Divis. 

plier. 

Divia. 

plier. 

Divis. 

plier. 

100 

9X11 

141 

7 

201 

7X7 

304 

4X8 

689 

4X4 

104 

8X12 

160 

6X11 

206 

6X8 

323 

3 

626 

3X6 

no 

9 

164 

8X8 

218 

6X9 

346 

4X7 

667 

2X7 

113 

8X11 

167 

7X9 

223 

4X11 

368 

3x9 

779 

12 

lie 

7X12 

164 

6 

233 

6X7 

385 

t 

834 

11 

122 

9X9 

176 

7X8 

244 

4 

401 

4X6 

869 

UJ 

m 

S 

179 

6x11 

267 

38 

435 

2x11 

918 

9x12 

129 

7x11 

182 

6x9 

271 

6x6 

46.5 

3x7 

944 

101 

132 

} 

189 

6| 

278 

6x7 

477 

2 

976 

102 

137 

8x9 

197   1     6 

2.>6 

3x11 

627 

3x6 

990 

1 

The  following   Divisor  and  Divideod  are  lii^t  multiplied  by  8,  since 

■iS4iii  the  Divisor  indicates  this  Multiplier.    The  new  Dividend  is  written 

nspace  lower  to  make  room  for  the  Quotient  over  it;  and  after  the  first 

Iditiitn,  Contraction  is  applied.     In  the  quotient,  the  more  fnll  carrying 

tince  changes  8  to  9  :     Example  : 

First  Divisor,  124689236  )  4791662834  First  Dividend. 

Multiplier, 

Divisor, 


Complement,       2486112 
From  Quo't,  18093082 


997513888  I  38428039081  Quotient. 


38332502672  Dividend. 
7458:136 
19888896 

9944448 

27969;n28 

497222 


3521037  )  8263541783X4 
14087348  )  33054167132X7 

98611436  I Quotient. 

Complement,  1388564  |    231379169924      Dividend. 


Ecample 
for  Practice, 


The  Rule  can  also  be  applied  fi»  Divisors  lieginning  with  100  or  101,  by 
omitting  the  100  or  10  on  the  left,  and  taking  the  remaining  part  as  the 
negative  Complement,  whose  products  or  the  sum  of  products  by  quotieut 
Bgnrce  are  to  be  subtracted  from  the  Dividend. 


3rd 


The  irrational  roots  of  equations  of  all  depvee  may  be  determbd  W 
aeries.     Thus,  if 

a  =  a;+6aJ+ca!»+<&*+cr»4-/a:*+.9*'+«SEC.  (Q) 

we  may  find 

a,  =  a  — 6a'4(2i'-o)a'-(fii'-56o+(Jy.»4-(146'— 2i5'o+eM+3c»-t)rf 
— (426»— 84i'c+28&»(f+286c*— 76e— Tcrf+Zjo* 
+{1326"— 3306*0 -t-  I206'd-|-  I806V— 366V-72&«i+8A/4-8M-lW 
+  4(P~g}a?—i<x.,    {R) 
hyaBBamingx  =  a+Aa*+Ba*+Ca*+Da^+Ea*+Fa?+&o.,  in  (G), 
Mow  let  us  take  the  following  equatione,  vie. ; 

a  =  T-fOi'-fOz'+fli'-f  &o.,  an  eq'n  of  the  Ist  d^ree. 
a  =  x+bx'+0x''i-0x*+  •'      "     "     "     "     2nd     "     . 
a  =  x+6ir»+c«*+0:c'+  "  \      , 
a  =  a:+OaJ-f  car'  +  Oa-+  >'  ]  ^^^ 

I a  =  x-\-b^+  ca^+d3^+03^+&c., 

^^m  a  =  x-i-0x*+c^  +  dx'-\-03^+&c.,  y  eq's  of  4th  degree. 

^^H  a  =  x+bx'-i-  c3^-+dx*+  e3^-i-0j*+&c.,^ 

^B  a  =  ar+Ox'+  «r'+fV+«r»+0:r«+&c.,  f  «l  °«  «f  Stb  deg.,  Ac 

^^H  a  =  a:+0i'40z*+0j:*-f  «r^+Oa:'+&c.,  J 

^^^  From  which  it  appears  that  equation  [<7)  is  a  complete  expression  for  u 
equation  of  any  degree,  and  that  its  series  may  be  made  lo  vanish  at  any 
term,  so  as  to  give  any  degree,  by  giving  zero  values  to  aucfi  of  the  coeffi- 
cientfl  6,  c,  d,  &c.  as  the  case  may  require. 

The  series  in  {R),  however,  will  not  end  afler  the  first  degree,  but  iti 
terms  may  be  greatly  (contracted,  in  many  caaea,  by  csnoelling  all  of  those 
having  zero  coefficients.  Thus,  if  in  both  {G]  and  {R)  we  make  e^O,  d= 
0,  e  =  0,  Slc.,  we  get,  a  =  ar  +  bx^,  (C) 

i  =  a— 6a'4-26'a»— 56V-t-146V— 426V  +  132a'— Ac.  (fl') 

1.  Given  a:*+10a:  =  l,  or  ^  =  H-^»».  Put  a  =  ,1,,  and  &  =  A  " 
(i?'),  then  a:  =  TV-A'+iV  —  /ir  +  &«- =-0990195 

■y  2.     a;*+103:  =  6,  ori  =  a:+^.     Here  a  =  j,  i  =  ^ij ;  therefore 


.,  >  eq's  of  4 


( 
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°2     10:2''^  lOTa'     10'.2<     10'.2« 
15!E»— 60x+7  =  0,  or  ^  =  z  —  T^a:». 

•       =  _1-I-_M1       2  3'.7'       5.3'.7' 
■   ■*       60     10.60'"'' 10'.60''*'l0'.60« 


+  -1—  =  .477226 

10'.2'^10'.2'       ■»"•"» 


Herea  =  ^,  6  =  — A; 


4.  Gi7ena:'+a:=l.     Here  a  =  1  and  6  =  1;  .-.  i  =  1-2+5-14,  Ac. 

5.  aJ+a!  =  100.     a=  100,6  =  ];  i  =  100— 2.1OO'-f5.100'— &c. 
From  Examples  I,  2  acd  3,  we  see  that  the  values  of  a  and  b  id  formula 

R')  wb^  applied  should  be  small  fractioDS  or  the  series  will  not  cxinverge 
rapidly,  but  may  diverge  as  in  Ex's  4  and  5.  Hence  direct  application  of 
the  formula  would  only  be  practically  useful  io  comparatively  few  cases. 
■  '  There  is,  however,  an  indirect  method,  as  presented  in  my  Math.  Key, 
Hwhich  makes  the  formula  applicable  to  all  cases.  Thus,  in  the  equation  x^ 
K^z  =  100,  we  may  soon  6nd  by  trial  that  x  lies  between  b  and  10,  then  put 
fc  =  ¥  +  y.  «nd  we  have  [Y+i/)"+(Y+y)  =  1«),  or  ^]„  =  y  +  ^i 


r+y  = 


2  ■''4.20 


-Ac.  =  9.61249. 


4*.20"8     4'.20'' 
Given,  t'-\-Gx  —  8,  to  find  x.     As  the  value  is  near  1,  let  x  —  1+y. 
I  Then  the  eq.  may  be  written  i^y-f  J.v*>  and  x=l-\-i/  =  1  +  i  — i"+|i  Ac. 
Ret]uired  the  square  root  of  2,  or  the  value  of  a;  in  the  eq'n  x^  =  2. 
Lelz=  1.4+y,  as  1.4  is  near  the  value  of  j.     Then  (1.4-|-y)'=  1.96+ 
2.8yt-y*=2,  or  tV^  J+i^*     Developing  y  by  {R')  as  before,  we  find 


14  , 


2.5* 


— &c. 


In  alt  the  examples  here  given  other  series  might  be  found  that  would 
NiQverge  much  faster,  by  taking  a  nearer  value  of  i  before  transforming. 

In  the  solution  of  cubic  equations,  we  may  consider  the  values  of  all  the 
letten  zero,  except  a,  ft,  c  and  x,  in  both  [G]  and  (R),  and  by  then  cancel'g 
••II  zero  terms  we  have  a  =  x-\-bx^+ca^;  and  for  its  root, 

X  =  a— ia"+(26'— c)a'— (56»— 5ftc)a*4-(146*— 216*e+3c=)a»— Ac.;  (ii") 
*,  when  6  =  0,  a  =  x  -\-  ke*,  and 

X  =  a— oo'+Sc'a''— 12c'a'+Ac.  {R") 

8.  Givena^-3a:'+103:  =  l,orTV  =  3;-^(r^+iV*'-  'i^a=i^,b  =  -^ 
d  o  =  tJj  in  (R):  then  a:  =  y^+.^+jV-ii— '^^  =  -1031,  nearly. 

9.  GiveUia:*— 3ar'+75a:=  10000,  to  find  one  root  of  the  equation. 

As  upon  trial  x  is  found  nearly  equal  10,  let  x  ^  9.9+^,  and  the  equa- 
in  becomes,  —.0139676  =  y+.15v'  +  Ac.     Developing  by  [R')  we  get 
x  =  9.9+y=9.9—.0I39e76— .0000293— .0000001— Ac.  =  9.8860027. 
When  the  fractions  of  the  new  e(|i>ation  have  large  terms  it  is  best  to  re- 
duce to  decimals,  as  in  the  last  case. 

10.  Given.x'— 30x^  +  340'— 1800i*+4384a;  =  3841,  to  find  all  the  r'ts. 
As  the  several  values  of  3;  are  near  to  2,  4,  6,  8  and  1 0,  respectively ;  .  ■ . 

'labetitnte  snccessively  x^  =  2+y,  a;^  =  4+y,  Xg  =  6+y,  x^  =  8+y  and 
'  10-l-y.     The  new  et^uations  will  then  be 
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t  angles  with  CB,  and  the  section  produced,  AED,  is  the  given 
pirabola,  MB  beiog  equal  to  BD.  Through  A  poss  a  plane  parallel  to  the 
base  CBD  cutting  the  circle  AHF.  Since  PJA  and  PRB  are  similar  tri- 
Mglee,  lA  =  iBB. 

Suppose  the  conical  surface  to  be  divided  into  an  inHnite  number  of  tri- 
angles, as  Prs  which  is  supposed  to  terminate  at  the  point  D  on  the  curve, 
with  its  base  parallel  to  CB.  On  RB  and  RD  form  the  square  RBOD, 
and  on  AI  and  IH,  radii  at  right  angles,  form  the  square  lAKH,  and 
complete  the  prismoid  RKGDRBTA.  The  face  HKDG  will  be  an  es- 
paosioD  of  the  plane  Prs,  and  the  plane  that  cut^  the  parabola  must  also 
cut  the  prismoid  from  the  corner  K  to  the  corner  D,  hence  the  line  that  is 
tangent  at  the  point  Z>  of  the  parabola  will  pass  through  K.  Prolong  the 
axis  RA  to  meet  DK  produced  in  T.  Because  AK  {=  AI)  by  construct'n 
is  parallel  to  RD  (=  BB),  and  because  it  has  been  shown  that  lA  ^  Jfl-B, 
. • .  AK=  iRD;  .-.  BA  =  IBT,  or  the  subtang't  is  bisected  at  A.  The 
same  relation  can  be  shown  for  the  taog't  of  any  other  point  of  the  curve 
by  erecting  a  cone  in  like  manner  on  its  coordinates,  and  demonstrating  as 
above.  When  the  ordinate  exceeds  the  abscissa  a  cone  with  elliptic  base 
most  be  used. 

Let  the  parabola  ABCD  (pr'l 
ude  AR)  be  divided  into  an  inG- 
nite  number  of  parts,  SC  being 
<sie  of  these  parts,  and  BI  anr! 
CH^ordinates  at  B  and  C,  resp'y. 
From  E,  the  middle  point  oi 
BC,  let  fall  the  perpendic'lr  i'J", 
md  draw  the  tangent  ET,  then  is  FT=  2FA.  On  JJR  aad  RA  complete 
btfie  parallelogram  DRAL  and  draw  CL,  Em  and  MBK  parallel  to  RA; 
then  ia  Lm  =^  inK. 

^  The  triangles  CMB  and  ^i^Tare  similar,  hence  CM :  MB  ::  EF :  FT; 
.-.  CMXFT  =  MBXEF.  (1) 

[The  trapezoid  CB  HI  U  equai  to  MBxEF  Iby  [ly]  =  CMXFT,        (2) 
|The  trapezoid  CBKL  is  equal  to  CAf  X  Em,  or  since  Emr=  FA  =  ^FT, 
.  • .  CBKL  =  CMx  i^T.  (3) 

|H«iice,  trom  (2)  and  (3),  the  trapezoid  CBHI  =  2CBLK.     And  as  the 
B  relation  holds  for  all  similar  trapezoids  drawn  in  the  parallelogram 
,  it  follows  that  the  area  of  the  parabola  is  two  thirds  of  its  circum- 
i  parallelogram. 


ON  A  REMARKABLE  PROPERTY  BELONGINO  TO  . 
SOME  CUBIC8. 


BY  C.  O.  BOUE  AP  OEIWAfl,  GOTHENBUBO,  SWEDEN. 

The  well  known  theorem,  End.  Ill,  31,  can  be  enunciated  as  follows: 
If  through  a  point  on  the  circumference  of  a  circle  two  chords  be  drawn, 
making  with  each  other  a  right  angle,  the  straight  line  joining  the  extremi- 
ties of  the  chorda  will  pass  throngh  a  fixed  point,  the  centre  of  the  circle- 
Can  a  Cubic  be  found  having  the  same,  or  analc^ous  property?     This 
question  will  bo  partially  answered  in  the  following  discussion. 

A  straight  line  drawn  through  a  point,  or  a  cubic,  will  generally  meet 
the  curve  in  two  other  points.  I^et  the  inve.%tigatiou  therefore  be  limited  to 
that  class  of  symmetrical  cubits  which  are  represented  by  the  equation 

a  =  3-2  '^^+^ 

^  Cx-\-D' 

the  point  throngh  which  the  chords  are  to  be  drawn  being  the  origin. 

The  equation  of  a  straight  line  passing  through  the  origin,  and  t 
an  angle  d  with  the  axis  of  z  is 

y^^  X  tang  8. 
The  coordinates  of  the  point  of  intersection  between  (1)  and  (2)  are 


(1) 


gm. 

'1l 


.—Ctaa'O' 
,  ta.nO. 


(3) 


Let  a  be  the  angle  included  between  the  two  chords,  the  coordinates  of 
the  point  of  intersection  between  the  other  end  and  the  cubic  are 

^=       A—CUiu\a-e)'     V  (4) 

y,  =  —x^  tan  {a— 6).       ) 
The  equation  of  the  straight  line  passing  through  (3)  and  (4)  is  ^H 

If  this  line  shall  pass  through  a  fixed  point,  that  point  must  be  on  th« 

axis  of  X  because  of  the  symmetrical  form  of  the  cubic.     Then,  putting  y!= 

0  in  the  equation  (5),  we  find  the  intersection  between  that  line  and  the^^- 

is  of  X  to  be  given  by  the  abscissa  ^^H 

_  g] .Va — ^tVi  __  XiXj[tan  g+tan(a— g)]     ,g,    „  ^^H 

*  ~      ]/i—yi  ^1  tan¥-f  iTj  tan  (a  — ff) '  ^  ''  ^^ 

[D  tan=('-B][Z>  tan»(a— tf)-B] 

AZfU^B—tg  etg(a^)+t^{a-ej]—CDi^e  t^ia-ey+BCtge  \^a-9)~AB 


In  order  that  this  value  may  be  independent  of  d, 
««.     Sabetituting 


must  be  equal  to 


tan  tf  tan  (a — d]  =  t, 
wegM 

$  _  [Wag+ajytg'a— -E/)tg'»)+(2.Di— gK£— ■Dlg'a)](flC— ^P)  dt 
•a      \n.ADt^a—CD)+t(BC—'iADt^'(i—SAl))Jr(ADt/ga-AB)Y'H 


■  (8) 


where  the  value  of  dl-^dff  is  given  by  the  equation 

t^   _  aiD(2a— 2fl)— sin  26 
dd  2  cos'l?  cos'{a— C)    ■ 

R^ecting  the  solutions  which  will  transform  (1)  into  the  equation  of  a 
oooic,  we  see  that  dx-^dO  can  be  made  equal  to  zero,  first,  if 

(*(3Z)'+2Z)'tan'a—JSl>tan'a)  +  (2i)(— £)(£—/)  tan'a)  =  0, 
which  implies  that  the  following  eq's  must  be  simultaneously  satisfied ; 

13/>*+2I>^an*«--BZ>tan'a  =  0   ) 
D{B—D  tan'a)  =  0    > 
B(S— D  tan'a)  =  0   j 
The  only  acceptable  solution  of  these  e(| nations  is 
B  =  ZD,  \ 

a  =  60°  (lliO°).  I 
Then  the  equation  of  the  cubic  will  be 

ind  having  drawn  two  chords  through  the  origin,  malting  with  each  other 
an  angle  of  60°  (12U°),  the  straight  line  joining  the  extremities  ol  the  ch'ds 
will  pass  through  a  fixed  point  on  the  axis  of  x  situated  at  a  distance  fr^m 
e  origin,  which  from  equation  (6)  we  find  to  be 
8fl 


(9) 


(10) 


(11) 


(12) 


w 


C—ZA 
Py,  t^-Hid  can  be  made  equal  to  zero,  if 

*   =0. 

de 

Hence  it  follows  that 

a  =  90°. 
•^  From  (6)  we  then  deduce 

^  g— £J(tan'l>+cot'»)+.P' 

'         ^B(tan'»-|-oot'9— 1)— Cfl— .JB+BC 

r  _       IX,AD—BC)  (D—B)  (aec'8— cosec'D) 
i  ~  pS(lan'»+co^9—l)— CD— ^B+BC]» 


m 


U") 


Rejecting  as  in  the  former  case  solutions  which  will  transform  (1)  tota 
conic,  we  see  that  dx-^dd  is  equal  to  zero  if 

D  =  B.  (17) 

The  cq'n  bf  the  cubic  will  then  be 

^  Cx  +  i)' 

and  the  straight  line  joining  the  extremities  of  two  chords,  drawn  through 
the  origin  at  right  angles  to  each  other,  will  pass  through  a  fixed  point  on 
the  asia  of  x,  the  abscissa  of  which,  from  eq'n  (ti)  or  (15)  we  find  to  be 

The  fixed  point  can  of  course  lie  at  an  infinite  distance  from  the  origin ; 
the  right  line  joining  the  extremities  of  the  chords  will  then  be  parallel  to 
the  axis  of  x. 

Concerning  the  conies,  where  the  constant  angle  is  90°  and  the  point  from 
which  the  chords  are  to  be  drawn  can  be  taken  anywhere  on  the  curve, 
the  investigation  is  of  such  a  special  interest  that  it  deserves  a  separate  trea- 
tise, which  we  hope  to  give  in  another  number  of  this  periodical. 


2NTEQBA1I0N  OF  THE  GENERAL  EQUATION  OF  MOTION. 


BY  DR.  J.  MORRISON,  NAUTICAL  ALMANAC  OFFICE,  WASH.,  D.  C.     ^H 

The  first  difficulty  which  the  student  encounters  in  reading  Gauss's 
Theoria  Motus  Qn-porum  Celestium,  is  found  iu  Article  3,  where 

ax  +  Py  +   r  =  r 
is  given  as  the  general  equation  of  the  conic  sections. 

The  equation  is,  I  believe,  due  to  La  Place,  who  gave  a  demouBtration  of 
it  in  the  Me'caoique  Ce'leste,  Book  II,  Chap.  Ill;  and  therefore,  for  want 
of  a  liett«r  name,  I  shall  take  the  liberty  of  calling  it  La  Place's  Equation 
to  the  Conic  Sections.  I  purpose  in  this  brief  paper  to  give  a  short  and 
easy  demonstration  of  this  equation  and  to  discuss  it  with  the  view  of  ascer- 
taining the  significance  of  the  constants  a,  ^,  j: 

Let  us  assume  the  general  equations  of  motion  which  are 

where  F  is  the  force.  If  F  vary  as  1  -i-r^,  as  is  the  case  in  nature,  then  F 
=  /i-T-r",  where  p  is  the  unit  of  force  at  the  unit  of  distance  or  the  abaolute 
force,  and  (1)  and  (2)  become 
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^^^H 

$=-^---p).   9'=- 

^^H 

Muldply  (3)  by  y  and  (4)  by  x,  subtract  the  former  from  the  latter  and          ^H 

Itit«f;ratiDg  ve  h&ve                                                                                       ^^H 

=  h,  suppoee,                             (5)           ^H 
id  expreesing  this  in  polar  coordinatea  we  have  the  well  known  equation            '^^| 

bere  h  is  twice  the  area  described  by  the  radius 

vector  in  a  uuit  of  time.              ^^H 

Again,  x-^r  =  cos  fl; 

dfxS              ..dS            rnat    ,de 
dAfI                      dt                r>           c/i 

=  -X. A;  whence              ^H 

Similarly 

«   _        1      d/y] 

d 

Sobetitutiiig  in  (3)  and  (4),  we  have 

d'x  _       11     dly\ 

■ 

d'y__       II     d/x\ 

w-    s  •  aw- 

By  the  integration  of  these  we  have 

■ 

1=  ?e  +  4 

Subetituting  in  (5)  we  get 

^^1 

f  (^  + ')  +  f  e  +  ^) 

^m 

hich  is  easily  reduced  to 

a.  +  Py  +  r^'^. 

^^ 

KeqaatioQ  required,                                                                                                   ^^| 
By  compEiriog  this  with  La  Place's  Equation  we  see  that ;-,  the  absolute'          ^^H 
ETin,  is  necessarily  positive  and  equal  to  A"-^/i ;  we  shall  also  see  presently          ^^M 
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that  y  ie  an  important  element  in  the  conic  eectioD  which  the  above  equa- 
tion represents.  Eliminating  r  from  {7)  by  means  of  the  eq'n  2*  +  y*  ^  r* 
and  reducing  we  have 

[\-^)3?+{\^^y  —  2a^xy  +  2arx^2^ry-f  =  0,  (8) 

the  general  equation  to  a  conic  section,  the  origin  being  in  the  present  case 
at  the  focus.  It  now  remains  to  ascertain  the  significance  of  the  constantfi 
which  ent«r  into  this  equation,  and  in  order  to  do  this  it  will  be  necesaary 
to  express  the  general  equatiou  to  the  conic  in  the  following  form. 

Let  RAQ  be  a  portion  of  thei 
curve,  F  the  focus  and  origin,  HEM 
the  directrix,  FX  and  FY  the  axeel 
and  fiFthe  axis  of  the  curve. 

Put  (u=  the  angle  BFX,  p  =  FIi' 
e  ^  PF-T-PC  and  x  and  y  the  coor- 
din's  of -P;  then  we  have  FD^+PD; 
=  PF^  =  ^  PC\  or  3?^f=  ^PC\ 
^e*(p  —  xcosw  — y  Bin*u)*,  ( 

(1— e'oos'w)a^+(l — e'sin*w)y' — '2^xy  sin  w  cos  ai + '2e?jix  cos  w  -f  2^pyna  m 

-.V  =  0.  (9) 

By  comp'ng  (8)  and  f  9)  we  see  that  a"  =  Aos'w  and  jS*  =  «*8in'tu,  whence 
t  =  v/C«'+^) .  - .  (10),  tan  ft;  =  ;?-^a  . . .  (11). 

If  <u  =0,  the  axis  of  X  coincides  with  the  axis  of  the  curve,  but  by  (11) 
when  w  ^  0,  ^  =  0  and  therefore  putting  ^  =  0  in  (8)  it  becomes 

(1  -~a*)7?  +  J*  +   2«^x  —  r*  =  0; 
and  if  a:  =  0,  then  y  =  7-,  ot  the  wmi  latua  rectum^  j-  =  A'-!-/i,  ...    (12) 
as  was  shown  above. 

By  comparing  the  absolute  terms  of  (8)  and  (9)  we  have 

p  =  ?  =  7i5V^-  <"' 

The  eq.  to  the  directrix  EH  is,  in  terms  of  <o  and  p,  a: cos  w+y  sin  <o^p. 

Eliminating  M  and  p  by  (11)  and  (13)  we  get  oa;  +  /9y  =  ;- (14) 

for  the  equation  to  the  directrix  in  terms  of  a,  ^,  y. 

The  eq'n  Hi-(-^y+r  ^ ;-  will  of  course  represent  an  ellipse,  a  parabola  or 
a  hyperbola  according  as  \'{t^-^^)  is  less  than,  equal  to,  or  greater  than  1. 

In  the  special  case  of  a  and  ^  being  both  equal  to  zero,  we  have  e  =  0, 
which  characterizes  a  circle  whose  eq'n  will  therefore  be  r  =  ;■  ^  /t'-i-/A 

When  ^  =  0,  «^e  and  the  eq'n  bee's  ear4-''  =  7'=^  A'^/^  and  a^ramS, 


1  known 
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CoRRESPONDENCE. — Editor  Analyst:  I  se«  from  tbe  note  on  page  90 
of  the  iast  Analyst,  that  the  editor  did  not  refer  to  the  paragraph  iii  New- 
conih's  Algebra  that  I  inteoded  to.  He  takes  his  extract  from  near  the  hot. 
of  the  pagf,  while  I  intended  to  refer  to  one  near  the  top  of  the  «)me  page. 
The  error  was  natural,  for  the  author's  illustration  in  the  extract  referred  to 
bj  the  editor  wa!>  nearly  the  same  as  the  one  I  wafl  using,  while  in  the  other 
e  llie  author  wan  using  a  quantity  of  debt  by  way  of  illustration,  and  in 
rder  to  adapt  the  rea.'wning  to  my  example  it  waa  necessary  to  change  some 
iUie  words,  but  if  I  changed  the  reasoning  in  any  sense  it  was  done  inad- 
sUy,  The  author  said  "For  since  the  debt  is  halval  at  every  payment, 
e  W8B  any  payment  which  discharged  the  whole  remaining  debt,  the 
f  of  a  thing  would  Ite  e-iual  to  the  whole  of  it,  which  is  impossible." 
ftid,  "Since  the  remainder  is  halved,  if  there  was  any  movement  that 
;  overcome  the  entire  remainder,  the  half  of  a  thing  would  equal  the 
!,  which  is  impossible."  If  I  have  not  correctly  represented  the  reat- 
j  I  will  be  pleased  to  be  corrected. 
f  The  reference  was  not  made  to  Newcomb  for  the  sake  of  criticising  him 
r  bis  book,  but  because  he  had  put  the  syllogism  in  such  a  terse  form, 
[  The  point  to  which  I  referred  involves  sublelties  of  great  difSc'ty,  which 
tave  engaged  the  attention  of  philosophers  for  centuries.  In  that  regaid,  my 
a  was  for  such  definitions  and  such  logic  as  would  not  provoke  vain  ques- 
ioDings,  nor  lead  to  results  contradicted  by  nature. 

De  Volson  Wood. 
[We  have  not,  now.  Prof.   Newcomb's  Algebra  at  hand,  but  believe  the 
ibove  etatement  of  Prof,  Wood  is  substantially  correct.  Wc  cannot  perceive, 
however,  that  il,  in  any  way,  conflicts  with  the  statements  embraced  in  our 
note  alluded  to. 

Prof.  Newcomb  has  given  two  illustr'ns ;  in  the  first  he  supposes  one-half 
of  a  given  debt  to  be  paid  at  the  hrst  pay't,  one-fourth  at  the  second  and  so 
on;  while  in  the  second  he  supposes  one-half  of  a  given  line  to  be  travt'reed 
Kt  the  first  step,  one-fourth  at  the  second,  and  so  on.  The  argu't  in  both  is 
exActly  the  same,  so  that  our  Note  applies  alike  lu  either,  and  the  principles 
Bought  to  be  established  by  Prof.  Newcomb  are  equally  established  by  either. 
Hcnre,  as  stated  in  our  note.  Prof,  Newcomb's  conclusions,  based  on  his 
fayjiotfaesis,  are  unquestionably  true:  but  if  wc  assume  with  Prof.  Wood 
that  the  velocity  is  uniform,  or  that  the  frequency  of  the  payments  increases 
tt  the  value  of  the  successive  payments  diminishes,  then  it  is  equally  cer- 
tain that  the  total  distance  will  be  traversed,  or  the  whole  debt  will  be  paid, 
b  a  given  time.  This  conclusion,  however,  does  not  indicate  «  ftllacy  in 
Profeeeor  Newcomb's  argument,  for  the  assumption  is  incompatible  with, 
i  virtnall;  ignores,  Prof.  Newcomb's  assumed  law.— Ed.] 


REMARKS  ON  THE  DOCTRINE  OF  LIMITS. 


BY  PROFBSSOB  BIHON  NGWOOUB. 

The  very  able  papers  on  the  doctriDe  of  limite  by  Professore  Judson  s 
Wood  in  the  Analyst  (or  July  1881  and  May  1882  are  suggestive  of  the 
necessity  of  a  more  complete  examinatioD  of  the  subject  11'  all  possible  mis- 
appreheusion  is  to  be  avoided.  In  the  use  of  any  system  of  mathematical 
nomenclature  a  great  number  of  unexpressed  hypotheses  have  to  be  under- 
stood as  limiting  the  statements,  and  the  difficulty  is  to  have  these  hypoth- 
eses f(|ually  understood  by  the  writer  and  the  reader.  There  is  a  kind  of 
tnathematical  common  sense  which  has  to  be  taken  as  the  basis  of  such  a 
discussion,  but  it  is  very  difficult  to  see  just  how  far  we  are  to  assume  that 
this  sense  will  lead  us  without  reasoning 

In  the  paper  referred  to  it  appears  to  me  that  the  propositions  laid  down 
by  the  respective  writers  are  all  correct  when  correctly  interpreted  but  that 
their  criticisms  upon  others  arise  in  part  from  misapprehension.  Professor 
Judeon's  first  five  propositions  appear  not  open  to  any  criticism  and  the  fol- 
lowing three  to  be  only  a  definition  of  what  shall  be  understood  by  a  variable 
decreasing  without  limit. 

But  when,  page  lOfl,  he  shows  that  Whewell's  axiom,  Whatever  is  true  up 
to  the  limit  is  true  at  the  limit,  is  unsound,  he  makes  too  sweeping  a  use  of 
the  word  whatever. 

The  axiom  is  obviously  intended  to  apply  only  to  finite  quantitative  relat'ns 
and  therefore  does  not  apply  to  any  of  the  cases  which  he  assumes.  These 
case  are  descriptive,  not  quantitative. 

Professor  Wood's  ingenious  reducHa  ad  ahturdum  of  my  reasoning  on  the 
Bum  of  an  infinite  geometrical  progres'n  admirably  illustrates  what  I  wish  to 
say  on  the  unexpressed  hypotheses  which  lie  at  the  basis  of  the  propositions 
of  limits.  He  takes  my  reasoning  that  a  debt  can  never  be  wholly  di«h'd 
by  continually  paying  one  half  of  it,  changes  the  reading  of  it  so  as  to  make 
it  apply  to  a  prob.  of  his  own  in  which  a  point  moves  a  distance  one  half  id 
half  a  minute,  a  distance  one  fourth  in  one  lourlh  of  a  minute,  and  so  on, 
and  puts  this  changed  reading  into  quotation  marks  in  such  a  way  as  wo'ld 
lead  the  reader  to  suppose  that  i  had  reasoned  in  this  way  about  this  very 
problem*.  No  doubt  Professor  Wood  considers  the  two  problems  perfectly 
analogous  and  to  s^ow  their  difllerenoe  we  must  take  up  the  unexpreaaed  hy- 
potheses. Let  us  first  consider  some  definitions  of  the  term  limit.  I  take 
the  following  two. 

"The  vritec  learoa  that  Ihe  cluuige  of  worits  alluded  to  was  aeddeolsl.  But  tlie  fkel  le- 
maim  that  Pro£  Wood's  problem  is  one  tbnt  wa«  never  conaidered  b^  the  writer. 
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Wood.  "The  limit  of  a  variable  b  a  quaDtity  whifh  the  variable  ap- 
proaches and  from  which  it  may  be  made  to  differ  by  less  than  any  assign- 
able cjuantity."  (AsAi-YST,  p.  81.)  This  definitioQ  is  too  sweeping  since 
it  iodudeB  every  possible  value  which  the  variable  may  take.  If  we  sup- 
pose an  angle  to  increase  from  u°  to  90°  and  if  we  assume  any  quantity  k 
Dot  gr«at«r  than  1,  the  sine  will  iu  the  course  of  the  increase  approach  this 
qoaiitity  and  differ  from  It  by  less  than  any  assignable  quantity.  Hence  k 
wa  limit  of  the  sine. 

Wentworth.  "When  il  can  be  shown  that  the  value  of  a  variable, 
meaa'd  at  a  series  of  definite  intervals,  can  by  indefinite  continuation  of  the 
Beriea  be  brought  to  differ  from  a  given  constant  by  less  than  any  assigned 
quantity,  without  ever  exceeding  the  constant,  tbat  constant  is  called  the 
Limt  of  the  variable,  and  the  variable  is  said  to  approach  'nxd^nitdy  to  its 
SmU."    (Geom.  p.  87.) 

It  seema  to  me  that  the  word  "exceeding"  in  this  def,  should  be  replaced 
by  tqu/iUing,  liecause  the  values  of  the  variable  may  be  altar'ly  greater  and 
lew  than  the  limit.  Otherwise  the  def.  has  the  adv.  of  being  stated  in  such  a 
msoneras  to  indicate  at  once  one  of  the  hyp's  commonly  assumed  in  silence. 

Now  a  variable  quantity  may  in  general  have  any  value  whatever.  What 
then  do  we  mean  by  speaking  of  a  quantity  which  the  variable  can  never 
reach  or  never  exceed?  Manifestly  we  must  think  of  it  as  determined  un- 
der certain  conditions  or  subject  to  certain  limitations,  and  the  use  of  the 
word  limit  must  relate  to  these  conditions  or  relations. 

The  great  object  of  the  method  of  limits  is  to  determine  quantities  in  cases 
rA«re  the  ordinary  operatttms  with  finite  quantities  fail  in  consequence  of  some 
of  the  quantities  of  the  problem  becoming  infiinite  in  number,  or  of  zero  or  in- 
finity entering  in  such  a  way  that  the  operaiions  shall  not  be  rigorously  prac- 
w  tieable.  Thus,  the  sum  of  an  infinite  series  would  require  an  infinity  of 
\  idditioDS  and  the  calculation  of  the  area  of  a  circle  by  Increasing  the  num- 
ber of  sides  of  a  polygon  would  also  require  an  infinity  of  operations.  But 
if  we  transforoi  the  problem  so  as  to  avoid  an  Infinity  of  operations  it  is  a 
perversion  of  speech  to  apply  the  word  limit  to  the  result.  But  this  is  just 
what  Professor  Wood  has  done.  In  the  case  he  supposes,  of  a  point  mov'g 
half  the  dislancc  in  half  a  minute,  half  the  remaining  distance  in  one  fourth 
of  a  minute  and  so  on,  that  b,  of  moving  with  a  uniform  motion,  he  entirely 
removes  the  problem  from  the  class  to  which  the  method  of  limits  applies. 
Of  course  the  ambiguity  of  the  word  never  comes  in  as  a  source  of  pertur- 
bftUoD.  Define  the  sense  in  which  it  Is  used,  and  the  redudio  ad  absurdum 
becomes  applicable  only  to  Prof.  Wood's  way  of  considering  the  problem. 
When  used  in  the  method  of  limits  it  is  understood  to  imply  an  indef.  con- 
tinuat'ci  of  some  series  of  operations  which  cannot  be  executed  iu  any  finite 
of  which  we  therefore  say  they  can  mctct  l)e  completely  executed. 
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AnsweR  tt)  Query.    (See  p.  64  or  94.)    By  Prof.  C.  A.  Van  Vetzet, 
University  of  Wiaconsin,  Madiaon,  Wis. — In  the  determinant 

0  6  6 
6  1a 
e    a    1 

sub't  from  the  third  column  a-t-b  times  the  first  column,  and  there  results 

0    6  c 

6     1  0 

c    a    1 — ae-i-b 

In  this  determinant  add  to  the  first  column  2ab  times  the  third  and  we 


c 

0 

1 — ac-^b 


have  2abe    6 

6     1 
,c+2a6 — 2a*c    a 

In  this  determinant  add  to  the  third  row  a  -4-  6  times  the  first,  and  sub- 
tract 2a  times  the  second  and  we  get 

2a6o  6  c 
6  1  0 
c    0     1 

the  required  determinant,  where,  throughout,  a  is  used  fisr  short  in  place  of 
cos  A. 

The  transformation  from  this  last  determinant  back  to  the  first  is  also 
easy  to  effect. 

Any  determinant  may  in  general  be  transformed  into  any  other  equiv- 
alent  determinant  of  the  same  order.     Let 


a 
a. 


8 


Ol 

«1 

^» 

*i 

Vl 

^ 

Cj 

^2 

X, 

Vi 

63 

Cs 

d. 

*8 

Va 

64 

C4 

d. 

«4 

y* 

and  let  us  represent  the  first  of  these  by  Aa  and  the  second  by  Ax» 

To  the  fourth  column  of  Aa  &dd  li  times  the  first  column,  m^  times  the 
second  and  n^  times  the  third,  where  Z^,  m^,  n^  are  chosen  to  satisfy  the  eq's 


l^ai   +  m^bi   +  n^Ci 

=  »i 

—  di. 

'i«2   +  ^1^2   +  ^1^2 

=  Wj 

—   ^2, 

'j«s  +  w^i^s  +  ^1^3 

=  ttj 

-d3. 

By  this  means  Aa  is  changed  into 

«l       *1       «! 

a2     62     C2 
ag     63     C3 

^4     ^4     ^4 

• 

In  this  determinant  add  to  the  third  column  I2  times  the  first,  in,  times 
the  second  and  n2  times  the  fourth,  where  l^y  ^2  and  ri]  are  chosen  to  sat- 
isfy the  three  equations 
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(,o,   +  m,4,   +  »,!»,  = 

Bv  this  tneftna  we  obtain  t))e  Jetermin&Dt 


3<md  col  11  n 


In  this  (letermlnaDt  add  to  tlie 
tlie  third  and  1)3  times  the  fourth,  where  ^3, 

We  thus  srrive  at  the  determinant 


Vi 


n  ^3  times  the  IJrst,fng  time 
J,  71^  satisfy  the  equations 


-  63. 


?<    r*    h 

Now  add  to  the  Bret  column  ^^  times  the  second,  ■m^  times  the  third  and 
Lsf  times  the  fourth  where  l^,  m^  and  ti^  sutisty  the  equations 

'4^1     +    "*4*1     +    1^i^\    =  I,    —   Oj, 

'4y3   +  ^iH   +  "*Wa 
This  gives  the  determinant 


h   r,    *, 

To  the  fonrth  row  of  ihia  determinant  add  l^  times  the  6r9t,  wtj  times  the 

»nd,  and  n^  times  the  third  row,  where  t^,  nij,  jij  satisfy  the  equations 

/,a!|   +  m^x^   4-  ji^a-y  =  x^  —  a^, 

UVi   +  "^BSa   +  "sJa   =  y*  —  ^4. 

^sij    -f  msjj   +  njag  =  2^  —  j-4- 

By  this  means  the  elements  a^,  ^^,  j^  are  changed  into  x^,  y^,  ^^,  and 

since  the  resulting  determinant  must  equal  An  it  follows  that  the  element 

d^  will  be  changed  into  w^  and  the  deterrainaot  Ai  is  thus  arrived  at. 

The  process  here  employed  is  evidently  applicable  to  determinants  of  any 

taiet.     The  process  is  a  definite  one  and  leads  to  definite  results  unless  some 

of  the  quantities  /,  m,  n  be(!ome  infinite  through  the  vanishing  of  the  deter- 

t  of  their  coefficients,  which,  in  every  case,  is  a  first  minor  of  A«  or 

.  or  one  of  the  intermediate  determinants.     Shoold  this  thing  happen 
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we  must  traDsforni  l^^^not  directly  into  Ai  but  into  a  determinant  prepared 
from  Ai  so  that  tlie  difficulty  will  be  avoided.  One  case  of  difficulty,  huw- 
ever,  eaonot  be  avoided  by  changing  A,  beforehand  aud  that  is  where 

I  ''i     ^1     ''i   I 
\a,     6,     0  J  =  0. 
I  Oa     ^3     "3  I 
In  this  case,  before  we  apply  the  general  method  we  must  change  A.  »o 
that  the  first  minor  corresponding  to  d^  shall  not  vanish. 

I  believe  that,  in  every  case  where  the  difficulty  here  spoken  of  arises, 
A.  oi"  A^  or  both  may  be  changed,  belore  applying  the  process  of  this  pa- 
per, into  determinants  say  A'^and  A'^sothat  A '„  may  be  transformed 
into  A',  and  therefore  Aa  into  A^'  If  so,  the  transformation  can  always  be 
effected ;  if  not,  it  can  generally  be  effected. 

I  have  not  yet  found  time  to  consider  this  last  question. 


[Profeesor  L.  G.  Barbour  answers  Mr.  Eastwood's  Query  (see  p.  96)  as 
follows :] 

*  *  *  '-For  much  the  same  reason  that  it  is  allowable  and  suificient  to 
write  log(l-l-y)  =  My •\- Ny' ■{- P^  Sic.  It  would  not  do  to  write  logy  = 
Mij-i-Nf+Pf  &c.,  nor  Iog(l-|-y)  =  Ni^+Pf  &c.  And  it  it  would  not 
do  to  write  dp-i-dt  ^  (f,  dq  -¥  dx  ^  p'.  At  least  there  seems  to  be  no  an- 
tecedent likeliliood  that  the  former  of  these  diff.  coefficients  could  have 
obtained  from  a  combination  of  p,  q  and  t.     Nor  could  we  write 


which  is  not  a  condition  given. 


pa,  for  then  -?^  must  •=■  ^, 
"^^  dt  dx 


H 


We  then  assume  (if  this  term  be  prefer'd) 

d(         '^ '  lie        ' '  ^_ 

which  certainly  fulfilB  the  most  obvious  rnndition,  viz.;  tlut  ^^^ 

and  does  not  present  any  difficulty  on  the  threshhold.  The  integration  pro- 
cedea  easily,  and  without  encountering  any  unforeseen  obstacle,  to  the  coiu- 
plefe  primitives  ^^H 

^  _       c      .     V-  _  ^^1 

""     ~  l^c'    *    ~  x  +  7'''  ^1 

.-.  X  =  te^-f-Cj. 
In  the  part  of  my  solution  omitted  in  printing,  it  was  proven  that  there 
could  be  no  singular  solution.     Heooe  it  seems  to  the  writer  that  the  guard- 
ed phrase  'allowable  and  sufficient',  instead  of  the  customary  'necessary  and 
sufficient',  is  sustained  by  analogy  and  confirmed  by  the  result." 


I 


i  FEND  VL  VM  WHOSE  TIME  OF  OSCILLATIOH  IS  INDEPEN- 
DENT OF  THE  POSITION  OF  IIS  CENTRE  OF  GBA  VITY. 
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BY  R.  J.  ADCOCK,  HOSEVILLB,  ILL. 

If  a  rigid  body  be  suspeudcd  from  fixed  points  in  a  borizonlal  plnne  by 
farallel  rods  of  equal  length,  and  then  made  to  vibrate,  the  rode  moving  in 
ptirftllel  vertical  planes,  the  time  of  a  vibration  is  the  same  as  that  of  a  sim- 
ple peDdnlum  whose  length  is  equal  lo  that  of  the  rods,  provided  the  weight 
of  the  rods  is  small  in  comparison  with  that  of  the  body.  For  the  points 
■f  the  body  describe  e<][ual  similarly  situate  arcs  of  e<|ual  circles. 
\  Sdspenbion  Scales. —  Let  the  horizontal  platform  be  suspended  from 
points  in  a  horizontal  plane,  by  parallel  rods  of  equal  length,  such  that,  when 
the  platform  is  drawn  say  6  inches  to  one  side,  by  a  horizontal  force  appi'd 
near  the  middle  of  ooe  side;  the  vertical  distance  between  the  turning  p'ts 
of  sospenaion  and  those  where  the  rods  connect  with  the  platform  may  be 
Bay  10ft,  then  J;  10::horiz'l  tbrce  :  weight  of  platform  and  load,  that  is,  if 
the  horizontal  force  be  150  lbs,  the  weight  will  be  3000  lbs. 

The  horiz'l  force  may  be  app'd  by  connecting  the  platform  with  the  ver- 
tical arm  of  a  bent  lever  turning  about  a  fulcrum  at  it«  right  angle  while 
the  horizontal  graduated  arm  carries  a  movable  weight,  in  the  usual  man- 

r,  sfaowing  the  weight  in  lbs  of  the  matter  to  be  weighed. 

Notice  of  Dr.  Ckiaei/'a  Geometry.  By  GeoRGE  Eastwood. — I>r,  Casey, 
Professor  of  Higher  Mathematics,  and  Mathematical  Physics,  in  the  Cath- 
olic University  of  Ireland,  has  recently  brought  out  a  uew  edition  of  his 
unique  Sequel  to  the  First  Six  Bo<>ks  of  Euclid,  in  which  he  has  contrived, 
within  the  space  of  168  pages,  to  arrange  and  pack  more  geometrical  gems 
than  are  to  be  found  in  any  single  text  book  on  Geometry  that  has  appear'd 
since  the  days  of  the  self-taught  Thomas  Simpson.  "The  principles  of  Mod- 
ern Geometry,  contained  in  the  work,  are,  in  the  present  slate  of  Science, 
indispensable  in  Pure  and  Appi'd  Mathematics,  and  Mathematical  Physics; 
and  it  is  important  that  the  Student  should  become  early  acq'd  with  them." 

Eleven  of  the  sixteen  sections,  into  which  the  work  is  divide<l,  exhibit 
most  excellent  specimens  of  geometrical  reasoning  and  losonrch.  These  will 
be  found  to  furnish  very  neat  models  for  systematic  Methods  of  study. 

The  other  five  sections  comprise  261  choice  problems  for  solution.  Here 
the  earnest  student  will  find  all  that  he  needs  to  help  bring  himself  abreast 
with  the  amazing  developments  that  are  being  made,  almost  daily,  in  the 
Taat  re^ons  of  Pure  and  Applied  Geometry.  Here,  also,  the  pains-taking 
Teacher  and  the  faithful  Professor  will  find  a  rich  store  of  exercises  from 
test  the  grit  and  proficiency  ot  their  pupils. 
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726946  303735 
=  3.872983  346207 

690826  587573 
=  4.123105  625617 

620434  289492 

669577  078826 


789696 

245410 

746826 

696989 

178098 

567250 

690690 

469201 

190097 

476981 

379331 

862792 

666 

399849 

147322 

989293 

178239 

941385 

467320 

416885 

766113 

660549 

641828 

466444 


440618  359611 
414408  378782 


114932  736670  686683 
630020  920098  337296 
119221  267470  495946 

583748  732316  549301 

035126  307339  07 

179267  399782  399610 

483079 

821409  855974  077025 

604496  127332  312551 

645428  74. 


966947  480656 

710269  183082 
39286 
139343  750753 

719555 139325 
833813  694246 

927088  645589 
091667  01 
251296  674399 

756019  007778 

832921  705291 

147199  226373 
147476  6 


Soi.DTiONS  of  problems  in  No.  3  have  been  received  as  follows  : 
From  J.  M.  Boorman,  393,  394;  Prof.  W.  P.  Casey,  399;  Geo.  E.Cur- 
dg,395;  Geoi^c  Eastwood,  392 ;  William  Hoover,  398;  Henry  Heaton, 
399;  Prof.  Asaph  Hall,  397,  400;  Thos.  Spencer,  397,  399 ;  M.  Updfgraff, 
Lm;  Prof.  C.  Van  Velzer,  397. 


By  George  Eastwood,  SaxonmUe,  Mass. — "In  a  triangular  pile  of 
nond  shot,  each  shot  rests  upon  three  other  shot,  thus  forming  an  empty 
ipece.  It  is  required  to  find  the  ratio  of  the  capacity  of  all  the  spaces  to 
the  capacity  of  all  the  balls." 


SOLUTION  BY  THE  PROPOBER, 


In  the  annexed  diagam,  let  A  represent  the  centre  of  the  I 
top  shot,  and  B,  C,  D  the  centres  of  the  shot  on  the  second  I 
course  from  (be  top  of  the  pile.     Conceive  a  plane  to  paas  I 
tlirough  these  centres,  and  to  become  the  base  of  a  regular 
trahedron  whose  vertex  is  A.  For  the  edges  we  have,  suppose, 
AB=  AC=  AD  ^  BC^  BD  =  CD  =  2r. 

The  angles  BAC,  CAD,  DAB  are  evidently  equal;  hence  their  respec- 
tive coeiDes  are  equal,  and  each  equal  to  \.  And  from  an  inspection  of  the 
figure,  we  readily  perceive  that  each  solid  cuts  from  its  concentric  shot,  a 
i^>herica]  triangle  which  forms  the  base  of  a  spherical  pyramid  that  is  com- 
moD  to  the  tetrahedron  aud  said  shot.  But  the  sides  of  the  spherical  trian- 
glea  are  obviously  the  meaaui-ea  of  the  angles  BAC,  CAD,  DAB,  whose 
respective  cosines  we  have  already  found  to  be  each  =  J, 

Let  the  spherical  excess  of  each  "spherical  triangle  be  designated  by  e,  and 
its  Ares  by  2*.     By  a  formula  due  to  De  Giia,  we  have 

1 — eosM, — cosMg — cos'^3-f-2cosAjCOs  jIjCos  ^Ig 

■  (l+COS^,)(l"-|-C05^3){l+COfi~Jg)" 


Whence    e 

From  this  value  of 


The  capacity  of  each  spherical  pyramid  is  Jri",  and  the  capacity  of  the 
four  is  }r2'. 
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By  a  formula  of  Le  Gendre,  the  capacity,  k,  of  the  tetrahedron  is 

1         AB.AC.AD  (/(l-co3M,-eosM~-coB*jl,  +  2co8j4.oo8j4-(»s4J 

* j. 

Heuce  the  capacity  of  onx  empty  space  is 

=  0.20772r»  ^  capacity  of  otic  shot  X. 0496  ' 
=  capacity  of  one  shot  ^  20.16. 
Let  n  ^  number  of  shot  in  one  side  of  the  bottom  course  of  the  pile,  then 
in(n+l)(«-f  2)  =  number  of  shot  in  the  whole  pile,  and 
Jn(Ti — 1)  (n+1)  ^  number  of  empty  spaces  in  same. 
Hence,  capac.  of  whole  pile  ;  capac.  of  empty  sp'8::{20.16)(n+l):(n — 1). 


393.  SyJ.  M.  Boorman,  Esq.,  New  York  Oitif, —  State  the  general  equa- 
tion of  the  4th  degree  in  terms  whose  coefficients  shall  be  real  and  direct 
functions  of  its  roots  and  admit  a  solution  showing  the  root's  real  nature — 
no  root  to  be  directly  expressed  by  a  letter. 

394.  Id. —  Show  that  the  general  equation  of  the  4th  d^ree  has  its 
companion  biquadrate,  and  state  it  and  the  respective  relat'ns  of  their  roots' 

ANBWEH  BY  THE  PROPOSER. 

X*—ldX3-{-{6d^~2a)X'—{4d^-4ad-f)X-i-d*'2ad^-/d-i-a*-h  =  0,{A) 
which,  for  d  =  0,  or  by  removing  the  second  term,  is 

X*  —  2aX»  +fX+a-'—b  =  0;  (B) 

where  X  =  d  ,±  ^8  ±y^[a  +  F8  ,+ F(f&iid  S)],  (C) 

8  =r+t;  r+l;  r+e;  t+e;  r,t,  l,e  being  the  4  roots  of 

(5),  and  a  =  K^^+S.^+S^,') ;  b  =  i(S%^+8*S,,'+8,'S,,^) ;  f=  SSA. : 

8,  S„  8„  being  3  roots  of  the  equation  S^—iaS^+ibS'—f*  =  0. 

The  inverted  prime  (J,  above,  means  that  ±  signs  eo  marked  change  only 
in  unison. 

[In  common  with  some  of  our  readers,  we  failed  to  perceive  the  exact  sig- 
significance  of  these  questions,  but,  as  the  author  claims  to  have  made  some 
important  discoveries  in  relation  to  the  roots  of  such  equations,  we  hoped  to 
be  enligiitened  by  his  answers.  The  foregoing  answer  lias  been  submitted 
and  is  accompanied  by  an  Example,  and  also  an  answer  t«  394,  but  a 
fiiil  to  understand  equation  ( C)  above  we  withhold  the  remainder  until  4 
equation  shall  be  more  explicitly  stated, — Ed.j 


Therefore  log  ^(u)  =  C.ku, 

and  p{a:»}  =   C.c*". 

The  secoDd  given  equation  does  uot  seem  to  be  necessary  for  the  solution, 
bat  follows  as  a  result. 


BOLOTION  BY  TH0MA8  SPBNCEB,  SOUTH  MBEIDEN,  OONN. 

Take  the-Iogarithm  of  the  first  equation  to  any  base  a,  and  we  have 
logaf(a^)  +  log.v'ly*)  =  log.f  (a;")  +  log,ip{y'*). 


o^P 


Bat  a^+  y*  =  jb"+  y"  is  of  that  form ;  therefore  we  are  at  liberty  to 
log„f  (ar*)  =  bi^,  log„^(y')  =  b'f,  Iog,p{a:")  =  ia:"  and  log,f  (y")  =  6y", 
where  fi  is  any  quantity. 

Hence  we  have  tpix^)  ^  a*'',  p{y*)  ^  o***,  Ac,  which  gives  the  form  of 
the  fiinctioD. 


398.  By  Wm.  Hoover,  A.  M.,  Dayion,  Ohio — "An  angalar  velocity  hav- 
ing been  impressed  upon  a  heterogeneous  sphere,  about  an  axis,  perp.  to  the 
vertical  plane  which  contains  its  center  of  gravity  0  and  geometrical  center 
C,  and  passing  through  G,  it  is  tlien  placed  on  a  smooth  horiEontal  plane; 
to  find  the  magnitude  of  the  impressed  angalar  velocity  tliat  G  may  rise 
into  a  point  in  the  vertical  line  SCK  through  C,  and  there  rest;  the  angle 
6GS  being  a  at  the  beginning  of  the  motion,  o,  the  radius,  and  ^  the  req'd 
angular  velocity." 

80LDTI0N  BY  THE  PROPOSBB. 

Draw  the  radius  CGA,  and  from  6  drop  the 
perpendicular  GM  upon  (he  plane. 

Let  m  ^  the  mass  of  the  sphere,  k,  the  radiuft 
of  gyration  of  the  sphere  about  an  axis  through 
G  i>erpendicular  to  the  plane  containing  C  and 
G,  R,  the  mutnal  rcaetioa  of  the  sphere  and  the 
plane,  SM  =  x,  GM  =  y,  CS=CA  =  a,  ang. 
AGM=  angle  ACS  =  f  and  CO  =  c. 

Since  there  is  no  friction,  we  have  for  the  motion  of  lli 


d^x 


resolving  forces  vertically, 


SubsUtutiug  in  (2), 

Thia  in  (3)  gives  by  redaction 

(c'bid'ic  +  ft — T    -t-   fi'fiin  iflraw  w  — *— 
Integrating, 


(c"sinV  +  *')^  =  C+  2cffco8 

Irft  (  =  0,  when  f  =  0;  rf^p-^rft 
Hence  (5)  becomes 

(c»smV  +  **)^  =  (c'sinV+'f^K— 2cr7(l— cosi?).  (6) 

Now  if  the  initial  value  of  ^p  =  a,  the  terminul  value  =  a+T,  when  alflo 
0 ;  then  the  left  member  of  (6)  becomes  0,  and  o 


399.  By  E.  J.  Esadstyn,  New  Haven,  Con".— Given  two  points  A  and 
B,  and  a  circle  A'  having  ita  centre  at  0.  Let  any  circle  L  be  drawn  thro' 
A  and  £  so  as  to  cut  the  circumf.  of  the  circle  K  in  two  variable  points  m 
lad  n.     Show  that  the  circle  through  0,  A  and  B  ia  cut  by  the  variable 

I;Ble  through  0,  m  and  n,  in  a  fixed  point  F. 
Ebtl 


BOI-tlTION  BY  HENHT  HEATON, 


e  the  circle  throngli^, 
gMMiA  O  intersects  the  circle  Kin  M 
tad  N,  and  the  chorde  AB  and  MN 
intersect  ia  D;  .■ .  AD  X  VB  = 
MD  X  DN.  If  we  draw  MD  and 
prolong  it  till  it  cuts  the  circle  A'  in 
n'and  the  circle  L  in  n",  we  have 
vJ>X.J}n'  =  MDV.  DN,  and  mD  X 
=ADxDB.  UeaceDn'^Dn", 
Kn'  aod  n"  coincide  in  the 


—1  se- 
lf we  draw  OD  and  prolong  it  until  it  cuts  tlie  circle  OAB  in  J"  ant 
the  circle  Omn  in  P",  we  have  OD  x  DI"  =  ADxBB  and  OD  x  DP"= 
mDxDn=ADxDB.  Hence  DP'  =  DP"  or  f  and  P"  coincide  in  tb. 
point  P.  But  AB  and  MN  being  fixed  lines  Z*  is  a  fixed  point,  ao^^ 
line  OD  cnts  the  circle  OAB  in  the  fixed  point  P.  ^^M 

SOLUTION  BY  THfJMAS  SPENCEB.  ^^M 

M,  N  heing  the  intersections  of  the  circles  ^and  OAB,  we  see  that  thi 
straight  lines  MN,  AB,  and  mil  are  the  radical  axes  of  the  three  circles  K 
L  and  OAB,  and  D  their  radical  centre,  which  is  a  fixed  point,  Lecaus< 
the  lines  MN  &aA  AB  are  fixed.  Also  D  is  the  radical  centre  of  the  thra 
circles  K,  Omn  and  OAB,  ma,  MNa^id  OP  being  their  radical  axes ;  . " . 
OP  is  a  fixed  straight  line,  because  the  points  0  and  D  are  fixed  points. 
Hence,  because  the  circle  OAB  is  invariable,  the  point  P  is  fixed. 


400.  By  Prof.  Asaph  Hall. — "In  a  plane  passing  through  the  t^entre  ol 
the  sun.  12  right  lines  are  drawn  from  this  centre  making  an  angle  of  30" 
with  each  other.  On  each  of  these  lines,  three  homogeneous  spherical  bod- 
ies are  placed  at  distances  respectively  of  10,  20  and  30  from  the  centre  ol 
the  sun;  the  distance  from  tlie  earth  to  the  sun  being  the  unit  of  distance. 

The  mass  of  each  of  these  bodies  being  equal  to  that  of  the  sun,  what 
will  be  the  velocity  of  a  particle  that  starts  from  an  infinite  distance  and 
moves  in  a  right  line  towards  the  centre  of  the  sun,  and  peri>endicular  t« 
the  plane  of  tlie  bodies,  when  the  jrarticlc  is  at  a  distance  of  0.01  from  the 
centre  of  the  sun;  the  law  of  attraction  being  that  of  Newton?"  ^^M 

SOLUTION  BY  I'ROFESSOR  HALL.  ^^M 

Let  m  be  the  mass  of  the  sun,  x  the  distance  of  the  particle  from  the  cen- 
tre of  the  sun  at  the  time  I ;  tlien  the  equation  of  motion  is 

123r         ,  121         ,  12x        1         „ 


lut^rating, 


12 


12 


,} 


dl  'Ma;        (I'+lOO)*'   '   (3:"-f400)''   '   (ir''+900)'* 

Let  v'  be  the  mean  velocity  of  the  earth  in  its  orbit  at  the  distance  unity, 
then  «''  ^m:  and  v'  =  18.4166  miles  per  second.  Hence  v  =  2ti3.3  m'a 
per  second.  If  there  were  no  body  but  the  sun,  the  velocity  at  the  same 
distance  would  be  260.5  miles  per  second.  The  addition  of  the  other  bod- 
ies therefore  produces  only  a  small  change  in  the  velocity.  An  increase  in 
the  mass  of  the  sun  would  be  much  more  effective. 
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Note  uy  Piiop.  Johsson. — The  following  formula  ia  Spherical  Trigo- 
nometry is  not  to  be  fouud  !u  any  treatise  I  have  Been. 

ain^vl  sin^B   _  sin'C    _    l+cos  j4  cos  Bcos  C 

sia'a  sia'b  sio'o  1 — cos  a  cos  6  cos  c' 

The  proof  ia  very  simple;  from  the  usual  formula  we  have 
cos*o  ^  cos  a  C08  b  cos  o  -j-  sin  6  bId  o  cos  A  cos  a ; 
tdding  Bio'a  and  tracspcsiog, 

1  —  cosocosicosc^  sin*  a  -)-  sin  bsio  ocos^coea;  (1) 

also  co8*jd  =  —  cos  ji cos S cos  C  +  sin  Sain  CcoeatxmA, 

whence     1  +  cosjicosBco8C=  sin'^  +  sin  BsinCcosacoa^.         (2) 
DividiDg  (2)  by  (1),  we  have  the  formula. 


401.  Sp  M.  XJpdiyraff,  MadUon,  Wit. — If  two  triaog's  are  bo  situated 
that  the  three  lines  drawn  thro'  their  corresponding  vertices  meet  in  a  point, 
then  will  the  corresponding  sides  produced  meet  in  three  points  which  lie 
aa  the  same  straight  line. 

402.  By  Prof.  W.  P.  Casey. — Upon  two  sides  of  a  triangle,  describe 
eqailatcral  triangles,  and  upon  the  same  two  sides,  but  in  the  opposite  dl- 
nction,  describe  two  others,  and  let  0,  Oj  be  the  centres  of  the  inscribed 
circles  in  the  first  pair  and  P,  P^  those  of  the  second  pair.  It  ia  required 
tn  prove,  geometrically,  that  the  sum  of  the  squares  of  the  sides  of  the  tri- 
angle =3(00,)*  -i-  3(Pi'i)'. 

403.  By  Prof.  W.  W.  Johnson.— U,  from  the  centre  Cof  an  equilat'l 
byperbola,  CA  be  drawn  bisecting  the  angle  Ijctwccn  the  axis  and  an  asymp- 
tote, and  the  chord  AB  be  drawn  perpeudicular  to  CA;  then  AB  =  2CA. 

404.  By  Prof.  M.  L.  Comstock. — A  heavy  triangle  ABC  is  suspended 
from  a  point  by  three  strings,  mutually  at  right  angles,  attached  to  the  an- 
gaiar  points  of  the  triangle;  if  fl  be  the  inclination  of  the  triangle  to  the 
horizon  io  its  position  of  equilibrium,  then 

cmd  =  3  

l/(14-8ec.dsecBsecC)' 
(Todhunter's  Analytical  Statics,  page  81.) 

405.  By  Prof.  O.  A.  Van  Fi-Zzw.-^Prove  that  a  determinant  which 
vanishes  may  be  transformed  into  one  having,  at  the  same  time,  two  iden- 
ibal  rows  and  two  identical  columns. 
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406.  By  WiUiam  Hoover ^  A.  M.  Dayton,  Ohio. — Find  x  from  the  eq'n 

cot  2*""^  a  —  cot  2*a  =  cosec  3a. 

407.  By  Henry  HecUon,  Lewis,  Iowa. — Evaluate 

408.  By  W.  E.  Heal. — ^Two  points,  one  on  each  of  two  confocal  ellip- 
soids, are  said  to  correspond  if 

X  ^  X      y  _   Y      z_  _   Z^ 
a        A'     b        W     0  ~    C 

Prove  that  the  distance  between  two  points,  one  on  each  of  two  confocal 
ellipsoids  is  equal  to  the  distance  bet.  the  corresp.  points.     (Ivory's  Th.) 


PUBLICATIONS  RECEIVED. 


Logarithms,    By  H.  N.  Wheeler.    Used  at  Harvard  College  in  connect'n  with  Wheeler's. 
Trigonoiuetry  and  Peirce's  Logarithm  Tables.    43  pages.    Cambridge :  1882. 

The  3fuUi8€ctor  and  Polyode,   (Pamphlet.)    By  J.  W.  Nicholson,  A.  M.,  Baton  Bouge,  La. 
The  Multisector  is  an  instrument  devised  for  drawing  a  curve,  the  *'Polyode",  by  which 
an  angle  is  not  only  trisected  but  may  be  divided  into  any  number  of  equal  parts. 

New,  simple  and  Oomplele  Demonstraiian  of  the  BinomicU  Theorem  and  Logarithmic  Series, 
By  J.  W.  NiCHOifiON,  M.  A. 

Neweomb^s  Mathematical  Course : 

Elements  of  Geometry  ;  399  pages.    New  York :  Henry  Holt  &  Co.    1881 : 
A  School  Algebra;  279  pages: 

Algebra  for  Schools  and  Colleges;  474  pages.    New  York :   Henry  Holt  &  Co.    By  Pbofes- 
SOB  Simon  Newcomb,  U.  S.  Navy. 
Professor  Newcomb  is  so  well,  and  favorably,  known  as  a  writer,  that  any  commendation 
of  these  books  is  unnecessary.    It  is  sufficient  to  say  that  the  Public  expect  from  this  author 
nothing  below  first  class  productions,  and  that  they  will  not  be  disappointed  in  these  books. 


ERRATA. 


On  page  65,  line  12,  for  ''weights"  read  masses. 

91,    **    10,  11  and  14,  change  last  sign  from  —  to  -{-• 

93,  for  "5"  and  "P*  on  line  AB  of  Fig.,  read  F  and  F',  and 
for  *  V,  at  foot  of  perp.  from  jD,  read  S. 

94,  line  19  from  bottom,  for  ''division",  read  divisors. 

"     "   110,    "    17,  for  "equation  of  motion",  read  equations,  &c. 
"     "      "     "   20,  for  "Cfefegeitim"  read  CWoiittfii. 
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THE  DENSITY  OF  THE  EARTH. 


BY  PHdFESSOH  ASAPH  HALL. 

Ik  a  paper  recently  published  by  the  U.  S,  Coast  and  Geodetic  Survey, 
Mr,  C.  A.  Schott  gives  the  results  of  a  comparison  of  the  geodetic  and  astro- 
nomical positions  of  sixty  places  on  our  eastern  coast;  these  places  extend- 
ing Irom  Calais,  Maine,  to  Atlanta,  Georgia.  This  comparison  brings  to 
light  some  curious  differences  in  latitude  and  longitude;  and  if  we  consider 
the  accuracy  with  which  this  survey  is  conducted,  it  is  probable  that  the 
most  of  these  differences  are  real,  and  are  caused  by  local  attractions  and 
variations  in  the  earth's  crust.  Thus  at  Washington,  the  plumb  line  is 
drawn  6"  towards  the  west.  Mr.  Schott's  interesting  paper  has  recalled  to 
mind  an  idea  that  occurred  to  me  some  time  ago  of  determining  the  density 
(if  the  earth  by  means  of  the  tides  in  the  Bay  of  Fundy,  No  doubt  the 
same  idea  has  occurred  to  others,  and  by  a  reference  of  Professor  Wright, 
of  Yale  College,  I  find  in  Thomson  and  Tail's  Natural  Philosophy,  Art. 
t  J18,  an  approximate  formula  for  the  effect  of  such  a  mass  of  water  on  the 
hhiml>  line.  The  advantage  of  this  method  lies  in  the  fact  that  the  attract- 
plDg  mass  is  homogeneous  and  of  known  density,  while  in  the  case  of  a  moun- 
ttio,  the  density  of  the  attracting  mass  is  uncertain.  On  the  other  hand, 
the  attraction  of  a  mountain  will  generally  be  greater  than  can  be  got  from 
the  fhifling  of  the  tides,  and  the  difficulty  of  measuring  small  angular 
tntities  with  the  necessary  accuracy  is  a  serious  hindrance  in  the  applica- 
Q  of  the  tidal  method.  This  difficulty  may  be  overcome  perhaps  by  the 
nployment  of  more  refined  apparatus,  sucb  as  the  horizontal  pendulum, 
jiother  difficulty  would  l>e  the  determination  of  the  form  of  the  water,  but 
iobably  this  could  be  found  from  surveys  and  soundings.  1  confess,  how- 
,  that  it  seems  to  me  doubtful  if  any  of  these  methods  can  ever  give  re- 
pts  as  accurate  as  those  found  by  Baily  from  his  experiments  made  in  such 
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a  complete  manner  with  the  Coulomb  torsion  balance.  Still,  the  results 
found  by  independent  methods  have  a  value,  and  these  methods  ought  doC 
to  be  neglected. 

In  order  to  see  how  great  would  be  the  effect  of  a  rectangular  mass  of" 
water  on  a  plumb  line,  let  us  take  the  axiR  of  x  so  that  it  bisects  the  upper 
surfaL'«  of  the  water,  and  is  at  right  angles  to  the  edge.  Let  the  origin 
be  in  the  axis  of  a;  at  a  distance  J  from  the  edge;  leti  lieacoustaut  depend- 
ing on  the  unit  and  density  of  mass,  and  denote  by  A  the  component  of 
attraction  in  the  axis  of  a;.  Then  if  a  is  the  distance  from  the  origin  to  the 
farther  side  of  the  water,  2^  the  width  ol'  the  rectangular  mass,  and  rdl^| 
depth,  we  shall  have  ^^H 

A   ~  h    C"  C~^^  p-  x-dcdydz  ^^1 

^   ~      J  jJ  -^J  o(3:»-|-3/*+s^)i"  ^™ 

This  is  an  exact  differential  with  respect  to  x,  and  after  two  int^rations 
we  have, 
A  =  -i-./'^<i..IogI>+^-(a'+/?+.')]  +  i./^i.Iog[-^+/(a'+,9'+!')] 

•  ■  •  (1) 

These  int^rals  are  all  of  the  same  form,  and  an  integration  by  parts  gives, 

Adding  ndz — ruh  to  the  numerator  of  the  last  term,  and  putting  for  tin 
moment  n+s'  =  a:*,  we  have  the  two  forma  ^^^H 

f        7t.dx ,        f        x'.dE  ^^H 

J  (x*—nf:{^+x)'  J  (a!»— n)«.09+«)'  ^H 

The  first  of  these  reduces  to  a  known  Integral  if  we  put  ^  +  a:  =^  1  -^  y;     ' 
and  if  we  add  to  the  numerator  of  the  second  ^dx — ^dz  we  have, 
a^'.da;  __   C    xdx      -  r     dx       .^  C  dx 


These  integrals  are  also  known,  and  we  have 
/<fc.log[^+,/(<.'+^+>')]  =  ..log[/9+^{«'+/9'i-0] 


(l'-n)'<09+»)' 


-„._^_ff,/(a.-|.y+^ 


-I-  a  constant. 
In  the  (ase  therefore  of  &  homogeneous  rectangular  mass,  the  attraction 
an  be  found  exactly;  and  by  uniting  terms  having  the  same  it 


'^  ^[r+v'(«'+/''+rt].|/(«-+^) 

If  now  we  ratioDalize  the  Becond  logarithmic  term,  put 

*  =  v/{a>  +  ^  +  d*),         8,  =  i/{8'  +  ^=  +  r"). 

iDi)  change  the  arcs  to  half  area,  we  have  fioally, 

A  =  -m„c<'-+''»°'+^y  I  ■'/t-1.e''^+''''°'+'''''' 


-f  2*a,arc  tan 


k. 


-2A3.arc  tan  ^. 


=  ir-iog 


[^±.vl^+/_>]-[:=^±e:(^-M 


>    Since  i  ia  a  small  quantity  in  nearly  all  practical  cases,  if  we  neglect 
io  equation  (1)  and  then  integrate  we  have 
pni 


(3) 


(fi+v  («-+«i.[-/3+V(«'+^;]  ■ 

Thia  expressioD  is  similar  to  that  giveu  by  Thomson  and  Tait,  and  also 


Pratt  in  his  book  on  the  Figure  of  the  Earth.     This  fbrmnla  gives  the 
pnaapal  part  of  the  attraction,  and  it  may  be  written 


A  =  2Ar.li 


=  a^  +  5i/(a?  +  ^) ' 

The  logarithms  in  the  precaling  expressions  arc  Napierian;  and  if  we  use 
llic  common  tables  we  must  multiply  their  logarithms  by  2.302585. 
In  order  to  apply  these  forraulie  to  a  case  that  will  be  nearly  represented 
f  the  tides  in  the  Bay  of  Fundy,  I  take  one  mile  for  the  unit  of  length, 
i  pat 

a  =  30;   /S  =  15;    r  =  ^  =  001  =  53  feet  nearly. 

i  Th«  terms  of  formula  (2)  give 

firat  terra  =  +  0.011122.ft 
ueoond"  =  +  0.143571" 
third  «  =  +  0.008944" 
fourth  "  =  —  0.008411  " 
=  +  0.155226.A 
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If  we  denote  the  force  of  gravity  of  the  earth  by  g,  we  have  by  Clairaot'B 
formula, 

9=  G.[l  +  (im-.)8i»f>]. 

G  is  the  force  of  gravity  at  tlie  Equator;  m  is  tlie  ratio  of  tije  centrifu- 
gal force  at  the  Equator  to  gravity;  e  is  the  flatteDing  of  the  Earth,  and 
ip  is  the  latitude  of  the  place.  Denoting  by  k'  the  coustaut  of  tlie  Eart^^_  _ 
mass,  depending  on  the  unit  of  mass  and  its  density,  we  have,  ' 


G 


4ir 


*'.  (<.'«)■■■ 


"  289' 


.  5.6309. i. 


"..348. 


_  a  —  b  ^      13.5 
'  "        a  3963,3' 

and  the  coefficient  of  sine  f^  is  0.005244.     If  we  pufjP  =  45°, 
y  =   16626.04.*'. 
The  mean  density  of  the  earth  acKnttling  to  Baily  is  6.6747;  and  that  0 
sea  water  being  1.026, 

,,  _  6.6747 
~  TI)26  ■ 
If  0  be  the  variation  of  the  p]umb  Iioe  produced  by  the  tide,  then 

.  =^  0.1 5^226  . 

'         16626.04X6.5309  ' 

It  would  be  difficult  to  determine  this  small  arc  with   tlie   i 
accuracy. 

Baily's  value  of  the  mean  density  was  found  from  a  long  and  .very  care- 
ful series  of  experiments  made  in  London  in  1841  and  1842.  The  two 
attracting  masses  were  bnlia  of  lead  12  inches  in  diameter,  and  weighing 
389  pounds  each.  The  small  balls  placed  at  the  ends  of  the  torsion  rods 
were  2  inches  in  diameter,  and  made  of  different  substances,  platinum,  li 
Line,  glass,  ivory  and  brass.     From  all  his  experiments  Baily  found 

mean  density  =  5.6747  ±0.0038; 
the  unit  of  density  being  that  of  distilled  water.     The  computed  probi 
error  of  this  result  is  very  small,  being  only  j^  jj,,)  of  the  whole  value. 

It  would  hardly  be  possible  to  determine  this  quantity  from  the  attrac- 
tion of  a  mountain  or  mass  of  water  to  such  a  degree  of  accuracy.  On  the 
other  hand,  it  must  be  remembered  that  the  theory  of  probable  errors  does 
not  recognize  the  existence  of  constant  errors  in  the  experiments,  and  that 
conclusions  drawn  from  the  values  of  probable  errors  are  frequently  erroDe- 
ous.  It  would  be  interesting  to  have  this  determination  repeated  under 
diSerent  circumstADces. 


thatO?^ 

hen  ^^H 
uee«H 


rob^l 


MR.  OLAISHER'S  ENUMERATION  OF  PRIMES 
FOR  THE  FIRST  NINE  MILLIONS. 

BV  PROFESSOR  W.  W.  JOHNSON, 

The  gap  between  Burckhardt's  factor  table  for  the  first  three  millions  ami 
Dase's  tables  for  the  seventh,  eighth  and  ninth  millions  has  now  been  filled 
by  the  completion  of  Mr.  James  Glaisher's  tables  for  the  (burth,  fifth  and 
»xth  millions,  and  the  Ileport  of  the  British  Association  for  18S1  contains 
the  final  results  of  Mr.  J.  W.  L,  Glaisher's  Enumeration   of  Primes  ai- 
ded to  at  p.  7  Vol.  V  and  p.  118  Vol.  VII  of  the  Analyst. 
The  following  tables,  taken  fi^m  the  Report,  give  the  number  of  primes 
Id  each  group  of  100, 000. 
The  nnmberB  for  the  complete  millions  are: — 


First  million 
Second  ,, 
Third  „ 
Fourth  „ 
Fifth  „ 
Sixth  „ 
Seventh  „ 
Eighth  „ 
Ninth      „ 


Number  of  Primes       Dififerencee 


78,499* 
70,433 
67,885 
66,329 
66,369 
64,336 
63,799 
63,158 
62,760 


—8,066 
—2,548 
—1,556 

—  960 
—1,033 

—  637 

—  641 

—  398 


ud  the  total  number  of  primes  in  the  nine  millions  is  602,568. 

The  irregular  character  of  the  diBlribution  is  strikingly  exhibited  by  the 
Dolamns  of  differences.  Notice  in  the  following  table  the  occurrence  of  the 
idifference  -(-  119  between  —  102  and  —  90;  and  in  the  above  table  the 
Bodden  drop  from  1,033  to  537  in  the  value  of  the  difference,  preceded  and 
followed  hy  a  considerable  rise  in  value. 

Both  Legeudre's  formula  for  the  nnmber  of  primes  inferior  to  x,  aud 
Tchebycheff's  logarithmic  integral  lix,  where 
,.  C'   dx 

J  ologi 
ive  been  shown  to  be  hopelessly  wrong.     It  is  to  be  hoped  that  compari- 
n  will  eventually  be  made  with  Riemann'a  formula, 

■^  —  Ui  x^  —  J/j  x^  +  lUx^  —  etc.,t 

having  a  sound  theoretical  basis". 


lix  —  ^Hx^  —  iillx^ 
rhich,  "it  seems  clear,  is  the  only  o 

*1  ud  2  are  counWd  as  primes. 
tThe  coefficients  and  iuilices  >re  of  the  fi 
(UBM  Kxi  tlie  ugo  ia  —  when  there  is  cmi 


nn  1  -»-  apy....  where  a, 
prime,  -f-  when  there  ore 


No.  of 
Primes 

Biffer'e 

No.  of 
PriniM 

— ai 

Diffd'e 

0. 

_    100000 

9593 

4500000- 

-4600000 

6493 

—  120 

100  noo 

200  000 

8  302 

— 

201 

4  600  000 

4  700  000 

6  523 

+    30 

200  000 

300000 

8  013 

379 

4  700  000 

4800000 

6475 

—    48 

1       300  000 

400  000 

7  803 

150 

4  800  OOO 

4900000 

6564 

+    79 

1       400000 

500000 

7  678 

185 

4  900  000 

5000000 

6522 

—    82 

500000 

600000 

7  560 

118 

6000  000 

5100000 

6458 

—    64 

600000 

700  000 

7  445 

115 

5100000 

5200000 

6436 

-    22 

70001MI 

800000 

7  408 

37 

5200000 

5300000 

6493 

+    57 

800  000 

CffllOOO 

7  323 

85 

5300000 

5400000 

6462 

—    31 

900  000 

'000  000 

7  224 

99 

5400000 

5500000 

6  4.% 

—    24 

1000000 

1  Hxiooo 

7  216    - 

8 

5500  000 

&600000 

6402 

—    36 

I  100  000 

120(1000 

7  225  1  + 

9 

6600  000 

,5700000 

6404 

+      2 

1200000 

1300  000 

7  081     - 

144 

5700000 

5800000 

6387 

—    17 

1300  000 

1  400  000 

7103 

+ 

22 

5800  000 

5900000 

6436 

+    « 

1400  OOO 

1600  000 

7028 

75,,  5900000 

6  000000 

6420 

-    16 

1500000 

1600  000 

0  973 

55  ■;   e  000000 

6100  000 

6397 

—    23 

1600000 

1700  000 

7  015 

a5 

6  100  000 

6  200  000 

6402 

+      5 

1700000 

1800  000 

6  932 

S3 

6200  000 

6300  000 

6425 

+    2S 

1800  000 

1900  000 

6  057 

+ 

25 

6  300  000 

6400  000 

6337 

—    88 

1900000 

2  000  000 

6003 

54 

6  400  000 

6500  000 

6347 

+    10 

2000  000 

3100000 

6874 

29 

6.5001)00 

6600  000 

6402 

+    56 

2100000 

2200000 

6BD7 

17 

6600000 

6700000 

6338 

—    64 

2200000 

2  300000 

6  849 

8 

6  700  000 

6800000 

6375 

+    W 

2300000 

2400000 

6  701    — 

58 

6  Soo  0(K) 

6  900  000 

6411 

+    36 

2400  000 

2500000 

6  770  '  — 

21 

6  0OOOOO 

7000000 

6365 

-    48 

2500000 

2600000 

6809      ■ 

+ 

39 

7OOOOOO 

7100000 

6869 

+      4 

2600  000 

270OOO0 

6  765 

44 

7  100000 

7200000 

6306 

—    63 

2700000 

2800000 

6  71C 

49 

7200000 

730OOOO 

6348 

-1-    421 

2800000 

2900  000 

6  746 

+ 

30 

7SOOOOO 

7400000 

6299 

—    491 

2900000 

3000000 

6  708 

38 

7400000 

7500  000 

6  301 

+      2 

3000000 

3100  000 

6  676 

750000* 

7  600  000 

6  30-5 

+      4 

3100000 

3200  000 

6717 

+ 

41 

7COOOOO 

7  700000 

6  347 

+    ■e 

3  20O00O 

3300  000 

6601 

26 

7700000 

7800000 

6245 

—  102 

3300000 

3400  000 

8  639 

62 

7800000 

7900000 

6364 

+  119 

3400000 

3600000 

6  611 

28 

7000000 

8000000 

6274 

—    90 

3500  000 

3600000 

6  575 

36      8000000 

8100000 

6250 

—    24 

3600  000 

3  700  000 

6  671 

+ 

96 1;  8100000 

8  200000 

6301 

+    fil 

3  700  000 

3  800000 

6  590 

81 

8  200000 

8300  000 

6283 

—    18 

3  800  000 

3  900  000 

6  624 

+ 

34 

8300  000 

8400  000 

6285 

+      2 

3900  000 

4000000 

6  535 

89 

8400  000 

8500000 

6245 

—    40 

4000  000 

4100000 

6  628 

+ 

93 

8  500  000 

S600000 

63.6 

+    81 

4100000 

4200000 

6  540 

8  600  IKK) 

8700  000 

6  281 

-    45 

4  200  000 

4300000 

BfilO 

30 

8  700000 

88IW000 

6299 

+    18 

4  300  000 

4400  000 

6  611 

+ 

8  noo  000 

8900000 

6220 

—    79 

4400  000- 

-4500000 

6  613 

+ 

102 

89W000- 

-9000000 

6270 

+  » 

ON  AN  UNSYMMETRICAL  PROBABILITY  CURVE. 


BY  E.  L.  DE  FOREST,  WATERTOWN,  CONN. 

When  repeated  observations  of  a  quantity  are  made,  and  are  liable  to 
error  through  accidental  or  uoknown  causes,  it  is  sometimes  Ibuod  that  the 
ftcility  of  error  is  greater  on  one  side  of  the  arithmetical  mean  than  on  the 
other,  80  that  the  limits  of  possible  error  are  different,  aod  -\-  and  —  errors 
of  equal  amount  do  not  OMur  with  equal  frequency.  Cases  of  this  kind 
liave  been  noticed  by  various  writers;  see  tor  instance  Quetelet's  Lettres  aur 
k  The'orie  des  Frobabilite'g,  pp.  180  and  410.  He  remarked  a  similarity 
between  the  apparent  form  of  the  curve  of  facility,  and  that  of  the  series  of 
lerms  in  the  expansion  of  a  binomial  p-f-q  to  a  high  but  finite  power,  when 
p  md  q  are  very  unequal.  1  am  not  aware  that  any  writer  has  attempted 
to  give  the  analytical  equation  of  such  a  curve,  and  it  is  the  object  of  the 
present  paper  to  obtain  one.  We  shall  do  this,  however,  in  the  most  gen- 
wjI  way,  regarding  the  desired  curve  of  lacility  aa  a  limiting  form  of  the 
series  of  coefficients  in  the  expansion  of  a  polynomial,  which  may  or  may 
Dot  be  a  binomial.  The  limit  of  a  polynomial  having  none  but  positive  co- 
efficients has  been  investigated  in  a  peculiar  manner,  by  Laplace  and  sulise- 
ijiienl  wTiters,  and  found  to  be  the  common  probability  curve.  See,  for 
inslance,  Meyer,  Wahrseheinlichkeilsrecknunff,  Leipeic  1879,  pp.  141,  350, 
407,4i2.*  A  simpler  and  very  different  way  of  obtaining  such  results  was 
given  by  me  in  the  Analyst,  Sept.  1879  and  Sept.  1881,  and  I  have  ex- 
teuded  it  to  the  cases  ot  polynomials  of  two  and  three  variables.  Although 
the  general  form  of  the  ultimate  limiting  curve  for  a  polynomial  of  one  vari- 
able is  represented  by  the  probability  curve 

yet  it  can  be  shown  that  the  actual  form  of  an  expansion  to  a  high  power 
approaches  still  more  closely  to  another  and  more  complex  curve,  of  which 
(1)  is  only  a  special  case.  To  discover  the  nature  of  this  curve,  we  must 
lake  precautions  to  insure  the  most  accurate  approximation. 

First,  we  shall  use  the  method  of  symmetrical  differences.  Having  an 
Dnlimited  aeries  of  equidistant  terms 


e  take  their  differences  s 


3  keep  li  always  in  the  middle.     The  difi 


(2) 


I '  ^HU78i'b  work  u  a  valuable  compendium  of  the  science  of  probability,  brought  d 


(3) 


H+Ui+lt-i,    ^1  =  6'.  — 4(tn+/^,)+'«-i+'i-li 

J,  =  — 2o;,+i5{/„.,+;i_,)-8(«+,+;,_,)+(,+,+L„ic, 

Those  of  odd  order  would  in  the  usual  form  be 

But  sJDce  only  the  terms  in  (2)  are  Buppoeed  to  be  given,  we  make  the 
hypotheses 

L>,  =  J('.-,  +  0,    i,+«  =  l«.+ («.,),    !,+,«  =  i(/„.,  +  U,l,&«- 
end  by  substitution  get  expressions  which  we  agree  to  represent  by  J^,  A^, 
ic,  thus 

",   =l('*.-'.-,)>    A  =  J['.+, -'.-,- 2fe,- 4-1)1 1 
",  =  JK+a-Li-'l('«-j-'<-.)+5((.+,-L,)],&c  f 

It  will  lie  found  that  each  difference  of  odd  order  thus  formed  is  half  the 

sum  of  the  two  nearest  differences  of  the  same  order  formed  in  the  usual 

way,  one  on  each  side  of  the  centre  or  place  of  i.     Thus  for  example 

■>,  =  l[(t+i-3!,+,  +  3',-L,)  +  V,t,-3/.+  3(^,— (,_,)]. 

From  the  expressions  for  Jj,  A^,  &c.  we  get  by  successive  eliminations 

'.±1  =  ',±^i  +  Hi,        'iiZ  =  4±2J,+2J,i;J,-|-JJ„ 

and  in  genetat 

'■+-  -  '■  +l''>+I.2-'"+T72:3-  ■*•+    1.2.3.4    "*+— TZ-XCS—  "' 

+  4e.,  (4) 
where  n  may  be  either  positive  or  negative.  This  tbrmula,  which  may  be 
used  for  making  interpolations,  is  given  by  Lacroix,  Caltnd  Diff',  et  InL, 
Paris  1819,  Vol.  III.  pp.  26-28. 

[t  was  shown  iu  my  Analyst  articles  above  cited,  that  if  any  polynomial 

l.j:-+  ....  +^,.->-)-i,+i,J+  .  . ..  -t-J.1-,  (fi) 

whose  coefficients  i  may  be  either  4-  or  — ,  is  expanded  to  the  k  power,  and 
the  expansion  is  written 

L,.2-'-  -I- . . .  -I-L,!-'  -|-i,-|-;,i4- . . .  -l-t  s*-,  («) 

then  any  coefficient  /,  in  the  expansion,  and  the  2in  coefficients  neatvst  to  it, 
will  be  connected  by  the  relation 

(j,L,-^i',ti)+2(.<it-,-^ii.-ti)+.  .^+>"y-'t--Ms!!]=  _L 

Let  /^.^i,  /,,]  &c,  be  expressed  in  terms  of/,  and  the  difierenoes  as  io  (4)^ 
and  write  also 

'.  =  ^,-Ki,  +  L,Hy,-F.L,)-f....-Ki,-l-i-.)     T 

t,  =  mi-l_,)+^l,-l_,)+....+MK.—l^)    I 

■ )+2V,        ■     ■  


(') 


Denotiof^  the  nnmerator  aad  denoroinator  in  the  first  member  of  (7)  b^ 
Ifzad  D,  and  writing  1,2,3  . . .  n  =  n !,  we  get 

- 'iMj+:j^  (».-'»)'!.- 

X  (4,-54, +4J,)J.' 
+i(4,-64.+44,)J,-A(6,_86,  +  196,-126,)J,+io. 

D  =  4,(,-4,il,  +  J4,J,-i,  (4,-4,)J,+  i  (4,-4>)J.-A 
X{4j-64,+44,)J,' 
+^(4.-54,  +  44,)J,- 

D  "^  k+V 

It  will  be  Been  that  in  the  coefficient  of  ^^n+i  or  Jj„+j,  the  numerical 
coefficients  of  the  4  within  the  parentheses  are  those  of  the  powers  of  n  in 
tlie  product  of  the  factors 

(„=_!.)(„._  2-)....  («■_»■). 

When  k  becomes  an  infinity  of  the  second  order,  that  ia,  of  a  magnitude 
comparabli!  with  the  qnotient  of  a  finite  area  by  {dx)*,  and  the  successive 
valnes  of  I  are  regarded  as  consecntive  ordinates  y  to  a  limiting  curve  which 
extends  to  an  iofiiiite  distant-e  over  the  axis  of  A',  we  have 

If  =  y,         i/i  =  dy,         Ja  =  (Py,         Jg   =:  (Pij,  &c. 

The  common  interval  Jx  between  ordinates  becomes  dx  when  they  are  set 
close  together,  and  the  abscissa  corresponding  to  any  y  is  a;  =  idx.  Than 
(9)  becomes  the  differential  equation  of  the  curve,  and  60,  61,  &c.  are  con- 
stants. Any  given  polynomial  may  be  reduced  to  one  in  which  £(i)  =  1, 
by  dividing  it  throughout  by  the  sum  of  its  cocEBcienta.  We  have  then 
£g  ^  1.  If  a  constant  number  is  added  to  or  subtracted  from  all  the  expo- 
nents of  r  in  (5),  it  will  not  alter  the  values  of  I  in  (G),  Hence,  as  shown  in 
my  former  article,  bj  may  be  reduced  to  zero  by  transferring  the  origin  or 
place  of  s'  to  the  centre  of  parallel  forces  of  the  coefGcieuts  li  io  (5),  when 
these  are  regarded  as  forces  ranged  equidistantly  along  the  imponderable 
axis  of  JTand  acting  upon  it  at  right  angles  in  the  plane  XY,  Then  any 
constant  6„  in  (8)  will  denote  the  sum  of  the  products  formed  by  muliiply- 
ing  each  X  into  the  «th  power  of  its  abscissa  reckoned  from  the  D'ew  origin, 
if  the  common  interval  Jj!  between  the  coefGcIents  or  forces  ?.  is  regarded 
as  unity.  But  if  any  other  unit  of  absciasas  is  employed,  the  sum  of  the 
prodacts  will  be  6,(Jz)*,  or  bj^dx)"  when  the  coefficients  are  set  close  togeth- 
er so  as  to  be  consecutive.     We  may  now  write  (9)  as  follows. 


In  the  numerator  of  tlie  first  member  let  <Py,  d'y  Ac.  be  neglected  in- 
comparison  with  dy  and  iPy,  and  in  the  denominator  n^Icct  <?y,  rPy  &c. 
in  oomi>arison  wilh  y.  Since  k  la  infinitely  large,  we  may  write  k  instead 
ofi+l.     Therefore 

y  kii^dx 

Invert  both  members  of  this  equation,  snbtract  l(6g-f-6j)  from  each,  and 
invert  them  both  back  again.     This  givea 

dy—\(h^-^b^)d}-y  _ 

y-\{K-^b-i)dy  +\{b'i^b^)-'d^-y  ' 


(11) 


kbjdx+  J(63H-A,)a;' 
In  the  denominator  of  the  first  member,  let  <Py  be  neglected  in  compari- 
son with  y  and  dy.  From  the  properties  of  the  lever  arms  of  the  coefRc'nte 
in  polynomials  and  their  produds,  as  shown  by  me  in  the  Analyst  arti- 
cles cited  (see  also  March  and  Kov.  1880),  it  follows  that  since  the  origio 
or  place  of  s"  in  the  given  polynomial  (5)  is  transferred  to  the  centre  of 
forces  for  the  coefficients  X,  the  origin  or  place  of  i"  in  the  expansion  to  the 
k  power  will  be  located  at  the  centre  of  forces  for  the  coefficients  /  in  (6), 
which  become  the  ordinates  y  to  the  limiting  curve. 

When  the  ^'s  are  all  positive,  aa  they  must  be  if  they  represent  probabil- 
ities, the  y'a  will  be  all  positive,  and  their  centre  of  forces  is  the  same  as 
their  centre  of  gravity,  if  the  ordinatcs  are  regarded  aa  the  masses  of  mate- 
rial points  ranged  along  the  X  axis  at  intervals  equal  to  dx.  Now  in  (11) 
let  the  origin  be  transferred  from  the  centre  of  gravity  to  another  conveni- 
ent point  by  putting 

2kbldx 
^  63- 

in  place  of  a;.     This  gives 

dy~llbs^b^)d^  ^  4U>^dx—2ibs-i-b^)x 
(6a-H6j)'a; 


(12) 


(13) 


-i(iB^6,)c 

In  the  first  member,  the  nnmerator  is  the  diSerential  of  the  denominator. 
Without  any  further  change  of  origin,  we  can  write  approximately 

y-\-^{b^~bj)dy  and  ■x-\-l(bs^b^)dx 

in  place  of  v  and  x  respectively,  neglecting  d'y  in  the  numerator  and  d^  in 
the  denominator,  and  so  get  ^^H 

^  ^  4Ai,t&— (68-*-^,)»(ic— 2(ia-i-6,Ja!  ^H 

Since  the  denominator  y  in  the  first  member  is  supposed  to  be  infinitely 
greater  tlian  the  numerator  dy,  the  denominator  in  the  second  member  must 
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lic  infinitely  greater  than  its  numerator,  so  that  in  tlie  denominator  we  may 
Delect  dx  in  comparison  with  x.  Also  lei  the  constants  be  expressed  by 
cans  of  two  new  constants 

Since  k  is  supposed  to  be  an  infinity  of  the  second  order,  i  lepreeents  a 
Snite  area.     Tlie  equation  will  now  stand 


:  Icb^idx}^ 


(14) 


dx 


{a'b  —  l)—adx, 


(16) 


ind  inf^ration  gives 

log'j,  = 


(a'6 — 1)  log's — ax+  log'  C, 
.-.y  =  Cx-^-'e-".  (16) 

This  is  a  more  accurate  relation  between  y  and  x  than  we  could  have 
obtained  without  the  use  of  symmetrical  differences.     In  (15)  dy  is  not  the 
difference  of  the  ordinates  at  x  and  x-i-dx,  but  of  those  at  i  —  ^dx  and  x 
+idx. 
The  finite  difference  of  log'y  Is  usually  considered  to  be 


Jlog'y  =  log'(y+Ji^)— log'i/  =  log'(l  +  -i^j  1 

=f-*(f  )'+*(!)-*«•     J 

But  we  have  taken  it  to  be 
-(log's  =  log'(j/+}%)-log'(y-i4,)  =  l„g'(l+0)-log-(l-^)l 


=  *4. 


i(f)'+gi(f)'+^- 


(17) 


(18) 


These  expressions  show  that  when  dy-i-y  is  regarded  as  the  differential  of 
log'y,  the  magnitude  of  the  error  committed  is  either 

1(f)'    »    A(?)'.  (-) 

x)rdiiig  as  we  consider  d^  to  be  y^+i — yt  or  y^^.)^ — Vi-a-    '^^^  second  error 

of  a  lower  order  of  magnitude  than  the  first.  Conversely,  if  we  take 
log'j  to  be  the  integral  of  dy-^,  the  accuracy  of  the  result  is  increased  when 
dy  or  Jy  is  underetood  in  the  sense  here  adopted. 

When  we  write 

ax  =  V,  c'i  =  n,  (20) 

e  ordinate  y  in  (16)  is  seen  to  be  proportional  to  an  expression  having  the 


1  form 


tT-ir-, 


the  element- function  of  the  Gamma  integral.  The  Hmiting  form  {16)d 
the  expangion  ot  a  polynomial,  therefore,  is  a  curve  shaped  like  the  one 
whose  area,  between  a:  ^  0  and  x  ^  oo,  is  /"(n).  For  convenience,  we  may 
call  it  the  gamma  curve.  It  makes  y  ^0  (or  x  =-0  and  for  a:  ^  oo.  (See 
Price's  Calc\dua,  I.  p.  208.)     We  also  have 

^  V      (21) 


^  =  Chf^-itr^Kaxf. 


"{a^b—l—ax), 
-2(a»6— 1)03:+ (a>  6-1)  (a'i-2)], 

whence  It  appears  that  the  X  axis  is  tangent  to  the  curve  at  £  =  0  aod 
asymptote  to  it  at  a:  =  oo,  and  that  y  is  a  maximum  at 

X  =   ab  —  -.  (22) 

a 

There  are  two  points  of  inflexion,  equidbtant  from  the  maximum,  at 

X  =  ab  —  -   ±  -  y-{a^b  —  1).  (23) 

Since  the  first  n — 2  differential  coefficients  will  contain  both  x  and  e~"a8 
factors,  it  appears  that  the  A'  axis  has  a  contact  of  an  order  as  high  as  the 
n  —  2,  with  the  curve  at  a;  ^  0  and  x  =  cvd.  Hence  the  curve  anywhere 
near  those  points  is  almost  a  straight  line  coinciding  with  the  axis,  and  val- 
ues of  y  in  the  vicinity  of  either  will  scarcely  differ  from  zero.  This  agrees 
with  what  we  know  of  the  extreme  emallness  of  the  coefficients  at  or  near 
the  two  ends  of  the  exi>an8ion  of  a  binomial  or  polynomial  to  a  high  power. 

Since  2{>)  =  1  in  the  given  polynomial  and  £{l)  =  1  in  its  expansion, 
we  shall  have  I(y]  =  1  in  the  curve  (16),  so  that 

s/I^'''  =  ''     •■■ra/i''"'"' "'•""''('">  =  '■    ^^*> 

which  gives  the  value  of  C,  and  we  get 

(26) 


adx    ,     iai. 


the  complete  equation  of  the  curve  sought.  According  to  the  view  stated 
in  my  former  articles,  by  which  the  limiting  form  of  the  expansion  of  a 
polynomial  expresses  the  most  plausible  law  of  facility  of  error,  y  will  rep- 
resent the  probability  that  any  error  which  occurs  will  fall  within  an  arbi- 
trary but  very  small  interval  dx,  Xht  abscissa  of  whose  middle  point  is  i. 
The  constants  <i  and  h  depend  on  the  nature  of  the  observations.  The 
quantity  b^(dxf  is  the  square  of  what  I  have  called  the  "radius  of  gyration" 
of  the  coefficients  I  in  the  polynomial  (5),  about  their  centre  of  gravity ;  bti 
it  might  better,  perhaps,  be  called  the  quadratic  radius. 
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1  have  shown  (Ahaltst,  Jan.  and  May  1880),  that  the  squared  radius 
I  for  tbe  expansion  to  the  it  power  is.k  times  as  great  as  fur  the  first  power. 
I  It  follows  that  b  in  (14)  is  tbe  square  of  the  quadratic  me&n  error,  that  is, 
'  the  mean  of  the  squares  of  the  deviations  of  the  otiser  vat  ions  from  their 
arithmetical  mean.  The  espressiou  for  a  in  (14)  has  for  its  denominator 
tie  quantity  b^{dxY,  which  is  of  the  same  nature  as  i,{<£E)',  except  that  the 
cubes  of  the  deviations  are  used  instead  of  the  squares,  deviations  on  one 
ride  being  regarded  as  -f-  and  on  the  other  side  as  — .  We  will  now  prove 
by  a  precisely  analogous  method,  that  this  quantity  also  is  k  times  greater 
in  the  expansion  to  the  k  power,  than  it  is  in  the  first  power. 
In  my  article  last  cited,  any  two  polynomial  factors  were  denoted  by 

ao+a,*-|-ajz'+  ....  -i-a.X;  \  (Ofii 

Co  +c,z+Cai'  +  .. . .  +c,z".  ;  ^^^> 

Tbe  ooeEGcients  a  nnd  o  may  be  essentially  either  +  or  — .  Their  sums 
were 

Si  =  «o  +  a.+  -■■■  +«™.         5j   =  Co+c,+  ....+o„,       (27j 

and  A]  and  A,  were  the  lever  arms  of  the  coefficients  about  the  place  of  tbe 

first  terms,  so  that 

5,A,  ={ai+2a3+...  +ma„.)Jx,  S^h^  =  (c j +2c,+ ... +jic„)4x.  (28) 

It  was  proved  that  the  lever  arm  of  the  coefficients  in  the  product  of  the 

two  &ctors,  about  tbe  place  of  the  first  l«rm  in  the  product,  is 

H  =  kj   +  Aj.  (29) 

The  qoadratic  radii  of  the  coefBcients  in  tbe  two  factors,  about  tbe  places 
of  tbe  first  terms,  were  denoted  by  pj  and  g^,  whence 

«iff?  =  (l'ai  +  2'aj+...-fm%J(J:E)'.\  ,„„, 

S^ffl  =  (l*Ci+2'cj+...  +  n>c„)(J^)S;  ^^^> 

and  putting  G  for  the  like  radius  in  the  product,  it  was  proved  that 

O'  =S',    +  si   +  24,A,.  (31) 

Now  let  uj  and  u^  be  formed  from  the  two  factors  in  the  same  way  as 
b^{dtf  was.  Sjul  and  SjU^  will  represent  the  two  sums  of  all  tbe  products 
obtained  by  multiplying  each  coefficient  by  tbe  cube  of  its  +  or  —  devia- 
tion from  tbe  centre  of  forces,  so  that 


S,u;  =  a(,(— A,)8+o,(J3;— Ai)»+03{2J«-Ai)3 


. +oJmJar-A,)»,  1 
.+c(nJ*-Aj)*.J 


(32) 


For  convenience  we  will  call  such  quantities  as  Uj  and  Uj  euhio  radii 
about  the  point  from  which  tbe  deviations  are  reckoned.  Let  Ij  and  Ij  de- 
note the  cubic  radii  taken  about  the  first  term  in  each  polynomial,  then 

S,V  =  (13o,+2!'a,-|-  . . .  +m3aJ(Jar)>,  1  ,„„, 
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From  (32)  we  have 
S(Uf  =  (l»a,  +  2'aa  + . .  +m'a„)  ( Jar)'-3/i , (I'a,  +2»rtj+  . .  +m'a.)(, 

+3AJ{a,+2aj+..  -i-ma„)J^— AJ(<Zo+ai  +  ..  +oJ, 
and  a  similar  expression  for  8,u^.    Then  by  Iielp  of  (27),  (28),  (30)  aod 
and  (33),  we  get 

uj  =  /j»  — 35JA,+2AS,  „|l  =  //  — 37|A,+2A|,         (3i) 

Likewise  denoting  by  U  and  Z.  the  cubic  radii  for  the  product,  about  ito 
centre  of  forces  and  its  first  l*Tni  respectively,  we  shall  have 

E/s  =  i3  —  3G''1I  +  2Ha.  (35) 

The  sum  of  all  the  coeflioionia  in  the  product  is  SiSj,  Si]p]K)8ing  tb| 
first  polynomial  factor  to  be  multiplied  snccessively  by  the  terms  of  thesn- 
end  one,  £*  will  be  expressed  thus, 

S,5ai»  =  Oo(l*Oi  +2'aj+  . . .  ■^m''aj{^x)* 

+  Oi[l»ao  4-2*0,+  ... +(m+l)'a.](Ja:)< 

+  Oa[2»ao+3'o,+  . . .  +(m4-2)'a„]  (^*)" 

+  ...  +c.[7i'o„  +  (n  +  l)»a,  +  ...+(n+m)'a»](Ja:): 

The  coefficient  of  c,{jix}*  is  reducible  by -means  of  (27),  (28),  (30)  sad 

(33)  to  ~ 

■M-+-'(3i)+-&)"+(i)'^ 

Attaiguing  to  n  the  values  0,  1,  2  i^.  in  aucceaaion,  we  get  expression 
for  the  coefficients  of  Co(J3;)*,  Ci(Ja;)^,  &e.,  and  so  find 

.S,S,L»  =  c,S,(,'  +  0i'Si[l"(J»)'  +  3.1'l,(Ji)'+3.1jJJx+i,"] 

+  . . .  +o,S,[»'(Ji)'+3..';.,(Ji)'+3«j!4»+(,"], 
which  we  put  in  the  form 
S,i>  =  (,'(o, +0,  +  . . . +o.)+5yJ  Ji(c, +2.!,  +  . . . +««,) 

+  3A,('<bA1'«i+2'o,+  ...+«'c.)+(^i)>(1>o,+2'o,+  ... 

■  •+»•«;). 
By  help  of  (27),  (28),  (30)  and  (33)  this  is  reduced  to 

I'  =  1',  +  t>+  SjjJ,  +  .Ij,;!,.  (S6) 

8ul)stituting  in  (35)  tlie  values  of  H,  G  and  L  from  (29),  (31)  and  (S6), 
we  get 

U'  =  iH'l-3(sf''.+?i''jH2(M+M). 

and  by  (34)  we  have  finally 

[/a  =  uj  +  u\.  (37) 

['To  be  vuDtinued.] 
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\0N  THE  ACTUAL  AND  PROBABLE  ERRORS  OF  INTERPO- 
ATED  VAL  UBS  DERIVED  FROM  NUMERICAL  TABLES  B  Y 
MEANS  OF  FIRST  DIFFERENCES. 


BY  R.  S.  WOODWARD,  C.  B. 

5l-     All  Dumerieal  otlculations  de]ieiident  on  tabulated  values  of  loga- 

ritbma  of  numbers,  sines,  tangents  etc.,  or  on  natural  trigonometric  functions 
■re  eubject  to  certain  errors  arising  from  unavoidable  inaccuracies  in  the  ta- 
bnlar  valaee  themselves.  The  inaccuracies  in  the  tabular  values  result  from 
tie  Deglect  of  fignres  beyond  the  tabular  number  of  places,  the  tabular  val- 
ue being  given  always  to  the  nearest  unit  in  the  last  place.     The  actual  er- 


nputation  will  depend  on 
which  the  j>OBsible  actual 
The  investigation  of  this 
i  well  as  interest  whenever 
pn  tat  ions  dependent  on 


ror  which  may  exist  in  the  final  result  of 
the  form  of  the  computation,  or  the  manner  i 
errors  of  the  tabular  values  used  are  combined. 
class  of  errors  becomes  a  matter  of  im])ortanoe 
the  higbeet  degree  of  precision  is  sought  in 

mines  derived  from  a  given  table.  Thus,  the  practical  fjueation  may  arise, 
"What  are  the  limits  of  accuracy  attainable  with  a  5-place  table  of  loga- 
rithraa?"  A  complete  discussion  of  the  various  problems  that  may  arise  iu 
this  connection  would  form  an  important  branch  of  the  theory  of  errors,  and 
might  well  form  the  subject  matter  of  a  special  treatise.  In  the  present 
jepeFi  however,  it  is  proposed  to  consider  only  the  most  elementary  of  the 
problems,  viz.,  that  relative  to  the  error  which  may  exist  in  au  interpolated 
value  derived  by  means  of  first  differences  from  consecutive  tabular  values. 
In  other  words,  it  ia  proposed  to  give  some  answer  to  the  practical  question, 
"What  are  the  possible  actual  errors  and  what  are  the  corresponding  proba- 
ble errors  to  which  values  interpolated  from  the  ordinary  5-place  or  7-place 
tables  of  li^rithms  are  subject?" 

Before  taking  up  this  problem,  some  remarks  on  the  actual  and  probable 
errors  of  tabular  values  are  required. 

§2.  The  possible  actual  errors  of  tabular  values  are  confined  between 
the  limits  +  J  and  — ^  of  a  unit  in  the  last  place  of  a  tabular  value,  and  all 
errors  between  these  lemits  are  equally  likely  to  occur.  These  facts  may  be 
taken  as  self-evident  and  as  a  necessary  result  of  the  method  of  conetnicting 
tablis.  The  probable  error,  being  defined  as  that  error  which  is  as  likely 
to  be  exceeded  as  not,  will  be,  in  such  a  system  of  errors,  one-half  the  max- 
imuoi  error,  or  d:J  of  a  unit  in  the  last  place  of  a  tabular  value. 

These  statements  may  be  readily  verified  in  any  special  case.  For  exam- 
ple, if  a  large  number  of  actual  errors  of  tabular  values  of  5-place  logari'ms 
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be  derived  by  means  of  a  7-  or  higher  plnce  table,  it  will  be  fouud  that 
1st,  the  numbers  of  positive  and  negative  errors  are  sensibly  eqaal ; 
2nd,  the  numbers  of  errors,  without  regard  to  sign,  lying  between  eqai- 
dietant  limits  are  sensibly  equal ;  and  hence 

3rd,  one-half  the  errors  will  be  greater  and  one-half  less  than  \, 
That  the  probable  error  in  a  system  of  errors  of  constant  probability  be- 
tween given  limits  is  one-half  the  max.  or  limiting  error  may  also  be  proved 
in  a  more  general  manner,  and  some  useful  principles  will  result  therefrom. 
For  this  puriK^e,  let  £  be  the  general  symbol  for  an  error  lying  between 
the  limits  ±a.    The  fiicility  with  which  e  can  occur  may  be  denoted  by  y(«) 
which  must  be  in  this  case  a  constant,  since  by  hypothesis  all  values  of  c  oc- 
cur with  the  same  facility.     Hence  we  may  write 
ip(E)  =  c,  a  conftant. 
Supposing  i  to  vary  continuously  between  the  given  limits  we  may  make 

f*y{.)d.  =  «f*j'.  =  1. 

This  is  the  analytical  expression  of  the  fact  that  the  sum  of  all  the  prob- 
abilities of  all  possible  errors  within  the  given  limits  is  unity.  The  value 
of  the  constant  c  results  at  once  by  integration.     Thus 

0  J      ds  =   2ac  =  1,  whence 


2a 


(1) 

Whatever  form  ip{e)  may  have,  as  long  as  ^(-|-e)^^{ — e),  or  equal  posi- 
tive and  negative  errors  are  equally  likely  to  oc<3ur,  the  probable  error  ia  the 
limit  r  in  the  delinltc  integral 


In  the  present  case  J  I      f{t)dE  =  J,  and  ^(e) 


/><"  =  /l£-»> 


Hence 


2a 

■hence  7-  —  ! 

ues  are  subject  may  now  be 


§  3.     The  errors  to  which  interpolated 
considered. 

Let  Uj  and  r,  be  two  consecutive  tabular  values  and  v'  an  interpolated 
value  ( tenths  from  «,.     Then  the  value  of  v'  actually  computed  is 

„'  =  t-i  +  f(.',-f,)  =  {l-i)f,  +  to,.  (3) 

Denoting  the  actual  errors  of  Oj,  «j  and  «'  by  s^,  s,  and  e'  respectively, 
we  have 

<' =  {!-«)=.  +  '■.•  (3) 


The  meaning  of  these  equations  should  be  clearly  understood.  Equation 
(2)  means  precisely  what  the  symbols  indicate,  and  does  not  imply  any  neg- 
lect of  decimals  beyond  the  tabular  number.  However,  so  far  as  errors 
here  considered  are  concerned,  it  is  practically  sufficient  to  retain  one  figure 
in  addition  to  tbe  tabular  number,  retaining  for  example  the  6tb  figure  tu 
interpolated  values  from  a  5-place  table  and  the  8th  figure  in  interpolated 
values  from  a  7-place  table.  It  will  be  noticed  that  (r^ — rj)  is  the  tabular 
difference.  Equation  (3)  shows  that  the  error  e'  of  v'  cannot  exceed  ±  §, 
since  £;  and  Ej  cannot  surpass  ±  J.  An  important  property  of  Sj  and  e, 
1  their  mutual  independence;  i.  e.,  one  of  them  cannot  be  expressed  in 
[  terms  of  the  other.  They  are  also  independent  of  i  and  continuous  between 
the  limit*  ±  J,  Therefore  e'  may  have  any  value  between  the  limits  +  J 
'  and  —  J  for  any  value  of  (. 

The  species  of  interpolated  value  just  defined  is  that  which,  as  will  pres- 
r  ently  appear,  should  be  used  always  if  the  highest  precision  with  a  given 
table  is  desired.  The  species  of  interpolated  value  more  frequently  used, 
I  however,  is  that  formed  by  abridging  the  product  t{v^  —  Vj)  to  the  nearest 
I  unit  in  the  last  place  of  the  tabular  value.  This  neglect  of  decimals  is  a 
[  source  of  error  additional  to  those  arising  from  the  errorsof  the  tabular  val- 
ues, and  may  be  denoted  by  e^.  Calling  the  actual  error  of  the  interpolated 
I  valae  in  this  case  e",  the  meaning  of  tj  and  c,  being  the  same  as  defined 
I  above, 

,"  =  (l-Osi+tea+e,.  (4) 

It  will  be  observed  that  e^  in  this  equat'n  differs  from  e,  and  e^  in  two 
F  important  respects;  viz.,  1st,  £3  is  not  independ't  of  (;  2nd,  e^  is  dUcontln- 
^  V0U8  for  any  value  of  t.     Thus,  suppose  1=  i;  then  the  only  possible  values 
ofsjareO,  +  J  and — ^.     Again,  suppose  (=  J;  then  the  only  possible 
values  of  £3  are  0,  -|-  J  and  —  J.     In  a  similar  manner  the  possible  values 
of  Eg  may  be  assigned  for  any  value  of  t.     The  maximum  possible  value 
,  of  e"  varies,  therefore,  with  t.     A  few  cases  may  be  written  down. 
For  i  =  i  or  4,  the  max.  of  s"  =  JXj  +   JXJ  +  |  =  -ft- 
"     t  =  iOTi,    «     "     "     £"  =  fXj  +  iXj  +  i  =    1. 
"     i  =  i  or  I,     "     "     "     £"  =  3XJ  +  iXj  +  J  =    I- 
"     '  =  1  "     «     «     e"  =  jxi  -I-  iXi  -t-  i  =    1  . 

It  will  also  be  aoticed  that  for  certain  values  of  e^,  e"  will  be  nec^sarily 
[  positive  or  negative  whatever  values  e^  and  e^  may  have.  Thus  for  t  =  ^, 
f;irthe  tabular  difference  (u,— Ui)  be  odd,  Eg  must  be  either  4-^  or  — ^,  and 
Laooording  as  e,  is  taken  as  -\-^  or  — ^  so  will  s"  be  either  positive  or  neg- 
latlve,  being  confined  between  the  limits  0  and  +  1  in  the  one  case  and  0 


and  —  1  in  the  other.     On  the  other  band,  the  value  of  £3  may  be  such 
to  permit  liotb  positive  and  negative  values  of  c"  but  with  unequal  limits 
for  the  two  classes  of  errors.     Thus  for  '  —  J,  ^3  must  be  either  0,  •)-  J  or 
—  J.     If  £3  ^  +  ^,  the  possible  n^ative  values  of  e"  must  lie  l>etween  0 
and  — i,  while  the  positive  values  of  e"  must  lie  between  0  and  -f  4, 

SinM  in  a  given  numerical  table  the  differences  must  be  limited,  the  pro- 
duct i(t'j — v^)  must  vanish  for  ( :^  0;  and  hence  Ej  =  0  for  i  =  0, 

Besides  the  two  sjiecies  of  interpolated  values  already  defined  there  may 
be  two  more,  both  of  little  practical  importance,  but  of  some  theoretical  in- 
terest from  the  fact  that  their  definition  gives  some  light  on  the  real  nature 
of  the  first  two  apeciea.  It  is  plain  that  instead  of  the  tabular  diflerence 
(f  J — V,)  there  might  be  used  the  (iiie  differences,  such  as  would  be  obtained 
practically  by  Inserting  in  a  given  table  differences  derived  from  a  higher 
place  table  and  carried  some  decimals  beyond  the  last  place  of  values  in  the 
given  table.  Would  there  be  any  advantage  or  disadvantage  in  the  use  of 
such  differences?  There  may  be  two  cases.  Let  J  be  the  true  difference, 
r,  the  adjacent  tabular  value  and  ( the  interpolating  factor.  Then,  suppos- 
ing no  figures  omitted,  the  interpolated  value  becomes 

fi   +  tJ.  (5) 

The  actual  error  of  this  value  must  be  the  same  as  the  actual  error  of  v,, 
since  there  le  no  error  in  id.     Denoting  for  the  sake  of  distinctness  the 
ual  error  of  t>|-|-(J  by  e'",  we  have 


s^y 


If,  however,  the  product  IJ  be  abridged  to  the  nearest  unit  of  the  last 
tabular  place,  another  source  of  error  will  be  introduced.  Calling  the  actu- 
al error  from  this  source  £4  and  the  actual  error  of  tlie  interpolated  value 
e*',  there  results 

^'  =  ^,  +  U-  (6) 

In  this  equation  £4  may  have  any  value  between  the  limits  +  J  and 
for  any  value  of  (  greater  than  the  reciprocal  of  twice  the  greatest  diffei 
in  the  table  used. 

For  values  of  t  greater  than  this  limit  e""  may  have  any  value  between 
the  limits  +1  and  — 1.  For  values  of  i  less  than  the  above  limit,  £4  must 
be  less  tlian  -|-  ^,  and  hence  e"  must  be  less  than  ±  1.  When  1  =  0, 
tJ  vanishes  and  hence  £4  =  0. 

The  characteristics  of  the  four  different  species  of  interpolated  values  and 
the  expressions  for  their  actual  errors  may  now  be  collected  tn  tabular  form 
for  the  purpose  of  ready  comparison. 


I 


§  4.  Thus  for  the  actual  errors  onl;  of  int«rpokted  values  have  been 
considered.  These  errors  may  iadeed  be  ascertained  for  any  special  case 
by  a  suitable  computation,  but  such  computation  is  generally  inexpedient 
and  of  little  interest.  The  probable  error  of  each  species  of  interpolated 
value  is  of  interest  and  importance,  however,  since  it  affords  a  lueasure  of 
the  precision  of  such  value.  The  probable  error  ia,  as  already  defineti,  that 
error  which  ia  as  likely  as  not  to  be  exceeds*!.  It  applies  therelbre  to  the 
Bggr^ate  of  all  possible  errors  in  a  system  of  errors,  and  may  be  taken  as 
the  representative  error  of  the  system.  It  applies  in  general  only  to  contin- 
uous errors  and  is  itself  always  a  possible  error  ol  the  system  of  errors. 

This  premised,  let  r  be  the  general  symbol  for  the  proliable  error  in  a  sys- 
tem of  errors  of  which  any  one  is  e,  and  let  f(i)  express  the  law  of  facility 
of  these  errors.  Then,  supposing  equal  posittveand  n^tiveerrors  of  equal 
^ility,  or  f{+t)  —  f{ — e),  r  is  defined  by  the  definite  integral 

(7) 


In  which  ±:l{s  the  limiting  value  of  s.     The  deterniination  of  the  probable 
error  corresponding  to  e',  e",  e'"  or  e*',  requires  therefore  a  knowledge  of 

»(«)■ 

It  will  DOW  be  shown  what  forms  ^(e)  has  for  the  system  of  errors  rep- 
,resented  by 

e'  =  (1  — O^i  +'«a- 
Put  (1 — ()'i  =  ^  *°*^  '^2  ^  y-     Then  E'  =  a;  +  y,  in  which  a;  may  have 
any  value  between  the  limits  ±(1 — (J^  =  a,  say,  and  y  may  haveany  value 
between  the  limits  ±t^  =  6,  say.    All  values  of  a:  and  all  values  of  y  be- 
tween these  limits  are  equally  likely  to  occur,  which  fact^,  as  shown  in  §  2, 
expressed  analytically  by 


*Thia  permilfl  f  (c)  lo  be  of  sucli  s  form  tioA  0(c)(lc  will  represent  a  rdalire  probabitily. 
V  ^l')de  represent  bq  abeobile  probabilitj  then  mimt 
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f{z)  =  ^        and        f  (y)  =  ^. 
The  probability  of  the  oocurrenoe  of  any  particular  x  is 

^x)dx  =  g. 
Likewise  the  probability  of  the  occurrence  of  any  particular  y  is 

vWy  =  26' 

Since  x  and  y  are  independent,  the  probability  of  their  concurrence  is 
ip{x)ip(y)dxdy  =  ^  =  ^,  since  e  =  a;+y. 

But  since  there  must  be  in  general  an  indefinite  number  of  pairs  of  values 
of  a?  and  y=e — a?,  which  will  produce  e,  ^(e)rfe  or  the  probability  of  e  must 
be  equal  to  dxds-T-Aab  taken  as  many  times  as  there  are  units  in  the  range 
through  which  x  may  vary.    In  other  words, 

y(e)de  =  &/^. 

In  evaluating  this  int^ral,  x  must  not  surpass  dta  and  e-a;  s=y  must  not 
surpass  ±:b.  For  any  value  of  e  lying  between  — (a+6)  and  — (a — 6),  as- 
suming a  >  6,  the  limits  of  the  integral  are  —  a  and  (e  4-  &)•  This  fact  is 
rendered  plain  by  a  numerical  example.  Thus,  suppose  a  =  ±5  and  b  = 
±S.  Then  —{a+b)  =  —8  and  —{a  —  b)  =  —2.  Suppose  e  =  —  6  a 
number  intermediate  to  —  8  and  —  2.  Then  the  following  are  the  possible 
integer  values  of  a;  and  y  which  will  produce  e  =  —  6. 

e^  X    y  Limits  of  a;. 

—6  =  —5-1  —5  =  —a  and 

=  —4—2  —3  =  e'+b 
=  —3-3 

Again,  suppose  e'  is  -3,  a  number  between  the  limits  -8  and  -2.    Then 

^  X    y  Limits  of  a;. 

—  3  =  —5+2  —5  =  —a. 

•  =  —4+1 
=  —3+0 
=  —2—1 
=  —1—2 
=      0—3  0  =  e'+6. 

Therefore,  when  e  lies  between  — (a +6)  and  — (a — b) 


*<«)*= 


fi.}d,  =  d.f'- 


,    C-Hdx 

"^J-^4^  — ST"*'  "■  >■>•'  — SS" 

Similarly,  when  s  lies  between  — (a — b)  and  +{a — 6),  the  limiting  values 
of  X  are  I — bantla+b.    Therefore 

M^ 

,-liab  4<ii"'     "■  ""'  4af 

Finally,  when  e  lies  between  (a — 6)  and  (a+i)  the  limits  of  a: 
and  -^a,  and  hence 

,  — e+a+  & 
4a6  ' 
The  "probability  curve"  represented  by  equalions  (8),  {9)j  (10),  is  made 
ap  of  three  straight  liDes.  Equation  (8)  repreaents  Ihe  Hue  joining  the  p'ts 
whose  coordinates  are  — (a  +  6),  0  and  — (a  —  6),  (1  -5-  2(i).  Equation  (9) 
represents  the  line  joining  the  points  whose  coordinates  are  -(o-i),  (1  -H2rt) 
ind  +(fi — fi),  {lH-2a).  Equation  (10)  represents  the  line  joining  the  p'ts 
+(a —  6),  (I  -5-  2a)  +(a  +  6),  0.  In  the  specinl  case  under  consideration, 
a  =  (1— 01  *»«*  *  =  '-i-     Therefore 

fl  +  6  =  -i 
a—b  =  \{1- 


2o 


The  figure  shows  the  "probability  curves"  cor- 
nsp'ing  to  several  values  of  (,  The  origin  isatO. 
AOB  is  the  axis  of  e  and  OC  the  axis  of  ^(e). 

It  may  now  be  observed  that  etj's  (8J,  (9),  (lOi 

+  r""=f+«±'d.  = ,. 

Therefore,  by  (7)  the  probable  error  in  the  sys- 
tem of  errors  defined  by  (8)  -  (10)  is  the  limit  r  , 
which  will  satiety  one  of  the  two  following  con- 
ditions :  I 

•'  _,4a4  J  „  4ah  * 

[To  le  continued,] 


BY  PEOF.  J.   W.   NICHOLSON,  L0UI8IAMA  STATE  UNIV.,  BATON   EOUGE,  1 


On  page  291  of  Ray's  Calculus  may  be  seen  a  demoDBtration  of  tlie  fbl- 
lowiug  well  known  theorem  of  Wallis : 

n  _  2.2.4.4.6.6.8.8 ,,. 

2        1.3.3.5.5.7.7.9.....  ^' 

By  the  biaomial  formula 
{1  —  1)-  rr  1  -  n_|_n(«-l)_»(»-lK»-2)_|_"(n-lX»— 2Kn-3)     _  ^gj 

Factoring, 

(I  _  !)•  =  (l-")(2-«)(3-»)(4-;^-) 


1     .      2 

Substituting  — n  for  n, 

f,       iw_(l+n)(2+»)(3+.i)(4+n) 
*  '  1.2.3.4 

Multiplying  (3)  by  (4), 

(l+lHl-ll-  -  (l-"'K4-»')(9-..')(ie-n') 
I'TJM'     ';  J      .    2.2   .  3.3  .  4.4      • 

Substituting  ^  for  n,  unci  reducing, 

(l-lli(l-ir4  -  1-3-3-5.5.7.7.9... 
^        '  ^        '  2.2.4.4.6.6.8.8... 

Combining  (1)  and  (6), 

.  ^  2 

(l_l)S(i_l,-V 


.4iV5W£fl  TO  PROF.  8GHBFFEiS8  qVER  (P.  31,  VOL. 


OZ.VU^H 


BY  C.  B.  SEYMOUR,  ATTOHNEY  AT  LAW,  LOUISVILLE:,  KY. 

Query. — "If  of  any  curve  we  find  the  evolute,  and  of  the  latter  the  evo- 
lute,  and  so  on  ad  infin.,  the  nltimate  evolute  i»  a  oycluid.  How  is  this 
proved?" 

Antwer, — The  proposition  stated  is  not  correct. 

Let  Sg  be  the  length  of  the  given  curve,  measured  from  the  origin  to  any 
point  (the  origin  being  a  point  on  the  curve).  Let  ^g  he  the  inclination  of 
the  tangent  at  that  point  to  the  axis  of  abscissas,  and  let  i£g  be  the  radios 
of  curvature  at  that  point.     Let  8„,  p^,  if,  be  like  quantities  for  the  oorrea- 
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I  ponding  points  on  the  ntli  evolute  of  the  curve,  and  s_,  ,j9_,  iJ_„  like 

quantitieu  for  the  corresponding  point  on  Its  nth  involute.    In  this  notation 

I  r€^rd  the  centre  of  curvature  at  any  point  as  corresponding  to  that  point. 

Then 


«„  =    ^  ;   S,   =    C„  +  -Ro  =    Co  + 


*x 


But  since  the  directions  of  a  curve  and  its  evolute  at  the  corresponding 
points  are  perpend icn I ar,  we  have 

ud  by  difierentiating, 
By  the  principles  of  the  foregoing  ai^ument 

..  =  c.  +  |l  =  c,  +  9|-. 

and  generally 


«.  =  c~->  + 


dn' 


Cwlth  it&  various  subscripts  signifying  constante. 

It  is  then  plain  that  if  Sg  be  given  as  a  function  of  ^g,  t„  can  be  at  once 
deduced  as  a  function  of  ^g,  and  of  course  as  a  function  of  ^,;  and  this 
function  depends  on  the  form  of  the  given  fiinction,  as  the  arbitrary  con- 
slant  introduced  does  not  affect  the  form  of  the  evolute.  Thus  if  s^  ^  ^g 
fi  signifying  an  integer),  successive  differentiations  will  at  last  bring  the  eq. 
f^,5=  C^i  ^,,  which  is  the  equation  of  a  circle. 

A  cycloid  does  not  iu  general  result  from  taking  successive  evolutes.  If 
however  successive  invofiito*  be  taken,  the  arbitrary  constant  introduced  by 
one  integration  becomes  a  coefficient  of  ^g  in  the  next  integration ;  so  that 
the  form  of  the  ultimate  involute  depends  on  the  arbitrary  constants. 

If  in  determining  the  arbitrary  constants  we  make  ^^  successively  zero 
and  Jt  the  successive  integrations  will  bring  at  last  an  equation  indefinitely 
approximating 

C+«_4.    =    C_4.COe/9(,    =    —  C_4,C08;9_4,. 

This  is  the  equation  of  a  cycloid,  and  no  doubt  the  proposition  intended 

this:— 

.If  of  any  curve  we  find  the  involiUe,  taking  the  extreme  radii  of  curva- 
perpeodicular  to  each  other,  and  of  the  latter  the  involute  in  like  man- 
and  so  on  ad  infinitum,  the  ultimate  involute  is  a  cycloid. 


Editor  Analyst:  — 

Since  you  dei'line  to  publish  my  review  of  Prof.  Newcomb'a  article  oo 
Limits  on  the  ground  that  it  is  a  rei>etition  of  argument*"  already  gone  over 
and  hence  may  not  be  interesting  to  your  readers;  I  desire  to  say  pimply, 
in  regard  to  ihe  critidsm  upon  myself,  that  Prof.  Newcomb's  objection  to 
my  definition  of  a  limit  is  not  valid,  since,  according  to  accepted  definitions 
including  his  own,  U  is  true  that  any  value  of  the  sine  less  than  unity  is  the 
limit  of  a  series  of  sines  subjected  to  such  a  law  as  that  there  shall  be  an 
indefinite  approach  to  that  value.  Also  that  he  has  not  shown  why  the  syl- 
Ic^ism,  to  which  reference  was  made,  is  not  as  applicable  to  a  divided  time, 
as  to  a  divided  debt,  or  to  a  divided  space.  It  is  not,  by  any  means,  necra- 
sary  to  assume  a  case  of  uniform  motion  in  order  to  illustrate  the  i 
ad  abetirditm  to  which  it  leads. 

De  Volson  Wed 

Hoboken,  N.  J.,  Aug.  1,  1882. 
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Solution  of  Pkob.  397  by  Prop.  J.  M.  Rice.— Problem  397  will  be 
found  in  the  new  edition  of  Thomson  and  Tait's  Natural  Philosophy,  pi^ 
349.     The  following  is  an  algebraic  solution. 

Putting  y'  =  0  we  have  x'*  =  i'  -|-  y*,  and  from  the  first  equation, 

f(x^f{y^  =  <f,lx'  +  y')fiO)  {a) 

Again,  putting  y"  =  s^t  y*  —  2^:*,  eto.,  and  denoting  y?(0)  by  c,  we  have 
[_f{x^)y  =  c.,p{2x^], 
and  [f(^*)]3  =  f{3a:')fl',  etc, 

finally  [^(^^)]"    =  p(na:'}c^>. 

We  now  substitute  z*  for  iia^  and  elminate  n,  whence 

=   fS^T""   =  ft  (a  constant) ; 

.-.^(3!'')   =   cif  =   Oe^*'. 

In  Professor  Hall's  solution  of  this  problem  on  p.  120,  it  isassumec 
the  partial  derivatives  df-i-du  and  df-^do  are  equal  [/denoting_/(u,  p)], 
I  do  not  see  that  thb  assumption  is  admissible  except  when  f  denotes  ut 
exponential  function. 


rffein'* 
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396.  Sdtcted  by  Prof.  H.  T.  Eddy. — "A  smooth  horizoutal  disk  revoi's 
with  the  angular  velocity  c'/i  about  a  vertical  axis  at  which  is  placed  a  ma- 
terial particle  attracted  to  a  certain  point  of  the  disk  by  a  force  whose  accel- 
eration is  ft  y.  distance;  prove  that  the  path  on  the  disk  will  be  a  cycloid. 
(Routh's  Rigid  Dynamics,  p.  163.)" 

Solution  by  Prof.  Asaph  Hall. — Letaand6  be  the  coordin'sof  the 
•ttracting  point,  the  origin  being  at  the  centre  of  the  disk ;  and  x  and  y 
the  coordinates  of  the  particle  at  the  time  (■     The  attracting  force  being 


the  axes  are 
radius  vector  the 


[(o— «)'+(6 — ylT'X/i,  the  parts  of  this  force  resolved 
(a — x)/i  and  (6  — y)/t.     If  we  consider  the  axis  of, 
accelerations  along  this  axis  and  perpendicular  to  it  are, 

d'ar  J         n   ,      dx 

-g,-.ft         and        2y^p.-j^; 

with  similar  expressions  for  the  axis  of  y.     Hence  we  have  the  two  equa- 
tions of  motion. 


d?~ 


■Xjf 


djL  . 


These  give, 


'  dt 


f  =  0, 


dy 


+  2o./i5 


If  we  diSercntiate  these  equations  in  order  to  remove  the  constants  we 
shall  have  two  linear  differential  equations  of  the  fourth  order,  the  solution 
of  which  will  introduce  eight  arbitrary  constants.  Four  nf  those  will  be 
'letcrmined  by  the  differential  equations,  and  two  more  by  the  condition 
that  when  i  =  0,  a;  =  y  =  0.  Putting  2;//i  .1=0,  the  solution  gives 
JE  =  Ci  —  Ojcos  d  +  Cjsin  0  +  \bO, 
y  =  — Cj  -f-  Cjcoa  d  +  Cjain  8  —  ^ad. 

These  are  the  etjuations  of  a  cycloid. 

[C.  B  Seymour,  Esq.,  has  also  sent  a  solution  of  this  problem.  He  tiuds 
the  etiuation  — y  =  Jver  sin~^4r — ^/(i^ — ^i  "id  remarks  that  "This  is 
the  «ju'n  nf  the  path  described  on  the  disk  by  the  material  jiarticle.  It  is, 
as  will  be  seen,  a  cycloid  whose  base  is  the  axis  of  y,  and  whose  generating 
circle  has  a  diamet«r  of  one-half;  the  cycloid  lies  on  the  positive  side  of  the 
axis  of  ordinates,  and  for  all  positive  values  of  ((//,£,  y  is  negative."] 


Solutions  of  problems  in  No,  4  have  been  received  as  follows: 
From  R.  J.  Adcock,  406 ;  Marcus  Baker,  403 ;  George  Eastwood,  404 ; 
W.  E.  Heal,  401,  404,  406,  407,  408 ;  William  Hoover,  40J ;  Prof.  P.  H. 
Philbrick,  401,  402 ;  f.  Richardson,  402 ;  Prof.  J.  Sohefier,  401,  402,  403, 
404,  406,  407  ;  Prof.  E.  B.  Seitz,  402,  406 ;  M.  Upd^raff,  401. 


401.  By  M.  Upde/jraff,  Madison,  Wia, — "If  two  triang's  arc  so  situated 
that  the  three  lines  drawn  thro'  their  corresponding  vertices  meet  in  a  point, 
then  will  the  corresponding  sides  produced  meet  in  three  points  which 
on  the  aame  etr&ight  line." 


SOLUTION  BY  THE  PBOPOBBB, 


I 


As  the  lines  passing  through  corresponding  vertices  of  the  triangles  meet 
in  a  point,  the  triangles  may  be  considered  as  projectioos  of  sections  of  a  tri- 
angular pyramid  whose  edges  are  the  three  straight  lines  passing  through 
the  corresponding  vertices.  Now  if  a  pyramid  is  cut  by  two  planes  these 
planes  will  intersect  in  a  straight  line,  and  the  interseetions  of  these  two 
planes  by  the  fsices  of  the  pyramid  will  be  the  bounding  lines  of  the  trian- 
gular sections  of  the  pyramid.  But  if  the  two  cutting  planes  are  cut  by 
a  third  the  two  traces  of  this  third  plane  must  meet  on  the  line  tjf  inter- 
section of  the  first  two  planes.  Therefore  the  sides  of  the  two  triangular 
sections  of  the  pyramid  will  meet  in  three  points  which  lie  on  the  line  of 
intersection  of  the  two  cutting  planes. 


SOLUTION  DY  PBOFESSOB6  PHILBBICK  AND  BCaEPFEB. 


i 


Let  ABC  and  A'B'C  represent  the  triangles,  the  lines  AA'  BB' 
CO  meeting  in  P.     The  corresponding  sides  meet  in  D,  £and  F, 

Since  A'D,  A'E  and  B'F  are  respectively  transversals  to  the  triangles 
FAB,  P^Cand  PBC,  we  have: 

AL^BB'XA'P  =  BDxB'PkAA;  (1) 

CEXCPXAA'  =  AExCC'XA'P,  (2) 

BFXCC'XB'F  =  CFxC'PXBB'.  (3) 

The  product  of  (1),  (2)  and  (3)  gives: 

ADxCExBF  =  BDxAEx  CF.  (4) 

Hence  BF  is  a  transversal  to  the  triangle  ABC,  and  therefore  D,  E  and 
J^are  in  the  same  straight  line. 
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.  By  Prof.  W.  P.  Chaey. — "Ujion  two  aides  of  a  triangle,  describe 
e(]uilatera1  trianglesj  and  upon  the  same  two  sides,  but  in  the  opposite  di- 
rection, describe  two  others,  and  let  0,  0^  be  the  ceutres  of  the  inscribed 
circles  in  the  first  pair  and  P,  P^  those  of  the  second  pair.  It  is  required 
til  prove,  geometrically,  that  the  sum  of  the  squares  of  the  sides  of  the  tri- 
angle =  3(00,)=  +  3(PPi)'-" 

SOLUnOH  BY  PROF.  E.  B.  SEITZ. 

Let  ABC  be  any  triangle,  ACD,  BCE  and  ACF,  BCG  the  two  paira  of 
equilateral  triangles  described  on  the  sides  AC  and  BC.  Join  CO,  CO^, 
CP,  CPj,  OP,  0,Pi,  OPt,  OjP. 

Lcl  U,  K,  M,  .V,  jft,  S,  be  the  middle  points  of  AC,  BC,  OP^,  O^P, 
0O„  PPi ,  respectively.     Join  HK,  MR,  UN,  NS,  SM,  RS,  MN. 

Let  5C=  a,  AC=b,  AB  =  c.  Then  CO  =  CP  =  OP  =  ibyS, 
CO,  =  CP,  =  O^P,  =  J«v/3.  The  angles  ACB  and  OOP,  are  equal ; 
for  ZACB  =  ACPj+BCPi  and  ZOCP=  ACP^+ACO.  But  fiCP, 
ACO  =  ZO".  We  also  have  CAzCB::  CO  -.CP^;  .  ■ .  the  triangles  ACB 
and  OCP^  are  similar,  and  we  have  AC :  OCi:  AB  :  OP^,  whence  OPj 
=  ic|/3.     In  the  same  way  we  can  prove  that  OiP  =  Jci/3, 

We  have  from  similarity  of  triangles  MR  =  NS=lOiPi  =  ^ay'S, 
RN=SM=  iOP  =  iti/3,  and  HK=  Jc.  Since  the  opposite  sides  of 
RiV.s'if  are  equal,  it  is  a  parallelogram,  and  we  have 

RS'+MN'  =  MR'+RN'+NS^i-SM*  =  ia'+Jt'  {1} 

Since  ^A'anJ  RSjoln  the  middle  points  of  the  opposite  sides  of  the  q'd- 
rilateral  OOjP^P,  we  have  RS"  +  HK'  =  ^0P,'+  iOjP*,  whence  RS' 
=:  T^".     Substituting  thia  value  in  (1),  we  find 

MN^  =  ^a>  +  J6*  -  ^cK 

In  th*  quadrilateral  OOiP^P  we  have 

00,^-i-PP*-i'OP'-i-0,P,'  =  0P,H0,P=+4JIW*. 

Substituting  and  reducing  we  find 

3(OOi)3  +  3(P/',)'  =  a3  +  63  +  ca. 


403.  By  Prof.  TV.  W.  Johnson.— "U,  from  the  centre  Cof  an  equi- 
teral  hyperbola,  CA  be  drawn  bisecting  the  angle  between  the  axis  and  an 
mptote,  and  the  chord  AB  be  drawn  perpendicular  to  CA;  then  AB  = 


In  the  annexed  6gurc  CX  is  the  axis  and 
CJf  and  CWthe  asymptotes.  CA  and  CQ  are 
the  bisectors  of  MCX  and  NCX.  Therefort- 
MCA  =  ACX=XCQ=qCN=qLC=^2V-; 

Aqc=Acq  =  \r,°; 
and  qKC=qcK=&ii°. 

Hence  the  three  triangles  QCL,  QCK&ail 
QCA  are  Jsosceks  and  QJj  =  qC^  QK  and 
qA  =  CA.  But  AK=SL  (property  of  the 
hyperljola)   and  therefore  qA  ^  QB  =  AC;  , 


404.  By  Prof.  M.  L.  Cannock.— "A.  heavy  triangle  ABC  ia  soapended 
from  a  point  by  three  strings,  mutually  at  right  angles,  attached  to  the  an- 
gular points  of  tlie  triangle;  if  0  be  the  inclination  of  the  Cnangle  to  the 
horizon  in  its  position  of  equilibrium,  then 

costf  = 


j/(l-j-aecjl9ec58ecC}' 
(Toilluinter's  Analytical  Statics,  page  81.)" 

SOLUTION  BY  PROP.  J.  8CHEFFER,  MC  8IIEHRYST0WN,  PA. 

Let  .4BC represent  the  triangle,  DA=  I,  I 
DB  =  /',  DC  =  I",  the  three  strings  and  F,  | 
the  centre  of  gravity  of  the  triangle  ABC. 

Equilibrium  will  exist  if  F  ia  vertically  I 
belfiw  the  point  D,  that  is,  if  iJFis  perpen- 
dicular to  the  horizon. 

Draw  X)G  i>erpendicnlar  to  the  plane  of  I 
ABC,  then  will  Z  FDG,  =  )?,  be  the  angle 
which  the  A  ABC  makes  with  the  horizon. 

Since  /,  /',  /"  are  pei-pendicular  to  each  other,  v 
=  b^,t"-\-l'"^a*;  whence 

P  =  i(6*+c*— a'}  =  tccOB^I 
1"=  J(a'+c*-i'i  =  (KcoaBV  (I) 

f"'=  j(a'+6'— *^)  =  oAcos  C) 
In  the  triangle  .^iJCwe  have  t'+c"  =  2.i(i*+2(.4£)*,  whence 

AE*  =  i[2(6*+c»)— oH  =  m»  aay.     (2) 

Since  BE=  CE,  and  V,  I"  are  perpend,  to  each  other,  we  find  DE=\a; 

also  £i^=4^£=Jm.  (3) 


i  have  P 
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407.     By  Henry  Heaion^  LewiSf  Iowa. — "Evaluate 

SOLUTION  BY  W.  E.  HEAL;  MARION,  INDIANA. 

Let  x  =  COB  0 ;  the  limits  of  x  are  0  and  1. 

ni+x*)dx  _  r    dx     ,  r  x*dx  •_  .  _i    ,  r_x*^x_ 


408.    By  W.  E.  HeaL — Two  points,  one  on  each  of  two  oonfocal  ellip- 
soids, are  said  to  correspond  if 

X  ^  X      y  ^  Y-     z  _  _Z 
a        A'     b        B'     e         C 

Prove  that  the  distance  between  two  points,  one  on  each  of  two  confocal 
ellipsoids  is  equal  to  the  distance  bet.  the  corresp.  points.    (Ivory's  Th.) 

SOLUTION  BY  THK  PBOPOSER. 

Let  the  equations  of  the  ellipsoids  be 

**  +  »1  4-  *'  =  1  (l) 

Since  the  ellipsoids  are  confocal 

A*  =  o»+ft*. . .  (3) ;  5»  =  6«+A*. . .  (4);  0»  =  c»+Jt*. . .        (6) 

Let  the  first  pair  of  points  be 

{x,y,z);    {X,Y,Z). 

The  corresponding  points  are 

(aX    bY    eZ\     (Ax     By     a\ 
VaT'  'B''  ~c)  '  VT'  ~T'  Tr 

Let  D  =  the  distance  between  the  first  pair  of  points,  and  d  =  the  dist 
between  corresponding  points ; 

-2{xX-\-yY-^tZ)+{X*+Y*+Z%   (6) 
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V  o '      'Al\l         B  I    •  \  a        CI 

From  (1)  and  (2) 

I      AMflg  (7)  and  (81,  regarding  (3),  (4)  and  (6), 

I  d'  =(»'+y"+z')-2(i.Y+jr+»Z)+(X'+l"+Z').  (9 


PROBLEMS. 


I.  By  David  Trowhridf/e,  A.  M.,  Walerburgh,  N.  Y. — If  in  any  tri- 
•ngle  ABC,  squares  be  described  on  the  three  sides,  and  the  vertices  of  the 
[uares  be  joined  by  the  three  straight  tines  a,  b,  c;  show  that 

a'  +  6'  4-  c"  =  3{AB*  +  BC*  +  C4*). 

410.  By  Prof.  J.  ISclieffer. — A  cone  with  circular  base  is  cut  by  a  para- 
»Iio  plane  which  passes  through  the  centre  of  the  base ;  to  find  the  position 

the  centre  of  gravity  of  both  portions  of  the  cone, 

411.  By  Alex.  S.  Ckriatie,  U.  S.  Coast  Survey. — Sum  the  series 
n  1         n(n-l)  1  _  tt(«-lK»-2)    i     ,     o^ 
i  3  ^       2!        5  3!  7   ^        " 

r  positive  values  of  n. 

412.  By  Prof,  L,  G.  Barbour. — Show  that  in  any  hexaedroii  bounded 
r  quadrilaterals,  the  three  lines  respectively  connecting  the  mean  points  of 
)po»ite  (non -contiguous)  faces,  mutually  bisect  each  other. 

413.  By  William  Hoover,  A.  M. —  A  rod  [■ests  with  one  extremity  in  a 
DDoth  plane  and  the  other  against  a  smooth  vertical  wall  at  an  inclination 
to  the  horizon.  If  it  then  slips  down,  show  that  it  will  leave  the  wall 
ben  its  inclination  is  sin~'[3  sin  a). 

414.  Sum  the  series,  sec  tf  +  secjtf  +  sec  JS  +  sec  Jtf  +  . , .  +  sec  ^JB' 

415.  Evaluate  J*—^^. 
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416.  By  Prof.  W.  P.  Casey. — Given  the  base  AB  and  the  angle  A  of 
a  triangle  ABC}  find  the  locus  of  the  foot  of  the  perpendicular  C!F drawn 
from  C  to  the  side  of  the  inscribed  square. 

417.  By  George  JSaatwood.— Two  boys,  A  and  B,  play  a  game  at  mar- 
bles. A  deposits  50  white  marbles  in  a  bag ;  B  deposits  50  yellow  marb's 
of  the  same  size  and  value  as  A%  in  another  bag,  and  the  game  is  this : — 

The  bags  being  placed  in  convenient  positions,  B,  at  a  given  signal,  takes 
a  marble  out  of  ^'s  bag  and  drops  it  into  his  own  bag ;  then  A  takes  a 
marble  out  of  B's  bag  and  drops  it  into  his  own  bag.  Next  B  takes  an- 
other marble  out  of  A'a  bag  and  transfers  it  to  his  own,  and  A  then  transf 's 
one  of  B'q  marbles  to  his  own  bag,  and  so  on.  After  50  transfers  from  each 
bag  to  the  other,  in  the  above  order,  what  is  the  probable  number  of  white 
marbles  found  in  £'s  bag,  and  how  many  transfers  will  B  have  to  make  to 
gain  25  of  ^'s  marbles? 


PUBLICA  TIONS  RECEIVED. 


Linear  Aswciative  Algebra.  By  Benjamin  Peirce,  LL.  D.  New  Edition  with  Addenda 
and  Notes,  by  G.  S.  Peirce,  Son  of  the  Author.  133  pp.,  4to.  New  York :  D.  Van 
NoBtrand,  Publisher.    1882. 

Brief  Description  of  the  Algebra  of  Relatives,    By  C.  S.  Peirce.    4to.    1882. 

«  _ 

The  Redttclion  of  Air-pressure  to  SeaAevd  at  Elevated  StaHons  West  of  the  Missismppi  River. 
By  Henby  a.  Hazen,  A.  M.  4to.  42  pp.,  with  20  isobarometric  maps.  Washing- 
ton :     1882. 

Note  on  Hanson* s  Oeneral  Formula/efor  Perturbation.  By  G.  W.  Hill.  [Reprinted  from  the 
American  Journal  of  Mathematics,  Vol.  IV,  No.  3.] 

Notes,  Queries,  and  Answers,  Vol.  I.  No.  1.  July,  1882.  16  pp.,  8vo.  Monthly.  S.  C. 
&  L.  M.  Gould,  publishers,  Manchester,  N.  H. 


ERRATA. 

On  page  143,  line  10,  for  value,  read  valueft. 
••     "        "      "   21,  last  word  in  line,  for  the,  read  these. 
"     "        **      "     7,  from  bottom,  for  "lemits",  read  limits. 


THE  ANALYST. 


NOVEHBEB,    1882. 


ON  AN  UNSYMMETBICAL  PROBABILITY  CUR  VE. 


BY  E.  L.  DB  P0EE9T. 


{CoDlinued  &am  page  142.] 


Thus  it  is  proved  that  when  any  two  entire  polynomials  are  multiplied 
together,  the  cube  of  the  cubic  radius  about  the  ceutre  of  forces  in  the  product 
is  wjnal  to  the  sum  of  the  cubes  of  the  like  radii  in  the  two  factors.  Hence, 
if  any  number  of  such  polynomials  are  multiplied  together,  the  cube  of  the 
radius  in  the  final  product  is  equal  to  the  sura  of  the  cubes  of  the  radii  ia  all 
tiie  factors.  The  cube  of  the  radius  in  the  k  power  of  a  polynomial  is  k 
times  the  cube  of  the  radius  for  the  polynomial  it'^elf.  These  propositions 
evidently  hold  true  also  tor  polynomials  like  (5),  in  which  the  place  of  z" 
IS  not  at  the  first  or  left  hand  term.  The  coefficients  in  a  product  are  not 
■llered  when  all  the  exponents  in  either  factor  are  increased  or  diminished 

kby  a  constant  quantity. 
Applying  the  above  to  the  expression  for  a  in  (14),  we  write 

showing  that  the  part  within  the  parentheses  may  be  r^arded  as  the  square 
of  the  quadratic  radius  divided  by  the  cube  of  the  cubic  radius,  either  in  the 
fiist  power  of  the  polynomial  or  in  its  expansion  to  the  k  ^Kiwer,  as  may  be 
most  convenient.  The  values  of  a  and  b  may  thus  be  expressed  either  by 
means  of  the  coefficients  X  in  the  given  polynomial,  or  by  means  of  the  ordi- 
natee  y  to  the  limiting  curve.  When  the  ?^»  and  y's  are  all  positive,  and 
represent  probabilities,  kb^{dxf  is  the  square  of  the  quadratic  mean  error  e, 
and  khg(dx)*  is  the  cube  of  what  we  will  call  the  cubic  mean  inequality, 
we  denote  by  r.    The  constants  in  (14)  will  then  be 


=  2e*-f-C% 


(39) 
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The  square  of  the  q.  m,  error  is  of  course  positive,  but  the  cube  of  the  c. 
m.  inequality  is  either  +  or  — ,  according  as  the  -f  or  —  errors  prepon- 
derate in  forming  it.  If  the  facility  of  error  is  the  same  on  both  sides  of 
the  arith.  mean  or  centre  of  gravity,  so  that  -(-  and  —  errors  of  equal  am't 
are  equally  probable,  C  ™'"  he  zero,  and  a  becomes  infinite.  If  ^  is  nega- 
tive, a  is  also  negative,  and  the  position  of  the  limiting  curve  is  reversed,  so 
that  it  lies  on  the  left  of  the  origin,  or  rather,  the  origin  is  now  at  the  other 
side  of  the  expanded  polynomial.  Since  y  in  (26)  is  a  function  of  oar,  it  will 
have  the  same  value  when  a  and  x  are  both  — ,  as  when  they  are  both  +. 

The  notation  we  adopted  in  (14)  is  such  that  in  the  expansion  of  the  po- 
lyoomial  (5)  to  the  infinite  k  power  we  have 

(quadratic  rad.)*  =  f>,         (cubic  rad.)*  =  2b-i-a.  (40) 

We  will  now  show  that  these  values  of  the  radii  are  deducible  from  the 
equation  (25)  of  the  gamma  curve,  and  thus  verify  the  proposition  that  the 
curve  is  a  true  limiting  form  of  the  expansion  of  the  polynomial,  since  it  pos- 
sesses properties  which  are  known  to  characterize  that  expaosioQ.  The  dis- 
tance from  the  origin  to  the  centre  of  parallel  forces,  or  centre  of  gravity  of 


e  masses  y,  will  be 

The  divisor  here  is  unity,  so  that  the  distance  sought  is 

~  fxvdx  =   —J-,-r-  r*(a«)'*c^d(£Lc)  =  ^^^  =  ob.     (41) 

This  agrees  with  (12),  for  by  (14)  we  have 

ab  =  2kbldx-i-b^. 
The  squared  quadratic  radius  of  the  masses  y  about  the  centre  of  g 

that  is,  the  divisor  being  unity  as  before, 

+a'b'f{ax)-'->e-"d(ta)  \ 

=  -d^  I  "^  -  ^na-t+ma'frm } 

=  b{a*b+l)—2a'b'+a'b'  =  b,  (42) 

a  result  which  agrees  with  (40),     Likewise  for  the  cube  of  the  cubic  radius, 
omitting  the  divisor  unity,  we  have 


4 

(41) 

i 

d{<u) 

i 


('l(<i'6  +  l)(<i'6+2)  — 3o4V'+l)+3»'S'- 


-  a'i*  =  — 


26 


(43) 

'  This  also  agrees  witb  (40),  bo  that  the  curve  (25)  does  exactly  represent 
Be  form  of  the  series  of  coefficients  in  the  expansioD  of  the  polynomial  (5) 
to  an  iDfinitely  high  power,  so  far  as  the  quadratic  and  cubic  radii  about  the 
oeutre  of  forces  are  concerned. 

As  shown  in  my  former  articles,  a  binomial  p  -^  g  or  p  -\-  qz,  in  which  p 
-f  9  =  1  and  the  coefficients  p  and  q  are  separated  by  the  interval  dx,  has 
its  centre  of  gravity  at  the  distance  qdx  from  the  first  term  p,  and  the  sq'd 

Ijjoadratic  radius  about  that  centre  is 
I  (9P'+P9')  {dxf  =  pq{dxY.  (44) 

P  If  the  binomial  is  raised  to  the  mth  power,  the  centre  of  gravity  in  the 
expansion  will  be  at  the  distance  gmdx  from  the  lirst  term,  and  the  squared 
qoadiatic  radius  about  that  centre  is 

e*   =  pgm((£c)3.  (45) 

J  The  cube  of  tlic  cubic  radius  in  the  first  power  is 
(9P'-P3»)(dr)'  =  pg(p-q){<hy,  (46) 

d  in  the  mth  power,  as  we  have  here  shown,  it  is  m  times  as  great,  or 
:>  =p5m(p-5)  (■&)».  (47) 

Hence,  when  m  becomes  infinite,  the  constants  in  the  limiting  curve,  ac- 
rding  to  (39),  will  be 


b  =  pqm{dx)^. 


(48) 


(p—q)dc' 
We  found  in  (22)  that  y  is  a  maximum  when  a;  =  ab — 1  -=-a,  so  that  the 
vertex  of  the  gamma  curve  is  at  the  distance  —  1-i-a  from  the  centre  of 
gravity,  and  by  (48) 

»~l  =  -h<J>-q)dx.  (49) 

The  agreement  Iwtween  this  result  and  that  which  I  found  by  different 
means  in  Analyst,  VoI.'VEI,  p.  3,  shows  that  the  vertex  of  the  curve 
(25)  accurately  represents  the  position  of  the  vertex  in  the  expanded  binom- 
ial, with  reference  to  the  ordinate  through  the  centre  of  gravity. 

It  will  often  be  convenient  to  have  the  origin  of  coordinates  transferred 
»the  centre  of  gravity.     Putting  x-j-ab  in  place  of  x  in  (25),  we  have 

I  A  known  formula  for  /'(n)  is 


This  is  the  equation  of  the  gamma  curve  referred  to  the  centre  of  gravity 
of  themaBFes  ^  asan  origin.  To  illustrate  the  uses  of  the  curve,  we  will  now 
employ  it  in  cotnputing  the  principal  terms  id  the  expanRion  of  a  binomial 
to  a  high  power. 

Mortality  tables  show  that  among  persous  aged  40,  about  one  fer  cent 
may  be  expected  to  die  within  a  year,  so  that  the  probability  of  dying  with- 
in a  year  is  ,01,  and  that  of  surviving  a  year  is  .99.  Suppose  we  wish  to 
find  the  probabilities  that  out  of  1000  persona  aged  40,  the  number  of  deaths 
within  a  year  will  be  0,  1,  2,  3  &c.  These  probabilities  are  the  let,  2iid 
&c.  terms  in  the  expansion  of  the  binomial 

(p+,)-  =  (.99f.01)'".  (63) 

The  common  interval  between  consecutive  terms  in  the  expansion  being 
dx,  we  will  take  this  as  the  unit  of  abscissas.     By  (48)  we  have  

"  =  .^r  =  ^'    ^  = -^^x-oixiooo  =  fi,       M 

and  by  (52)  ^B 

logy=  T.1022148+40.232821og{l  +  .04949495a;}— .8863133ar.  (54) 
Since  the  distance  gmdx  =  10  of  the  centre  of  gravity  of  the  expanded 
series  from  its  first  term  is  in  this  instance  a  whole  number,  it  follows  that 
one  term  of  the  expansion  stands  exactly  at  that  centre,  where  x  =  0,  and 
the  whole  series  of  terms  will  be  found  by  putting  x  successively  equal  to 


The  resulting  values  of  y  are  given  in  column  (2)  of  Table  I.  To  show 
the  degree  of  accuracy  attained,  the  true  values  of  the  terms  in  the  expan- 
sion have  been  computed  and  set  in  column  (I),  and  the  diflferences  (2) — (1) 
are  also  given,  in  units  of  the  fifth  decimal  place.  The  computed  curve  in- 
tersects the  true  one  at  four  points.  The  agreement  between  them  is  pretty 
close,  and  would  be  closer  if  the  exp'nt  m  were  a  greater  number  than  it  is. 

Reverting  now  to  the  more  general  significance  of  the  gamma  curve,  as 
representing  the  expansion  of  a  polynomial,  we  will  inquire  what  a* 
form  of  curve  it  approximates  to.    Let  (52)  be  writtfin 
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V                                               Table                      ^^^^^^^^^^^| 

X 

(1) 

(2) 

(2M1) 

(3) 

13H1) 

< 

(1) 

(2)  pHi) 

(3)    |(3)-(l)        ^H 

12574 

.12654 

80 

12679 

106 

1 

.114.31 

.114821     51 

.12055     624         ^H 

-1 

12562 

.12635 

73 

.12065 

-607 

2 

09616 

.09625       9 

10.360 

844     ^m 

-  2.U283 

.11311 

28 

.10360 

—923 

3 

07306 

.07282 

-23 

.08048 

743         H 

-  3.08999 

08966 

-.33 

.08048 

-951 

4 

.06202 

.05167 

—35 

.06651 

449         ^H 

-  4.06274 

06203 

—71 

.0.5661 

-623 

5 

.0.34541  03422 

-32 

.03687 

133         ^H 

-  51.03746 

.03680 

-66 

.03587 

-159 

6 

.02148.02127 

-21 

.02J58 

H 

-  6:01861 

.01834 

-27 

.02058 

197 

7 

01256.01247 

—  9 

.01067 

-189         ^H 

-  7|.00739 

.00748 

9 

.01067     328 

8 

00693.00692 

—  1 

00500:-193          ^H 

-8  00220 

00242 

22 

OOSOOl     280 

9 

00362 .00366 

3 

00212-160         ^H 

-9.00O44 

00060 

16 

00212 

168 

10 

.00179.00184 

6 

0OO81!—  98          ^H 

-10|.0OOO4 

.00011 

7 

.00081 

77 

11 

00084^.00089 

6 

.000281—  66          ^H 

-H 

.00002 

.00028 

12 

.00038'  00041 

3 

00009—  29          ^H 

-IS 

OO0O9 

13 

.oooiel.ooois 

2 

.00002—  14          ^H 

-13 

.00002 

14 

.000071.00008 

1 

.00001 

6          ^ 

■m 

,00001 

lo 

00003: 00003 

0 

3          H 

16 

.00001,00001 

0 

1     ^M 

17 

1.00001 

1 

^M 

.-.log'g)  =  (a.J_l)l„g'(l  +  ^)_„                                                              ^1 

='»■'-)  {s-i(s)'-^i(s)'--}-       V 

=-i^+(S-l)S-flI4)(£)'+(S-J)(S)'-<-'    ■ 

Since  i  is  a  finite  area,  oi^-i-b  is  in  general  a  finite  niimber.     By  (14)  we          ^^M 

bave                                                                                                                               ^M 

S-(yt-                  '^^'     ■ 

,     which  is  in  general  an  infinitesimal.      Neglecting  ail  terms  in  which  x^ah          ^^M 

MM  ^  factor,  (55)  is  reduced  to                                                                                     ^^^ 

1           M!)  =  -l5.       .■•.  =  —•               ■ 

^^  Bwtoring  the  value  of  c  from  (52),  noticing  that  when  Ic  is  really  infinite         ^^H 

^Ke  have                                                                                                                         ^^H 

^f                       alb  =  ikbl^bl  =  c^o,         .-.  A'  =  1,                                       ^H 

■r  get  finally                                                                                                        ^M 

nfae  equation  of  a  common  probability  curve  like  (1).     This  is  the  same  re-          ^^| 

Knit  we  would  have  obtained  in  the  first  place,  if  we  had  nt^l'd  tPy  in  (10).          ^H 

If  instead  of  retaining  only  Sy  and  (Py,  we  Rhould  also  retain  tPy,  the  re- 
anlting  equation,  if  we  could  integrate  it,  would  doubtless  give  a  limiting 
curve  of  still  more  general  form,  of  which  the  gamma  curve  is  but  a  partic- 
ular case.  Under  this  view,  the  probability  curve  (57)  and  the  gamtna 
curve  (52)  are  only  first  and  second  approximations  to  the  actual  form  of  an 
expansion  to  a  high  power. 

It  must  be  observed  that  since  dx  represents  the  common  interval  between 
consecutive  coefBcients  y  in  the  expanded  series,  the  abscissas  x  corresiwad- 
ing  to  ordinat«a  at  and  near  the  origin  will  have  the  values 

....  —dx,  0,  dx,  2dx,  ..... 
so  that  x'-h6  and  x-i-ab  la  (55)  will  there  be  o(  the  same  order  of  magni- 
tude, and  the  latter  cannot  be  neglected  in  comparison  with  the  former. 
The  curve  is  thus  rendered  unsymmetrical  in  the  immediate  vicinity  of  the 
origin,  and  the  maximum  or  vertex  is  thrown  a  very  little  to  one  side  of  the 
centre  of  gravity.  But  if  the  given  polynomial  (6)  is  such  as  to  make  6,=0, 
then  (56)  makes  x-i-ab  absolutely  null,  and  the  terms  in  which  it  is  a  factor 
disappear  altogether  from  (55),  leaving  (57)  as  the  exact  result,  and  show- 
ing that  the  probability  curve  is  a  special  case  of  the  gamma  curve,  occurr'g 
when  1-T-a  =  0.  This  case  arises  at  the  moment  when  the  gamma  curve 
passes  from  the  direct  to  the  reversed  position,  as  noticed  in  connection  with 
(39).  The  X  axis  the^  becomes  an  asymptote  to  the  curve,  not  on  one  aide 
only,  but  on  both  aidea.  Again,  if  b^,  though  not  absolutely  zero,  ia  quite 
small  in  comparison  with  6,,  making  ^'  quite  small  in  comparison  with  e', 
a  thing  which  often  occurs,  then  a  is  a  very  large  number,  and  terms  con- 
taining x-i-ab  may  be  dropped  from  (55)  as  before.  In  other  worda,  if  the 
asymmetry,  as  measured  by  the  c.  m.  inequality  ^,  is  small,  the  gamma 
curve  does  not  differ  materially  trora  the  common  probability  curve,  and 
the  latter  may  be  preferred  to  it  for  practical  use,  as  being  more  simple. 

But  when  ^  is  so  large  that  a  is  a  small  number,  the  probability  curve 
will  not  represent  the  true  form  of  the  expansion  of  a  polynomial  to  a  finite 
power  with  sufBcient  accuracy.  Take  for  instance  that  of  the  binomial  (53), 
for  which,  with  dx  =  1  aa  before,  and  b  =  9.9,  we  get  by  (57) 

]ogy  =  r.l030924~.021934073;2.  (68) 

The  terms  of  the  series  computed  by  this  are  entered  in  column  (3)  of 
Table  I.  Their  sum  is  unity  as  it  should  be.  The  differences  (3)  —  (1) 
between  the  computed  values  and  the  true  ones  are  also  shown.  On  an  av- 
erage they  are  more  than  1 2  times  as  great  as  the  differences  (2)-(I)  afforded 
by  the  gamma  curve. 

That  the  expansion  of  a  polynomial  to  a  high  power,  taken  aa  a  whole, 
tends  to  become  more  and  more  symmetrical  in  form  the  higher  the  power 
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18,  may  be  inferred  from  the  proi^rties  of  the  qiiaJratic  and  cubic  radii, 
wilbout  regard  to  any  precise  analytical  expression  for  the  limiting  curve. 
While  the  whole  length  of  the  expanded  series  increases  in  proportion  to 
the  exponent  k  of  the  power,  tlie  quadratic  radius  of  the  coefiicients,  about 
their  centre  of  forces,  increases  only  a»  the  square  root  of  k,  while  the  cubic 
radius  incresses  still  more  slowly,  being  proportional  to  the  cube  root  of  k, 
as  seen  in  connection  with  (37). 

Suppose  that  the  coefBcIents  X  in  the  polynomial  (5)  represent  the  proba- 
bilities of  the  occurrence  nf  the  various  possible  true  errors  of  an  observed 
quantity,  these  errors  being  multiples  of  the  unit  of  measure  Jz,  which  may 
be  taken  as  small  as  we  please,  while  m  Is  a  whole  number  so  large  that  the 
greatest  error  will  not  exceed  ±  mJx.  In  any  term  /.fi'  the  coefficient  X^  is 
the  probability  that,  in  a  single  observation,  the  error  which  occurs  will  be 
X  ^  iJx.  The  centre  of  gravity  of  the  coeffic's,  regarded  as  the  masses  of 
material  p'ts  ranged  along  the  imponderable  axis  of  X,  may  or  may  not  co- 
indde  with  the  place  of  X^,  but  wherever  it  is,  its  abscissa  x^,  or  lever  arm 
aboQt  the  place  of  ^f,,  is  the  arithmetical  mean  of  all  the  possible  true  errors 
of  a  single  observation,  each  error  being  taken  with  a  weight  proportional 
to  the  probability  of  its  oe<;urrence.  Let  e  and  ^  denote  the  quadratic  and 
cubic  radii  of  the  masses  X,  about  the  centre  of  gravity.  These  are  the  same 
as  the  q.  m.  error  and  c.  m.  inequality  of  a  single  observation,  if  what  we 
call  errors  are  not  necessarily  true  error«,  but  only  deviations  from  the  cen- 
tre of  gravity  or  lUlimale  aritfi,  mean.     (Analyst,  VIII,  p.  141.) 

If  k  such  observations  are  taken,  the  possible  true  errors  of  their  sum  will 
be  the  exponents,  and  their  probabilities  will  be  the  coefiicients  /,  in  the  po- 
lynomial (6;,  which  is  the  expansion  of  (5)  to  the  k  power.  The  centre  of 
gravity  of  all  the  coefficients  I  will  be  approximately  the  place  of  the  max- 
imum coefficient,  and  its  abscissa,  or  lever  arm  about  the  place  of  ^qi  will 
be  £x,.  This  lever  arm  is  the  arithmetic  mean  of  all  the  possible  true  errore 
in  the  sum  of  k  observations,  the  errors  being  weighted  for  probability  of 
L,oocaiTence.     The  quadratic  and  cubic  radii  for  the  masses  I,  about  the  ceu- 

^"  The  probability  that  the  true  error  of  the  sum  of  k  observations  will  be 
X,  is  the  same  as  the  probability  that  the  true  error  of  their  arith.  mean  will 
be  x-i-k.  If  we  suppose  the  coefficients  or  masses  /  to  be  set  closer  together, 
so  that  the  commou  interval  between  them  is  reduced  from  Jj  to  Jx-^k, 
their  distribution  along  the  X  axis  will  represent  the  law  of  facility  of  error 
in  the  meau  of  k  observations.  The  limits  of  possible  error,  which  were  ± 
nJj;  tor  the  sum,  will  be  reduced  to  ±  mAx  for  the  mean,  being  the  same 


t^  of  gravity,  will  be 


Bid  these  are  the  q 


Z  =  ^^k,  (59) 

inequality  of  the  sum  of  k  observa- 


aa  for  a  single  observation.  The  centre  of  g.  of  all  the  masses  /  will  now,  at 
before,  be  the  ftpproxiiuate  place  of  the  Diaximiim,  and  its  abscissa,  or  lever 
arm  about  the  place  of  /„,  will  be  reduced  Irom  ia:,  to  x^.  showing  that  if 
there  is  any  true  error  in  the  ultimate  mean,  or  arilh.  mean  of  all  the  possi- 
ble values,  weighted  for  probabi'ty  of  occurrence,  if  is  the  same  for  the  arith. 
mean  of  k  observations,  as  it  is  for  a  single  observation. 

Since  the  distance  of  each  of  the  masses  /  frcm  the  centre  of  gravity  is  i 
times  less  for  the  arith,  mean  than  it  was  for  the  sum,  \-i-k  becomes  a  com- 
mon coefficient  of  all  the  distances  which  go  to  make  up  the  quadratic  and 
cubic  radii,  which  are  consequently  k  times  less  for  the  mean  than  they  were 
for  the  sum.  Hence  by  (59),  the  q.  m,  error  and  c.  m.  inequality  for  the 
arith.  mean  oft  observations  will  be 

s„  =  t^^%  Co  =  C-^A^-  (60) 

When  k  is  increased,  the  q.  m.  error  of  the  mean  diminishes,  being  inv'sely 
as  \/k,  while  the  c.  m.  inequality  diminishes  more  rapidly,  being  inversely 
as  ^i*.  If  we^take  64  times  as  many  observations,  the  q,  m.  error  of  the 
mean  result  will  f>e  one  eighth  as  large  as  before,  but  the  c.  m.  inequality  of 
the  possible  errors  of  the  mean  will  be  only  ooe  sixteenth  as  lai^  as  before. 
This  goes  to  show  that  as  k  increases,  the  ctirve  of  facility  of  error  in  the 
mean,  taken  as  a  whole,  becomes  more  and  more  symmetrical  on  either  aide 
of  the  centre  of  gravity. 

It  may  be  remarked  here,  by  the  way,  that  a  relation  holds  for  the  c 
m.  inequality,  very  similar  to  that  which  holds  for  the  q.  m.  error,  in  a 
quantity  X  which  is  connected  with  other  quantities  ^i,  x^  Ac.  thus, 

X  =  a^x^-\-a^x^-lra^x^-\-&f:.,  (61) 

where  0|,  Oj  &c.  may  be  essentially  either  +  or  — .  The  errors  of  a;,,  *, 
&c.  are  supposed  to  be  independent,  that  is,  the  error  of  one  has  no  inflnence 
on  the'error  of  another.  If  ej,^^  <tc.  denote  the  q.  m.  errors  of  a;,,  x^  Ac., 
and  £  denotes  the  q.  ni.  error  of  X,  then  as  is  well  known 

e»  =  (o,e,)'  +  (a,ea)'  +  (a3^3)'+<^-  {62} 

(See  the' method  of  proof  which  I  pave  in  Anai^ybt,  VIII,  p.  139.)  In 
like  manner,  it  is  easily  seen  that  if  the  errors  to  which  x-^,  x^  &c.  are  liable 
are  of  such  nature  that  +  and  —  errors  ol  equal  amount  are  not  equally 
probable,  then  denoting  the  c.  m,  inequalities  of  x-^,  x,  A<i  by  d,  Jj  &c.' 
and  that  of  X  by  Ci  ^^  ^li^''  '^^^^  ^y  "irtue  of  (37) 

C*  =  (aiCi)'+{«»C>)'+(«aCa)H&c  (63) 

The  tti,  Oj  &c.  are  merely  coefficients,  so  that  any  actual  error  of  a^x^, 

for  instance,  is  o^  times  the  actual  erior  of  x-^.     Then  the  c.  m.  ineqnali^ 

of  a,K,  is  aiCi>  that  of  fljZj  is  UjCai  *t"i  so  on.     The  c.  m.  inequality  of   , 

— ij  being— Ca.  ^^^^  of  (^1^3:2)  is  the  cube  root  of  (C}±Ca}' 

[To  be  continued.] 
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As  a  statistical  test  of  the  accuracy  of  the  laws  of  error  expressed  by  I 
(8),  (9),  (10),  500  actual  errors,  e'  =  (1— (>i  +'«».  corresponding  to  iotes^  " 
polated  values  derived  from  a  5-place  table  of  lo^s  have  beeu  computed  by 
means  of  a  7-place  table.  In  each  case  t  was  taken  equal  to  j,  or  the  errors 
of  interpolated  mid-values  were  computed.  The  arguments  used  were  the 
following  numbers:  20005,  20035,  20065,  20105,  20135,  20165,  20205, 
etc.,  in  the  same  order  to  36635.  Now  for  (  —  i,  a  =  6  =  J,  and  hence  by 
(8)  and  (10)  JM 

f(e)  =      4£+2  for  values  of  e  bet'n  — J  and  0,  ^^H 

y=(0  =  -4e+2"       "       "e     "      +i  "      0.  ^H 

From  the  integral  7\2±4£)rf£,  the  percentages  of  tlie  whole  number  of  er- 
rors to  be  expected  between  the  limits  0  and  O.I,  0,1  and  0.2,  etc., np  to 0.4 
and  0.5  may  be  computed.  The  following  table  gives  a  comparison  of  tl 
peroeotages  witb  those  derived  from  the  500  actual  errors. 


Between  Limits. 

Percent  of  wliole  number  of  eiTore.| 

By  Tiieooy. 

By  Trial. 

0.0  and  0.1 
0.1     "    0.2 
0.2    "    0.3 
0.3    "    0.4 
0.4    "    0.6 

0.0    "    0.16 

36 
28 
20 
12 
4 
60 

33.2 
30.2 
19.0 
13.2 
4.4 

ei.4 

The  average  of  the  squares  of  all  probable  errors  given  by  oq's  (13)  I 

(i)'  I  2/V(ft  +4  JV-V-'2i(T^)]'d(  }  =  0.594(J)*. 

2.  The  consideration  of  the  probable  errors  of  interpolated  values  of  tfie 
second  species  presents  some  peculiar  features,  which  are,  perhaps,  more  in- 
teresting than  important.  These  features  arise  from  the  fact  already  stated 
that  £3  in  the  formula  e"  =  (l — ()ei-|- (£2+^81  '^  discontinuous  for  any  val- 
ue of  (.  Thus,  when  f  =  J,  Cg  must  be  either  0  or  |  according  aa  the  tab- 
nlur  difference  is  odd  or  even,  and  these  two  values  of  e^  are  equally  likely 
to  occur.  For  ( =  ^  therefore  we  may  imagine  any  large  number  of  reeolt- 
ant  errors,  t",  to  be  made  up  of  two  distinct  systems  of  error,  namely,  let 
that  which  embraces  all  cases  in  which  Cj  ^  0,  and  2Dd  that  which  embraces 
all  cases  in  which  £3  =  J.  In  the  first  system  the  probable  error  is  ±0.16 
as  given  by  the  second  of  (13)  for  t  =  J,  since  £3  =  0.  In  the  second  sys- 
tem all  Values  of  £"  will  be  positive  or  negative  according  as  £,  is  takeD  = 
-j- J  or  =  — J ;  and  the  probable  error  will  be  +}  or  — J  according  as  Cg  = 
+Jor— J. 


f 


On  the  other  band,  we  may  consider  any  largel 
number  of  values  of  s",  embracing  both  classes  i: 
wliich  Bj  =  0  and  B3  =  J,  as  one  system.     In  such  I 
a  system,  supposing  the  value  for  £3  positive  only, 
the  actual  errors  will  vary  in  magnitude  betwci 
the  limits  —  i  and  +  1.     The  law  of  facility  fori 
the  errors  in  the  eysl«m  in  which  £3  =  0  only, 
represented  by  the  isosceles  triangle  AJBC,  the  base  I 
AS  being  the  axis  of  e  and  the  altitude  OC,  being  I 
the  axis  of  yj(e).     Likewise,  the  isosceles  triangle  I 
ODE  repreoenla  the  law  of  facility  for  the  system  I 
of  errors  in  which  £j  =  -fj  only,  the  origin  bein 
at  O  with  axes  OEaad  OC  respectively.     If  the| 
element-areas  representing  the  probabilities  of  ei 
errors  in  the  two  systems  be  summed,  the  resuitl 
will  be  the  probability-area  corresponding  to  thel 
combined  system  of  errors.     This  area  is  repre-F 
&eDt<»]  by  the  trapezoid  ACDE,     Therefore 

for  values  of  e  between  — ^  and      0,  f{t,)  =  2  +  4j, 

«        «        "    .        "  0     "      +J,v:(.)   =   2,  I 

«       "       «    e       "         +i    "     ■^\,f{€)  =  4  — 4s. 
If  we  consider  all  possible  errors  in  this  system  with  reference  to  m^nit'de 
only,  the  probability -curve  becomes  a  straight  line  joining  the  points  whose 
coordinates  are  (0,4)  and  {1,0),  such  line  being  represented  by  EDF'xa  the 
sbove  Figure.     The  law  of  facility  is 

fC)  =  4(1-=)- 
To  determine  the  probable  error,  r,  we  have  the  couditioo 

;)de  =  J  )    4(1  — e)d£  =  1,  whence 

4r  — 2r»  =   1  and 

r  =  1  —  J^/2  =  +0.29. 
In  order  to  verify  by  an  actual  test  this  result,  which  indeed  differs  from 
the  reault  reached  by  a  distinguished  mathematician,  see  §  5,  the  actual  er- 
rors of  500  interpolated  mid-values  from  a  5-place  table  of  logarithms  have 
been  computed  by  means  of  a  7-pIace  table.  These  mid-values  correspond 
to  the  arguments  mentioned  under  §4, 1,  above;  and  their  actual  errors  cor- 
respond to  s"  in  the  formula  e"  =  (1  —  (}'i+'^»+'3i  f"^""  '  =  J*  ^^^  ^y 
the  law  of  error  just  derived,  one-half  of  these  actual  errors  ought  to  be  lees 
than  0.29.     Likewise,  from  the  integral  /4(1  —  e)de,  the  percentages  of  the 


■irhole  number  of  errors  to  be  expected  between  the  limits  0  and  0.2,  < 

*fl.4  etc,  to  0.8  and  1  can  be  compnted.     The  followiog  table  affords  a 

pariaon  of  the  theoretical  and  observed  percentages. 


Between  Liraita. 

Per  cent  by  Theo. 

Per  «!nt  by  Oba. 

0     and  0.2 

36 

3.5.8 

0       "    0.29 

60 

49.8 

0.2    "    0.4 

28 

27.8 

0.4     "     0.6 

20 

18.6 

0.8    "    0.8 

12 

12.2 

0.8    "    1.0 

4 

6.6 

Again,  suppose  ( =  J.  Then  Cj  =  0,  +J  or  — J,  and  theee  values  of  e, 
are  equally  likely  to  occur.  Any  large  number  of  actual  errors,  e",  for  t  ^ 
}  may  therefore  be  considered  as  a  combination  of  three  dietiuct  systems 
corresponding  respectively  to  the  three  different  values  of  Sj.  For  the  sya- 
tem  in  which  Eg  ==  0  only,  f{t)  is  given  by  equations  (8),  (9),  (10)  by  put- 
ting a  ^  8  ^  i  ^  ?)  and  6  ;=  JX  J  ^  J.  For  the  systeai  in  which  e^  ^ 
+f  on]y,^(E)  will  result  from  (8),  (9),  (10}  by  giving  to  a  and  b  the  valuee 
jnst  mentioned,  and  substituting  for  e,  e  -}-  i ;  or  in  other  words  by  moving 
the  origin  a  distance  +  J  to  the  left  of  its  position  for  tlie  system  of  erron 
in  which  eg  =  0  only.  Likewise,  for  the  system  in  which  e,  =r  — J  only, 
p{e)  will  result  by  substituting  for  e  in  y(e)  for  the  first  system,  *— J.  See 
Fig.,  p.  149,  (  =5  J.  If  the  areas  representing  the  probabilities  of  equal  er- 
rors in  the  three  systems  be  summed,  the  probability- area  for  the  original  or 
combined  system  will  result.  This  area  will  be  a  trapezoid  whose  base  is 
^,  whose  side  parallel  to  the  base  ia  |,  and  whose  altitude  is  3,  the  other 
two  sides  making  angles  with  the  base  whose  tangents  are  +  J  and  — |  r^ 
apeotively.     Therefore 

for  errors  lying  between  — f  and  — J,  ^(e)  =  J(15-(-18e), 
"       "         "  "         -i   "     +i,  »>(.)  =  3, 

"    "     '■       "     +i  ••  +i,  ri')  =  i(i6-i8.). 

Hence  the  probable  error  will  result  from 

J^i(l5  +  18E)dE  =  f*hll5-lS^)de  =  i, 

which  gives 

r  =  ±J[5  — y'(12)]  =  ±0.26. 

Similarly  it  may  be  shown  that  for  i  =  J,  in  which  case  e,  =0,  -f  J, 
}  or  — ^,  the  possible  errors  being  considered  with  respect  to  mag.  onlj 


other 

I 
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(p{()  =  J(24 — 16e)  for  values  of  e  betwecD  0  and  J, 


y(.)  =  Jl28- 


!.)  ' 


1    ■'     i. 


I 


1, 


yW  =  Kie-16.)  "     ■'     "  t 

ud  r  =  tp-v'(23)]  =  0.28. 

Likewise  for  (  =  J,  in  which  case  eg  =  0.  -t^i-  +?>  — i  or  — ^,  it  may 
be  shown  that 

f{t)  ^  VdV^"  0  *or  values  of  e  Ijetweeo  — .j^  and  — ^, 

f{')  =  5  "      "      "  *     "      -A  "    +U 

f(«)  =  V(A-=)  "     "      "  '      "      +T^  "   +A. 

ind  r  =  H:^[9-,../(40)]  =  ±0.27. 

By  extending  the  above  process  the  probable  errors  io  other  and  more 
complex  cases  might  be  determined.  Without  going  into  these  details, 
however,  it  is  evident  that  the  probable  error  of  an  iotcrpolated  value  of  the 
second  species  will  in  general  be  greater  than  the  probable  error  of  a  tabular 
value.  For  values  of  (  euch  thai  1-h(  is  lai^e  relatively  to  the  largest  tab- 
ular difference  i::  the  table  used,  e^  may  become  insignifiiant  in  comparison 
with  (1 — t)c,-f  fE,,and  the  probable  error  will  be  given  in  this  case  by  for- 
mulas (J3).     At  the  limit,  where  (  ^  0,  Sj  vanishes,  and  r  =^  ±0,25. 

It  is  concluded,  therefore,  that  the  use  of  interpolated  values  of  the  sec'd 
species  will  not  insure  the  highest  precision  possible  with  a  given  table.  In 
precise  computations,  indeed,  there  can  ba  no  adequate  reason  for  introdu- 
dng  the  error  c^  since  the  computer  cannot  avoid  knowing  its  value. 

3.  By  reference  to  equation  (5)  it  appears  that  the  probable  error  of  an 
interpolated  value  of  the  third  species  is  the  same  as  that  of  a  tablar  value. 
Henoe  there  must  be  on  the  whole  a  loes  of  precbion  in  using  interpolated 
values  of  this  species, 

4.  For  interiKiIated  valaea  of  the  fourth  species  the  probable  error  will 
be  given  by  equations  (11)  and  {12)  by  making  o  =;  J  and  assigning  to  b 
thejimiting  value  of  e,,  which  is  subject  to  the  condition  mentioned  in  §3. 
Whatever  this  limiting  vatoe  of  e^  may  be,  the  probable  error  of  the  inter- 
polated value  cannot  be  less  than  ±  0.26.  When  (  is  such  that  e^  may 
have  any  value  between  4*)  and  — \  the  probable  error  will  be 


At  the  limit,  where  t  =  0  and  e. 


±r(l— J,^2)  =  ±0.2 


Historical  Note. 
§  5.     Since  at  least  three  distinguished  mathematicians  have  each  consid- 


i  one  or  more  of  the  problems  discuss 


I  this  paper,  without  having 


reached  coDcIusionfl  altogether  accordant,  a  brief  reference  to  their  investi- 
gations may  not  be  unintereeting. 

1.  Besael,  1838,  ia  Nob.  358  and  359  of  the  Astronomiache  Nachricb- 
ten,  in  an  article  entitled  Utttersitckunffen  veber  die  iVahrschnnlickketi  der 
Beobachtujiffafehlcr,  has  investigated  the  laws  of  error  diecuseed  in  §4,  1. 
This  article  is  an  admirable  one  and  merits  more  attention  than  it  seems  to 
have  received  by  writers  on  the  theory  of  errors.  In  No.  Jj29  of  the  Nach- 
richten,  in  a  review  of  Captain  Shortrede's  7-place  tables  of  logarithms) 
Bessel  has  applied  the  laws  of  error  defined  by  equations  (8),  (9),  (10),  to 
determine  the  probable  error  of  an  intcrjvolated  value  of  the  6rst  species. 
He  observes  that  the  proportional  part  may  be  computed  by  means  of  the 
tabular  difference  or  by  means  of  the  true  difference,  giving  rise  to  what  we 
have  called  the  first  and  third  species.     He  then  says 

Man  bemerkt  leicht,  dass  die  erste  methode  die  vortheilhaftere  ist,  aber 

ich  erinnerc  niich  nicht,  dass  der  wahrseheinliche  Fehler  ihres  Resultats 

methodische  untersucht  worden  wiere. 

Bessel  does  not  raise  the  question  of  the  independence  of  the  errors  of 

consecutive  tabular  values.     His  analysis  leads  to  equations  (13).     He  does 

□ot  consider  the  probable  errors  of  interpolated  values  of  the  second  species. 

2.  Bremiker,  1852,  in  the  introduction  to  the  Latin  edition  of  his  6- 
place  tables  of  logarithms  has  an  important  chapter  entitled  De  Errorihat, 
Quibua  Ccrniputationes  Logarithmicae  A^icltintitr.  This  cbapt.  aims  to  give 
a  more  comprehensive  view  of  this  subject  than  any  work  with  which  the 
writer  is  acquainted,  and  its  omission  in  subsequent  editions  of  Bremiker's 
tables  would  seem  to  have  relegated  it  to  unmerite*!  obscurity.  Among  oth- 
er problems  Bremiker  considers  that  of  the  probable  errors  of  interpolated 
values  of  the  second  species.  (See  his  §  12.)  His  treatment  of  this  problem 
is,  however,  quite  erroneous  owing  to  the  fact  that  he  has  considered  i,  in 
e"  ^  (1  — t)e-j  +  («!+  63  continuous  between  the  limits  +  ^  and  —  ^  for 
itny  value  of  t.  He  says,  p.  69,  his  f^,  f^,  f^  and  e  Vieing  the  same  as  our 
■i)  'ai  *3  ^"'^  'i  respectively, 

Sumatur,  /^  et/^  esse  errores  logarlthmorum  tabulce  X|  et  £3,  ita  in- 
telligendos,  ut  L^  +/i  et  L^  +/a  ^"''  exacti  logarithmorum  valores, 
error  logarithm!  i^+eJ  erit 

/i  +  «(/>-/,)  +/, 

si/j  designat  errorem,  qui  e  producto  decurtato  eJ  proSciscitur,  /  vero 
putatur  quilibet  valorum  aMjue  probabilium,  qui  inter  — 7'(=i)  et  +;• 
jacent Itaque  primum  quaeramus,  quos  valores  summa 

accipere  possit,  si  pro  illis  /  omnes  valores,  que  esse  posauat,  i 
probabiles  et  intra  — \  et  -j-^  jaoentee  ponantur. 
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fie  then  states  that  the  limits  of  this  sum  &re  — 1  and  -f  1,  and  proceeds 
to  determine  the  probable  errors  of  interpolated  values  corresponding  to  sev- 
eral values  of  c  —  i.  His  results  are  very  different  from  those  reached  in 
54,  2,  inasmuch  as  they  increase  gradually  from  a  mioimura  ±  0.26  for 
t=  ^,  to  a  maximum  ±  0.29  for  t  ^  0.  The  second  of  these  probable  er- 
rois  is  curiously  absurd,  since  the  inference  from  it  is  that  an  interpolated 
value  infinitely  near  a.  tabular  value  ia  less  atxnrate  than  a  tabular' value.* 
It  may  be  remarked  that  the  probable  error  ±0.26  for  (  =  J  does  not  cor- 
respond to  the  percentages  of  actual  errors  given  in  §  4,  2. 

3.  F.  G.  W.  Stnive,  1860,  in  Arc  Du.  Meridian,  Tome  I,  p.  94,  has 
ooafiidered  the  problem  of  the  probable  error  of  an  interpolated  value  of  the 
firet  species.    He  gives  no  analysis,  but  says  briefly  and  somewhat  obscurely 

JL'erreur  probable  d'nu  logarilhme  doune'  immc'diatement  dans  les  ta- 
bles est  0.25  de  la  septieme  de'cimale;  I'erreur  probable  d'un  loga- 
ricfame  de'duit  par  1'  interpolation  entre  deux  chiffres  tabulaires  n'  est 
que  y'i  de  I'autre  erreur. 
This  statement  may  I>e  interpreted  thus.     If  in  equation  (2),  e^  and  Ej 
be  supposed  to  conform  to  the  ordinary  law  of  error  viz.,  p(E)=(A^[/aJe~"" 
the  probable  error  corresponding  to  e'  will  be 

i[(l-()"+^'-  =  ill-2t+2^]\ 

r  Now  the  square  root  of  the  average  of  the  squares  of  probable  errors  giv- 
by  this  formula  is 
l[/.(l-2l+2<'W  =  iv/J  =  ±0.204. 
AlthoDgh  f ,  and  c^  do  not  conform  to  the  ordinary  law  of  error,  it  is 
Interesting  to  note  that  the  above  formula  gives  results  which  do  not  differ 
widely  from  the  true  results  given  by  equations  (13),  Struve  makes  no  ref- 
erence to  the  writings  of  Bessel  or  Bremiker  on  this  subject. 

'[Because  Cg  must  necessarily  represent  plus  or  minus  0,  J,  2,  3  or  4 
Dolts  in  the  last  place  Ggure  of  the  interpolated  value 

fev'  =  (1— ()D,  +  (rj, 
I  because  any  one  of  these  digits  is  equally  likely  to  occur,  whatever  the 
ne  of  v'  may  be,  the  actual  value  of  Eg  is  therefore  independent  of  the 
vahie  of  v',  dei>€nding  only  on  the  terminal  digit  in  the  numerical  expres- 
don  for  v',  and  is  therefore  equally  continuous  with  Ej  and  e,.  But  the 
probable  error  of  the  interpolated  value  will  necessarily  be  increased  by  the 
addition  of  e^,  and  as  its  maximum  occurs  at  the  greatest  distance  of  the 
interpolated  value  from  mtd-value,  the  absurdity  above  alluded  to  is  not 
^parent. — Ed.] 


If  we  regard  equation  {6),  p.  150,  as  simply  equivaleot  to  oo.O  =  2-7-jr 
it  presents  no  difficulty;  but  if,  on  the  other  hand,  tht  symbols  (1 — I)"  and 
(1 — 1)"**  be  supposed  to  stand  for  the  limits  of  (1 — a)'*  and  {1 — x)~^  when 
*=  1,  the  result  appears  paradoxical,  since  then  the  product  of  these  quan- 
tities and  therefore  its  limit  is  equal  to  unity. 

The  former  is  in  fact  correct  for  although  equation  (2)  is  the  reaalt  of  pat- 
ting a;=  1  in  the  expansion  of  (l-a:)",  (3)  is  not,  since  the  process  of  trans- 
forming the  infinite  series  into  an  infiaite  product  is  applicable  only  when 
X  =  1.  Thus  equation  (3)  means  nothing  more  than  that  the  infinite  pro- 
duct in  the  second  member  hap  zero  for  its  limit;  in  like  manner  equation 
(4)  means  only  that  the  infinite  product  in  its  second  member  has  no  limit. 

Moreover,  the  product  obtained  by  taking  an  infinite  number  of  factors 
from  each  series  may  have  any  value  we  choose,  for  this  value  is  a  function 
of  the  ratio  of  the  infinite  numbers  of  the  factors  taken  from  the  two  series. 
If  p  factors  be  taken  from  (4)  find  q  factors  from  (3)  the  value  of  the  pro- 
duct, when  p  and  q  are  both  infinite  but  p-i-q  =  a,  is 


pattang  n  =  ^  and  assuming  a  =  I,  as  implied  in  the  manner  of  ^Titing 
Wallis'  Theorem,  the  reenlt  becomes  2'^;r. 


lerpendicuiar 
>n  the  pla^_^ 


Note  oy  Exp£bih&ntal  Confirmation  op  Theoeetical  Deduc- 
tion, BY  THE  Editor. — If  a  plane  surface  is  ruled  with  parallel  and  equi- 
distant lines  and  a  slender  rod,  the  length  of  which  equals  the  perpendicular 
distance  between  two  consecutive  lines,  is  tlirowo  at  hazard  upon  the  pla 
the  probability  that  it  will  fall  across  a  line  is  2-v-n,  (See  Mat 
Monthly,  Vol.  II,  p.  236.) 

If  we  denote  this  probability  by  P,  we  shall  have 

Hence  a  rod  thrown  at  hazard  upon  the  plane  10,000  times  should  &11 
across  a  line  6366  times. 

At  the  recent  Montreal  meeting  of  the  American  Association  for  the  Ad- 
vancement  of  Science,  Prof.  Mendenhall  exhibited  before  Section  A.  of  the 
Aasodatioo  the  result  of  30,000  experiments  which  he  had  performed  by 
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^  CBstiog  a  rod  upon  a  ruled  sarface  as  above  described.  And  as  he  claimed 
that  he  had  avoided  all  conceivable  sources  of  bias  in  pitching  the  rod,  it 
was  expected  that  the  mean  of  so  great  a  number  of  experiments  would 
agree  very  nearly  with  the  theoretical  value  of  P;  but,  contrary  to  expec- 
tation, though  the  mean  of  the  tiret  3000  exiwriments  gave  almost  exactly 
the  theoretical  value  of  P,  from  that  point  onward  to  the  end  of  the  30,000 
trials  the  experimental  result  steadily  diverged  from  the  theoretical  value 
of  P. 

In  the  discussion  which  followed  the  reading  of  this  paper,  various  rea- 
sons were  assigned  for  the  discrepancy  between  the  theoretcal  and  practical 
results,  none  of  which  seemed  satisfactory  to  the  Section.  Among  other  pos- 
aible  sources  of  error  in  the  result  of  the  trials  a  personal  eq'n  was  suggested 
by  Prof,  Mendenball.  The  source  of  the  error  in  this  case,  however,  will, 
most  likely,  be  found  in  that  physiological  characteristic  of  muscular  action 
in  accordance  with  which  any  act,  frequently  repeated,  is  continued  uncon- 
ciotisly  in  the  same  way.  As  this  peculiarity  cannot  be  eliminated  by  a 
personal  equation.  It  follows  that,  in  experiments  of  this  kind,  instead  of  ap- 
proaching the  theoretical  value  indefinitely  by  extending  the  experiments  to 
a  very  great  number,  the  liability  of  falling  into  special  habits  alter  a  cert'n 
nnmber  of  experiments  have  been  performed  not  only  renders  further  exper- 
imentation, by  the  same  individual,  useless,  but  even  prejudicial. 


INTEGRATION  OF  SOME  GENERAL  CLASSES  OF 
TRIGONOMETRIC  FUNCTIONS. 


BY  PBOF.  P.  H.  PHILBRICK,  IOWA  STATE  UNIVERSITT,  IOWA  CITY. 

In  solving  some  of  the  more  difficult  problems  that  naturally  arise  In  the 
higher  branches  of  Applied  Mathematics  and  in  connection  with  a  general 
course  in  engineering,  one  frequently  has  occasion  to  perform  integrations, 
the  formulas  for  which  are  not  found  in  the  books,  at  least  not  in  those  ac- 
ceeaible  to  the  operator. 

Some  recent  experience  of  this  nature  led  me  to  integrate  some  very  gen- 
eral classes  of  Trigonometric  functions  to  which  those  I  incidentally  encoun- 
tered belong,  and  I  offer  the  results  and  the  methods  of  arriving  at  them  for 
Boch  consideration  aa  they  deserve.  It  is  perhaps  needless  to  remark  that 
the  subsidiary  formulas  required,  are  developed  and  used  irithoat  spedal  en- 
Aoiry  in  regard  to  their  existence  elsewhere. . 


Jnteentioa  of  -. ,— ; . 

Ik  (a+o  Bin  a:)" 

*  •'  (a+bainz)"        J  (o+6sinaJ"+i     •^  (o+6eini)*^' ' 

Letu  =  t-+-(a+Asina)'^',  do  =  isiniiir;  then 


^^^  (a+6  Bin  3:)"^ 

^^^     r  ._  "^ r___?^___, ftcoeg 

^^F'  J  (a+6flin7)"        J  (o+i'sinx)'^'       (a+ft sin «)"+» 

^H^     J  (a+fcaina:)"*'         J  (a+frsini)-*'       ^  'J  (a-^baaxf* 

^H  +2a  f  t^  _  f 

'  J  (0+6  sin  i)"        J  (0+6  sin  x)""*" 

Transposing,  dividing  by  (n  +  l){a*  —  6*)  and  writing  n —  2  for  n,iM 
have  finally:  | 

dx  &COBZ  ,        (Sn- — 3)a 

(n— l)(o*— 6')(o+A Bin x)— '  "*"  (n— l)(o'— 6') 

(ii!_ n— 2  r  (ir  „  | 

.)--'      (n-l){a*-6')J( 


(tt+ 6  Bin  «)■' 


e  f        <^  =    f, 

'^  (a+6tana!)'        J 


180— 
udx  =  ««  —  J  wft* 


'  (a+6tana!)' 

Tranaposing,  dividing  and  writing  n  —  2  for  n : — 

C        dx         _           b^ otang  —  6  ,  3it — 4     g 

J  (a+6tanir)"       (n— l){o'+6*)'(a+6tAni}"-»  n— 1  ^+F 


'  (a+6tanir)" ~  (n— 1  ){o'+ 6*)' (a + 6 tan i}' 

J  (a-f-6  tana:)— 1  {n—l){a*-\-t/)*    J  (a +6  tan  a;  J"-" 

5-2__a_r 
^n— 1  ((i"+6")"J  (d 


1  ((i"+6")"J  (o+6taii»)-«' 
In  a  similar  manner  we  may  deduce; — 

r        dx         fi"  acota;  — 5    j^3n — 4 


(3) 


'  {a+bcotxY~      (n— l)(a*+6*)'(o+i cotx)' 

r       rfe  3(i'(n— 2)+((»'+y)  r 

^J  {a  +  liMx)'~'         (n— !)((>"+'■)■    •'  (n+S 


(a'+i")'^(o+'cotx)— •' 


(4) 


Integration  of  r 


{a-\-  fi  Bee  ic)"" 

/•^  =      C  °^  MB  fBtXxdx  ^ 

{a-\- b sec x)"        J  (a-t-fiseca!)*'"'       J  (a-j-fiseci)^' 

=    r     ,  ,°^  „- .  +i  fcoBecxcQtx^fc  ,       i'"^  ,^.. 
^  (o+6seca!)"-'      J  (a+iseca-)-+i 

Let  cosecKcoticiic  =  dp,  — ooseax  =  v; 

tan'a;  2tan  a:  aec'a:  <& tan*i(n  +  Ij^seci  tan  ifir . 

(a+isecz)-^'  ~  "'  (o+68eca:)-+>  (0+6  sr ^'        ~   ~  ™' 


T+(«+I)« 


sec*a;(8ec*a; — l)di; 


[To  be  continued.] 


"Value  of  e  (Napierian  babe)  to  137  Decimals,  Computed  by 
BooBMAN,  Ebp. — 

e  =  2.718281  828459  045235  360287  471352  662497  757247  093699 
969574  966967  627724  076630  353547  594571  382178  625166 
427427  466391  932003  059921  817413  596629  04357. 
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on  ANEW  CUR  VE  FOR  THE  TRISECTION  OF  AN 
ANGLE. 


BY  DR.  WILLIAM  HILLHOUBE. 

The  foIlowiDg  method  for  the  triseetion  of  an  angle  from  0  to  360°,  Eb 
believed  to  be  new.  The  eq'n  to  the  curve  has  not  been  found  in  any  book 
relating  to  curves  that  bas  come  to  the  notice  of  the  writer,  nor  has  its  me- 
chanical description  ever  been  seen.  It  is  now  oEFered  lo  tliose  interested  in 
such  matters,  as  a  new  contribution  to 
the  subject,  and  if  it  should  excite  any 
interest  in  them,  or  in  any  way  prove 
of  value  in  geometry,  the  object  of  the 
writer  will  be  attained.  , 

ABCD,  Fig.  1,  represents  a  jointedf^, 
parallelogram  {AC,  FE  and  BD  are \\ 
supposed  to  be  infinite).     Into  CD  is  ';■ 
fixed  firmly  the  piece  FE,  whose  edge    \ 
FE  is  at  right  angles  to  CD.     This     ' 
piece  FE  ia  about  one-third  the  thick- 
ness of  CD  to  admit  of  its  passing  free- 
ly under  the  bar  AC,  which  is  elevated 
on  the  under  side  for  that  purpose.  The 
point  F  is  also  equidistant  from  the  in- 
ner edgfs  oi  AC  and  BD,     If  the  bar 
BD  be  fixed  on  a  plane,  and  the  bar 
^C  be  depressed,  as  indicated  by  the 
dotted  lines  in  the  figure,  A  C  will  al- 
ways remain  parallel  to  BD,  and  the 
bar  FE  will   incline  to  the  left,  as  fe, 
and  intereect  the  edge  of  ^iC     The  p't 
of  intersection  of  the  inner  edges  of  .4  C 
uid  FE  will  trace  out  (by  applying  a 
pencil  at  the  point)  a  locus,  represented     , 
in  part  by  the  line  bpo,  which  will  be 
of  the  fourth  order,  having  four  iufinite 
branches,  AH,  AO,  BN,  BK (Fig.  2). 
Hie  inner  edge  of  AC,  when  it  is 


r 
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■ 

. 

^^HHBB 

9 

^H 

1 

1 

■ 

1 

Let  XX,  YY  be  the  rectangular  axes  ;   0  the  origin.     With  0  aa  centre 
and  radius  OA  =  o,  descritw  a  aemi-circle  AFB,  and  with  radius  0C=2a 
describe  a  semi-circle  XCX.     Let  6  be  a  point  on  the  curve;  through  6 
draw   CD  parallel  to  XX,  cutting  the  outer  circle  in  C;  from  6  demit  bE 
perpendicular  to  XX,  and  produce  it  towards  L ;  join  CO  and  produce  the 
line  to  cut  bE  la  L;  now  Cb  and  Ob  are  constantly  equal,  and  CD  la  paral- 
lel to  XX     Then,  since  the  triangles  LGb  and  LOE  are  similar,           ^^ 
a:CL  ::  OE:  OL,                                 ^H 
Cb-.bL  ::  OE:EL;                                 ^^ 
or  putting  OE=x,bE=^y,  OF  =  OA  =  a,  00=  2a,  C6  =  06  =»  r, 
OL  =  z,EL  =  V,  CL  =  2a+ J,  it  becomes 
^_                                                  r  ;  2a4-E  ::  :e  :  z,                                         ^^_ 
^^^                                                                                                                     ^H 

^^^^                                                                                                       ^B 
^^^^    But  we  have           z'  =  a:'  +  «*,               H  =  aJ-(-y»;                 ^^| 
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J  _    4oV    ^ 

[r-x)^  _ 

or  4a'  =  (r  — ar)'  +  j/'.  "(l) 

nbstitating  for  r'Ja  (1),  and  reducing,  we  have  finally 
^a  ^  (2a'-y')' 
4a' — y' 
eqtiatioD  of  the  Iocob. 

trisect  any  given   angle,  draw  a  straight  line  (Fig.  3}  BOX  and  a 

[ht  line  BBD  at  right  angles  to  it.     From  B  lay  off  BO  =  a;  with  0 

itpe  and  distance  BO,  describe  a  circle  JBG,  and  also  from  the  same 

a  circle  with  radius  OC  =  2a.     Let  BOX  be  the  initial  line  from 

tb«  given  angle  ia  measured,  pa&sing  around  to  the  left;  let  JJOX  be 

igle  to  be  trisected.     From  0  draw  OKN  at  right  angles  to  HO,  and 

the  parallelogram  so  that  the  inner  edge  of  CD  (Fig.  1)  ia  on  the  line 

and  the  inner  edge  of  BD  (Fig,  1)  on  OKN;  depress  the  side  ^Cof 

|MtaIlelogram  so  that  the  intersection  of  Ihe  lines  j4Cand  FE  shall  be 

le  line  DBlijse.y  the  point  b;  join  bO,  and  from  the  point  b  draw  b/ 

ent  to  the  circle  BGf;  from  0  through  _/  draw  OfC,  which  will  be  per- 

ticular  to  hf,  and  join  hC.     Now  the  angle  0KB  =  CbB  =  HOX. 


—184— 

and  in  the  right  angled  triangles  bBO,  5/0,  the  side  BO  =  the  side  Of, 
since  the^  are  radii  of  the  same  circle,  and  the  side  bO  common,  therefore 
the  other  angles  are  equal,  that  is  OBB  =  Ol>f-  also  in  the  right  triangles 
bfO,  hfC,  the  side  OJ  =  the  eide/C  by  construction  and  the  side  lif  is  com- 
mon, therefore  the  angle  Ohf  =i  the  angle  Cbj.  But  OSfwas  shown  to  be 
=  065;  therefore  C8/"  =  ObB,  that  is,  the  three  angles  are  equal  to  each 
other.  But  the  three  angles  Cbjy  JbO,  ObB,  make  up  the  angle  CbB  = 
HOX  the  given  angle. 

Now  in  the  right  angled  triangles  6/Cand  OIC  the  angle  bCO  is  com- 
mon to  the  two  triangles,  therefore  the  remaining  angles  are  equal,  that  is, 
the  angle  COI  =  the  angle  Cbf;  but  Chf  has  been  shown  to  be  equal  to 
ObB,  therefore  COI  =  ObB;  but  ObB  is  one-third  of  C6fl  or  UOX, 
therefbre  HOC  =  one-third  HOX. 

Wm.  HiLL.Hoin 

New  Haven,  Conn.,  Jan.,  1878. 


Solution  op  Prob.  405  by  Prof.  C.  A,  Van  Vblzer. — To  fix  the 
des  take  the  determinant  of  the  Iciurth  order 


^     e^     d, 

To  the  second  column  add  ^,  times  the  first,  ntj  times  the  third,  and 

times  the  fourth,  where  ly,  m,,  n,  are  chosen  to  satisfy  the  equations 

(/i— l)a,-|-mic,-|-n,rf,+fii   =0, 

{l^—i]a^+mic^+n^d^+h^  =  0, 

(^1 — \)ai  +  m■^c^-\-n■^d^-\■b^  =  0. 

These  three  equations  are  sufiiclent  to  determine  the  values  of  (^i-l), 

n^,  but  if  to  these  we  add  a  iburth 

[^^-\)a^-\-m^a^^n^d^-\•b^  =  0 

these  four  equations  form  a  consistent  set  in  {ly — 1), 

terminant  of  the  coefficients  (viz.  the  original  delermin 

We  see  that  by  this  first  transformation  the  det«rmii 

a,     Cj     (i| 


I,  Hj,  since  the  de- 
it)  vanishes, 
nt  reduces  to 


Now  to  the  second  row  of  this  determinant  add  /,  times  the  firs^  J 
times  the  third  and  n,  times  the  fourth,  where  l^,  m^,  Uj  satisfy  the  e 
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(ij— l)ci  -t-wijOg  4-0,04  +0j   =  0, 
(ij— ijdj+madj+nad^+dj  =0. 
By  this  tranBformatioii  the  determinant  is  changed  into 
a,     0^     dj 

Oj  Oj  dy 

o^     04     dj 

I  determinaDt  in  which  the  firet  two  rows  are  identical  and  also  the  first  two 
oolamns.     The  same  process  evidently  applies  to  determinaDts  of  any  order. 


NEW  NOTATION  FOR  ANHARMONIC  RATIOS. 


BY  PROF,  WILLIAM  W00I5EY  JOHNSON. 

1.  The  notation  here  proposed  has  for  its  object  to  express  in  a  symmet- 
rical manner  the  relation  between  the  six  distinct  values  of  the  anharmonic 
ratio  of  four  points  and  the  four  modes  of  writing  each  which  constitute  the 
24  arraogemeiits  of  the  four  letters  concerned. 

2.  The  anharmonic  ratio  of  the  section  of  AB  by  PQ  is  the  ratio 

AP  .  AQ 
I  BP  '   BQ' 

■  regarding  A  and  B  as  fixed  points  of  reference,  the  constituent  ratios  AP 
-=-£Pand  ^Q-=--B9''^y  be  called  the  position  ratios  of  P &nd  Q.  Adis- 
tinction  of  sign  being  made  between  A  P  and  PA,  each  value  of  the  position 
ratio  determines  the  position  of  a  point,  n^ative  position  ratios  correspond- 
ing to  poinU  between  A  and  B ;  while  the  position  ratio  of  A  is  zero  and 
that  of  B  is  infinity.  The  anharmonic  ratio  is  the  position  ratio  of  P  di- 
vided by  that  of  Q,  and  rf^arding  Q  as  a  third  fixed  point  of  reference  the 
value  of  the  anharmonic  ratio  is  a  fixed  multiple  of  the  position  ratio  ol  P' 
and  may  be  considered  a  coordinate  determining  the  position  of  P,  in  such 
a  manner  that  the  coordinate  of  Q  is  unity. 

Now  let  this  anharmonic  ratio  be  denoted  by  writing  the  four  letters 
B  a  square  form  thus, 

P  A  _  AP      AQ  _  AP.BQ  _ 
B  q        BP  '  BQ        BP.AQ       *' 
I  which  it  ifi  to  be  remembered  that  the  letters  occupy  the  position  given 
u  their  coordinates  in  the  form 


(I) 


~  I 


Equation  (1)  shown  that  with  this  notation  the  anharmonic  ratio  i 
product  of  the  distances  expressed  by  the  rows  divided  by  the  product  expressed 
by  the  columns,  care  being  taken  to  read  the  letters  similarly  in  the  two  caaea; 
that  is,  if  in  oppsite  directions  in  the  two  rows,  then  also  in  opposite  direc- 
tions in  the  two  columns,  as  in  equation  (1),  but  if  in  the  same  direction  in 
the  two  rows  then  in  the  same  direction  in  the  two  columns;  thus, 
P  A  _  AP^BQ  _  PA.BQ 
B   q        BP.'Aq         PB.AQ' 

4.  It  follows  at  once,  from  the  rule,  that  an  interchange  of  A  and  B  w 
SD  interchange  of  P  and  Q  converts  the  anharmonic  ratio  x  into  ita  recipro- 
cal since  it  changes  rows  into  columns  and  columns  into  rows.  That  is  tht 
iitderchange  of  the  letters  forming  either  diagonal  produces  Ike  reciprocal.  Si- 
multaneous interchanges  in  both  diagonals  therefore  do  not  aSect  the  value, 
and  in  general,  simultaneous  inierchanges  in  two  pairs  of  letters  (that  is,  in 
both  rows,  or  in  both  columns,  as  well  as  in  both  diagonals)  do  not  aUer  the 
ttUue  of  the  ratio,  since  the  rows  thus  remain  rows  and  the  columns  remain 
oolumns.  Thus  the  four  modes  of  writieg  the  same  anbarmonic  ratio  are 
PA^QB_AP_BQ 
B   Q        A  P         Q  B         PA' 

6.  The  six  distinct  values  of  the  anharmonic  ratio  of  the  four  points 
may,  as  is  well  known,  be  obtained  one  from  another  by  the  process  of  al- 
ternately taking  the  reciprocal,  and  taking  the  complement  (defining  as  com- 
plements quantities  whose  sum  is  unity).  Thus,  starting  with  x,  the  six 
values  are  . 

12  3  4  6  6  ^^ 


(2| 


the  seventh  term  of  the  series  being  identical  with  the  first.    There  are  thus 
three  pairs  of  reciprocals,  or  values  having  the  symmetrical  relation 

xy  =  1; 
uid  also,  otherwise  grouped,  there  are  three  pairs  of  complements  having 
the  symmetrical  relation 

X  -\-  t  =1; 
but  furthermore,  there  are  three  pairs  having  the  relation  borne  by  the 
fourth  term  of  the  series  to  the  first;  viz., 

'  =  -..  od 

ot  xt  =  x  +  t,  ^^1 

which  ia  also  a  symmetrical  relation.     For  want  of  a  more  distinctive  tenn, 
I  shall  call  two  quantities  bearing  this  relation  conjugates. 
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6.     If  we  dcDote  the  operation  of  t&king  the  reciprocal  by  R,  that  of  tak- 
ing the  oomplement  by  G,  and  that  of  taking  the  cx>DJugate  by  J,  we  have 

R.Iia!  =  X  aOc  =  X  J.Jx  =  X, 

or  symbolically, 

iP  =  1  G"  =  1  J*  =  I.  (3) 

Placing  the  six  anhartnonic  ratios  at  the  vertices  of  a  hexagon  aa  in  the 
diagram,  R  ia  the  operation  of  passing  in  either  direction  along  one  of  the 
lull-lined  sides,  Cthat  of  passing  along  ou< 
the  dotted  sides,  and  J  that  of  passing  eitherl 
(ray  along  one  of  the  diagonals.  It  is  obvious  | 
that  we  have 

CRC  =  RCR  =  J,  ) 

JCJ  =  CJC=  R,}  (4)1 

RjR  =  JRJ  =  a  J 

We  shall  now  show  that  in  the  profmscd  notation  each  of  the  opera- 
tioDS  Cand  J,  as  well  as  the  operation  R,  may  be  effected  by  a  simple  in- 
terchange.   Consider  first  the  effect  of  interchanging  the  letters  in  one  of  the 

^columns  of  the  square  ibrm  x,  and  let 

Hi  _  B  -1  _  AB.pq 

■  '        PQ        PB.AQ 

^^h  which  the  denominator  is  the  negative  of  that  of  x  in  equation  (1), 

^■Wc  have  then 

W  ''  +  ' -^pTAq—' 

Kleootiiig  for  the  moment  AB  by  a,  BP  by  h,  and  PQ  by  c, 
B  AP  =  a-^b,        BQ  =  b  +  0, 

Lnd  AQ  =  a  +  b  +  o, 

VWhenoe  Bobstituting  we  have 

P  ^    I    ,_(a+i){b+c)~ac   _  I 

'  +  bl,a+b+e) 

and  I  is  the  complement  of  x.    An  interchange  in  the  other  column  has  a 

like  effect,  since,  as  shown  in  4,  the  two  interchanges  reproduce  x.     Thos 

^(m  interchoTtge  of  the  letters  In  either  column  produces  the  complement. 
8.     If  in  the  form  ^  ~    R  n 

^Fe  allow  one  letter  to  remain  stationary,  the  other  three  letters  form  a  tri- 
angle, and  it  is  readily  seen  that  an  interchange  along  one  side  of  the  trian- 
e  followed  by  an  interchange  along  a  second  side  and  another  interchange 


aloDg  the  first  Bide  restores  the  letter  which  was  at  the  common  vertex  of  these 
eidee  and  is  therefore  equivalent  to  a  single  interchange  along  the  third  side. 
ThoB  allowing  Q  to  remain  stationary  in  the  value  of  x,  and  making  the 
interohaoges  represented  by  It,  Cand  R  in  this  order,  we  have 


which  might  have  been  obtained  by  interchanging  the  letters  of  the  upper 
row.  Now  it  is  shown  in  6  that  RCRx  ^  Jx;  hence  this  interchange  has 
the  effect  of  taking  the  conjugate,  and  sinoe  interchanges  in  both  rows  re- 
produce X,  we  see  that  an  int^ehange  of  the  letters  in  either  row  produces  Iht 
conjugaie. 

9.  The  operations  R,  C  and  J  respectively  convert  x  into  three  of  the 
other  five  values  of  the  anharmonic  ratio;  the  other  two  values  are  the  com- 
plement of  the  reciprocal  

and  the  reciprocal  of  the  complement  ^^^ 


We  readily  derive  from  the  hexagonal  arrangement  in  6,  or  from  equa- 
tions (3)  and  (4),  the  identities 

CR  =  RJ  =  JC,  (6) 

RC=  CJ  =  JR.  .  (6) 

EWh  of  these  operations  is  such  that  thrice  repeated  it  reproduces  x,  and 

each  is  the  inverse  of  the  other ;  (5)  is  equivalent  to  passing  in  the  direction 

of  the  hands  of  a  watch  along  one  of  the  sides  of  the  triangle  2  4  6,  or  jo 

the  opposite  direction  along  one  of  the  sides  of  13  5. 


10.     Kecurring  to  the  square  form  x  = 


P  A 
B  Q' 


it  will  be  lonod  that  the 


effect  of  lino  unlide  interchanges  as  in  (6)  or  (6)  is  to  produce  a  cydic  digplaoe- 

ment  of  three  of  the  letters  (the  fourth  remaining  in  its  place);  and   if  we 

mark  the  sides  of  the  triangle  formed  by  these  three  letters  ■ 

B,  C  and  J,  the  direction  of  the  displacement  m  tJie  same  as  I 

thai  in  which  the  Utters  of  the  compound  symbol  occur  on  I 

this  triangle.     For  example,  if  Q  is  the  stationary  letter,  f 

the  triangle  is  as  in  the  digram ; 
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the  symbols  in  (5)  Ofiour  on  this  triangle  in  the  direction  contrary  to  that  of 
the  haode  of  a  watch,  and  the  dieplacement  of  the  letters  talies  place  in  this 
direction ;  thus 

A  B 


CR^  = 


On  the  other  hand 


EOr.  ■■ 


B  P 
A  Q- 


11.  In  comparing  any  two  of  tbe  24  square  arrangemeDtfi  of  the  four 
letten,  oce  ot'  the  letters  may  by  the  prot^ess  indicated  \a  equation  ('2,)  be 
brought  into  the  same  position  in  eaeh  form;  the  forms  will  then  differ 
either  in  the  position  of  two  of  the  remaining  letters  indicating  one  of  the 
relations  denoted  by  R,  Cor  /or  else  in  the  position  of  ail  tliree  letters  in- 
dicating one  of  the  relatione  denoted  by  CR  or  RC,  discussed  above. 


BOLDTION  OP  PROB.  407  BY  PROF.  EiHiAR  Frisby. — I  notice  that,  the 
solution  of  problem  407  [see  p.  1 58]  contains  a  remarkable  mistake  in  omit- 
ting the  ex{>onent  J.     The  express  ion  is  an  elliptic  integral ;  it  can  be  re- 
to  a  series  thus : 


ir> 


Integrating  each  term  by  parts  and  only  retaining  the  last  term  of  eacl 
riee,  as  tlie  other  terms  vanish  at  both  limits,  we  have 

/irij__./i>«j/i       '(       11-3    1.11-3.67.U.3  1.3.6.7.9.11       1 


SOLUTIONS  OF  PROBLEMS  IN  NUMBER  FIVE. 


Solutions  of  problems  in  No.  5  have  been  received  as  follows : 
^  From  Prof.  L.  G.  Barbour,  412;  Alex.  S.  Christie,  411 ;  Prof,  W.  P. 
y,  409,  412,  416 ;  Geo.  Eastwood,  413,  416, 417  ;  C.  E.  Everett,  409, 
flO,  416.  416|  Prof.  Edgar  Prisby.  409.  411,  416;    Wm.  Hoover,  409, 
ai,  413  416  ;  L.  8.  Hulbert,  412;  E.  H.  Moore,  Jr.,  416;  Prof.  P.  H. 
^Ibriek,  409,  414,  416,  416 ;  A.  L.  Parman,  409 ;  Prof.  E.  B.  Sella, 
i  Prof.  J.  Soheffcr,  409,  410,  41 1,  416  ;  Prof.  C.  M.  Woodward,  409 
^  ^3 ;  R.  S.  Woodward,  413. 
Dialions  of  401, 402, 403  and  406  by  Chas.  E.  Everett  and  Prof.  Casey, 
tively,  were  received  too  late  for  acknowledgment  in  No.  5.] 


409.     By  David  Trowbridge,  A.  M.,  Waterburr/h,  N.  I'.— "If  in  a 
angle  ABC,  squares  be  described  on  the  three  sides,  and  the  vertices  of  the 
squares  be  joined  by  the  three  straight  lines  a,  b,  c ;  show  that 

o'  -1-  6*  +  o"  =  3(^fi»  +  -BC  +  CA*)." 

BOLDTION  BY  CHARLEa  E.  EVERETT,  SPIRIT  LAKE,  IOWA. 

The  angle  ^M.d"Js  the  supplement 
of  A,  B'BB"  is  the  supplement  of  B 
and  CCC"  is  the  supplement  of  C; 
hence 

6}  =  A:^'^' AC*+1AB.ACco»  A. 

f?  =£C»+JC»+2AC.J8Ccos  C. 

Substituting  for  cos  j1,  cos  S  and  cos 
C  their  values  in  terms  of  the  sides  of 
the  triang.  and  adding  the  eq's  together, 

a'+6^+c>   =  ^AB-^+AC^+B' 


410.     By  Prof.  J.  8cheff'er.—"A  cone  with  circniar  base  is  cut  by  a  para- 
bolic plane  which  paeees  through  the  centre  of  the  base ;  to  find  the  p 
of  the  centre  of  gravity  of  both  portions  of  the  cone." 

8OLDTI0K    BY  C.  M.  WOODWABD,  PH.  D.,  WASH,  UNIV.,    8T.  LOUTB,  1 

Let  the  plane  of  the  figure  be  the  meridian  plane  perpendicular  to  the 
given  parabolic  plane,  and  CiS  the  trace  of  the  given  cutting  plane.  If  PF 
=  ^A  V,  the  straight  line  BP  will  pass  through  the  center  of  gravity  of  the 
oone  at  0  (giving  0F=  iCV)  and  through  the  centers  required,  since  it 
passes  through  the  centers  of  gravity  of  all  the  parllel  parabolic  lamince. 

Let  MN  be  the  trace  of  any  one  of  these  lamiote; 
distance  from  B,  measured  on  BP,  be  s ;  the  height  ol  I 
the  lamina  z ;  and  its  limiting  ordinate  y. 

From  the  figure  a:  =  as  -^  /  (in  which  a  is  the  slant  | 
height  of  the  cone,  and  /  is  the  length  BP),  and  y'  = 
{tt — z')(4r'-i-P).     Hence  the  area  of  the  lamina  is 

Finding  the  moment  of  the  lamina  about  an  axis  at  B, 


nbetituling  in  formula  for  center  of  gravity,  and  cancelling  constants,  yn 
lave  the  general  expression 

V  ia  which  the  proper  limits  are  to  l>e  inserted.    The  general  value  of  the  first 
I  intcffnU  is 

+y|^*  arc  ver.  sin  (2i-i-0 
9  general  value  of  the  second  integral  ia 

-^zi{l—z)i~-iU'^{!—zii-]-ilh'--(l— 2)^  +  ^1"  arc  ver.  Bin(2i-HZ). 
r  the  smaller  of  the  two  coue  segments  the  limits  are  0  and  ^t;  for  the 
r  J(  and  /.     Putting  in  the  limits  we  have 

a      ^    fTgg'^      "19  3       ST  —    HJ       ft  ' 


-h-. 


t  ia  general 

in  which  the  upper  signs  refer  to  the  greater,  and  the  lower  signB  to  the 
smaller  segment. 

The  first  term  in  this  result  is  the  distance  from  B  to  0,  the  center  of 
giavity  of  the  entire  cone,  as  is  also  evident  if  we  take  limits  0  and  /. 

The  ratio  of  the  distances  of  the  two  centers  IVom  the  center  of  the  cone 
_  h  3- — 4  :  3t+4,  hence  that  is  the  inverse  ratio  of  their  volumes. 


411.     £y  Alex.  S.  Christie,  U.  S.  Coast  Survey. — "Sum  the  scnee 
n  1         »(»-:)  1  _  «(n-l)(.-2)    1  . 

1  3  +       2r     5  31  7   +  '^■• 

live  values  of  n." 


SOLUTION  BY  THE  PB0F08ER. 


+  &«.,  aod 


13^      21      6  3!  T+ 


^f=l-i^+ 


2! 


'Jif+&c  =  (1—^1" 


S  =  fjil-x-fd:^  -  jJ^^Cl-i-jdx; 


The  giveo  series  is  the  value  o 


(2n+l)(2n— lX2n— 3)., 
which  is  therefore  the  required  sum. 


412.     By  Prof.  L.  G.  Barhow. — "Show  that  id  any  hexaedron  bounded 
by  quadrilaterals,  the  three  linra  respectively  coDuecting  the  mesn  poinl 
opposile  (eod -contiguous)  faces,  mutually  bisect  each  other." 


SOLUTION  BY   I'ROF.  W.  P.  ' 


AN   FRAX'iTSCO,  C 


pomtMfa- 


Ivet  ABCDEPHG  be  the  ■ 
hexaedron,  and  §,  E,  S,  F,  K.  [ 
L,  V  the  middle  points  of  A  G. 
AB,  BH,  HF,  BC,  CP,  PH,  I 
Join  Q8  and  EF,  SL  and  A'T  I 
intersecting  in  o  and  n,  whicl  [ 
are  the  mean  jreints  of  the  face?  I 
AH,  HO,  and  aa  5o  =  oQ  and  I 
8n  ^  nL,  ,' .  on  is  parallel  U  I 
QL  and  equal  to  one-half  of  it  I 
And  if  m,  z  be  the  mean  points  [ 
of  the  faces  AR,  BC,  em  is  foi  I 
a  like  reason  parallel  to  i^L  and  equal  to  uue-hulfof  it,  and  so  is  wm  i^ual 
and  parallel  to  oz,  xz  to  yn,  xn  to  yz  and  ox  to  my  (x,  y  being  the  mean  p'ts 
of  the  faces  AC,  6P);  .■ .  xy,  om,  nz  are  concurrent  and  bisect  each  other. 

[Prof,  Barbour  and  Mr.  Hulbert,  each,  demonstrates  this  proposition  by 
quaternions,  and  Prof,  Barbour  appends  to  his  demonstration  the  following 
corollaries.] 

Cbr.  1.  The  face  BGDF  may  approach  and  finally  coincide  with  the 
plane  of  AOEH,  and  the  volume  d^nerate  into  a  plane  sur&ce  as  in  the 
Fig.     Thus,  the  lines   joining  the  mean  points  of  EDFH  and  AOCB 


^pCDB  and  ABFH,  BCBFU 
ud  AOEH  will  muttullj  bi-^ 
sect  each  other. 

Cor,  2.  If  E  should  app'ch  I 
until  it  reached  K  where  EO  is  I 
iotersected  by  FD  produced;! 
and  H  app'ch  A  until  it  readi- 
es L  where  HA  is  intersected  1 
by  DF  produced,  the  theorem  | 
would  still   hold  good   with   this  modification;    viz.,  the  mean  point  of 

»EDFH  would  become  the  middle  point  of  KL,  EOCD  would  become 
EOCD,  and  HFBA,  LFBA. 
Cor.  3.  Continuing  the  process,  we  should  at  length  have  left  only 
BCDF.  The  lines  joining  the  middle  points  of  the  opposite  (non-contigu- 
ODs)  sides  would  bisect  each  other  in  the  mean  point,  which  is  thus  a  special 
case  of  the  general  theorem.  ' 


413,  By  William  Hoover,  A.  M. — "A  rod  rests  with  one  extremity  in  a 
uDooth  plane  and  the  other  against  a  smooth  vertical  wall  at  an  inclination 
a  to  the  horizoD.  If  it  then  slips  down,  show  that  it  will  leave  the  wall 
when  its  inclination  is  sin~^(f  sin  a)." 

BOLUTION  BY  B.  S,  WOODWABD,  C.  E.,  DBTROIT,  MICH. 

Let  the  mass  of  the  rod  be  m,  its  length  21,  its  inclination  to  the  horizon 
9  kod  the  coordinates  of  its  centre  of  gravity  x,  y,  the  origin  being  such  that 
brtbe  time,  (,  considered,  x  =  Icosd  and  y  =  /sin  d.  Let  the  horizontal 
■od  wrUcal  reactions  at  the  ends  of  the  rod  be  H  and  V  respectively.  Then 
Av  HjoationB  of  motion  are 

dH  .d^(cosd) 


=  —my+V, 


JmZ*. 


=  HlanS—  VlcosO. 


(3) 


Multiply  (1)  by  ooe  9,  (2)  by  —  sin  6  and  (3)  by  (i-i-l)  and  add  the  pro- 
docta.    There  results 


4    id^O  a 

e  d6-i-dt  =  0  and  tf  =  a  when  ( 
dfl"         So,. 


sin  d). 


(*) 


(6) 


1416.  %  ProJ.  W,  P.  Casey.— "Given  the  base  AB  and  tlie  angle  A  of 
KtriaDgle  ABC',  find  the  locus  of  the  foot  of  the  perpendicular  CF  drawn 
1  Cto  the  side  of  the  inscribed  square." 

eOLtJTION  BY  GEO.  EASTWOOD. 

Let  &H7J  denote  the  inscribed  square,  and  let  x,  y  be  the  coordinates  of 
i  point  F,  A  being  the  origin.  Put  AB  =  a  and  the  tangent  of  the  giv- 
0  angle  ^  (;  then  is  (iT  denoting  the  interaect.  of  Ci^  produced  with  AB) 
CK=ix,  CF=tx-y;  and  i\ABC :  ^GHC  ::  AB'  :  QH\  =  FK\ 
which  gives  tr  :  tx — y  ;:  a',  y,  or  tcy-\-ay — atx  =  0,  which  being  of  the 
form  Bary  +  Dy  +  Ex  =  0,  dentea  a  hyperbola  whose  asymptotes  are  rep- 
resented by  the  equations  Bx  +  i*  ^  0,  By  +  £  ^  0. 

[For  want  of  room,  the  solution  of  417  is  deferred  to  a  future  number.] 


418.  By  Levi  W.  Meeeh,  A.  M,,  Norwich,  Conn. — Required  to  express 
L^range'a  Theorem  in  terms  of  Finite  Differences,  as  far  as  practicable, 
instead  of  the  usual  differentials. 

419.  By  C  E,  Everett,  Spirit  Lake,  Iowa. — Fiud  the  locus  of  a  point 
starting  from  the  centre  of  a  given  circle  and  moving  bo  that  the  arc  in- 
cluded between  any  two  postions  of  the  point  shall  equal  the  arc  of  the 
circle  intercepted  by  the  radii  drawn  through  the  same  positions. 

420.  By  Prof.  Asaph  Hall. — Transform  the  definite  integral 

f°^<p(x).di, 
BO  that  the  limits  of  integration  shall  be  m  and  n. 

421.  By  George  Eastwood,  Saxonville,  Mass. — In  a  Bicycle  exercise  on 
a  level,  circular  course  of  given  radius,  what  angle  ought  the  plane  of  the 
machine  to  make  with  the  vertical,  so  that  the  rider  may  move  on  the  cir- 
camference  of  a  perfect  circle? 

f  421.     By  W.  E.  Heal,  Marion,  Indiana. — Determine  the  most  general 
a  of  two  algebraic  functions  ip  and  d  such  that 
f{x)  +  <e{y)  =  <p{P{x,  y)], 
r  prove  that  there  are  no  such  functions. 


-tsfc- 

AuNOUNCBMENT  OP  VoL.  X. — Aa  this  No.  completes  the  ninth  sunns] 
volume  of  the  Analyst,  we  again  renew  our  promise  to  its  readers  to  eon- 
timie  the  publication,  as  long  as  our  health  will  permit  and  the  interest  of 
our  subscribers  is  manifested  by  appropriate  contributions  for  its  pages. 

Contributors  should  notjnfer  that  their  papers  are  not  acceptable  if  they 
should  not  immediately  ap)>ear  in  print,  as  by  limiting  each  issue  to  a  par- 
ticular number  of  pages  (32}  it  is  not  possible  always  to  insert  all  the  aocept- 
able  matter  on  hand  when  the  No.  is  issued. 

The  present  numljer  has  been  enlarged  to  make  room  for  the  interesting 
paper  by  Dr.  Hillhouse,  which  has  been  on  hand  for  some  time,  but  the  Dr., 
besides  furnishiiig  the  engraved  blocks  used,  has  generously  paid  all  the  ad- 
ditional expense  for  the  enlargement. 

No.  1  of  Vol,  X  will  appear  about  the  first  of  Jan.,  1883,  and  will  contain 
the  conclusion  of  Mr.  De  Forest's  paper  and  of  Prof.  Philbrick's  paper; 
also  a  paper  by  Mr.  Stockwell,  and  other  interesting  matter. 

J.  E.  Hendbiceb. 


PVSLICATIONS  RECEIVED. 


EUm^nlt  of  Fiane  and^Sphericat   Trigonamtlry,    vrilh   Logarithmic  and  olher   Mallianatitii 

Tahla.     By  Simok  Newcomb.     384  pp.     Svo,     New  York:  Henry  Holt  and  Compa* 

ay.     1882. 
Inairuelioiu  for  Obterving  the  Tnaml  of  Venia,  Det.  6,  1SS2.    4lo.    60  pp.,  with  IbdS 

Washinglon ;     1882.  j^H 

Charattrr  of  Six  HaTidred  Tomndoa.    4to.     19  pp.,  wilh  Maps.     Wuhingkin:  188S.  ^^B 
Badianl^Htal'!  an   Exerpliim    to  the   Second  Law  of  Thrrmo-Dynamla.     By  H.  T.  Eddt, 

Ph.  D.     [From  the  Sdenliflc  Proceedings  .of  the  Ohio  Mechanics'  Institute,  for  July, 

1882.] 
AlKiuen'il.Probkm.     JU  Bibliography  and  on  Exteiaion  of  Me  Problem.    By  Mabcdh  I 

KXR.     [Reprinted  from  the  AmeHcan  JdutiibI  of  MntKematics,  Vol.  IV,  No.  3.] 


On  page  131,  line    8,  eq.  (2),  for  4,  read  cts,. 
"      '■      132,     "    13,  from  bottom,  for  389,  read  380. 
"     "      137,    "     6  and  8,  for  B,  19  and  12,  read  14,  49  and  36. 
"      "      1B7,    "     irorco9l»/i:^  =  ia',reBdcoBDEJ=o-f-[2(i'+e' 
'■      "        "        ■'   20,  for  v'(l+B«c,i+Bec£+BecC), 

read  v'jl+aec.d  aoc  BiM  C). 
"      "       175,      "    18,  for  y  n,  read  y'rr. 
"      "        «        "   lOandll,  frombot.,  ror"0,  1,  2.  3or4unitB", 

read  0,  1,  2,  3,  4  or  5  tenths  of  a  uoiL 
"      "      180,      "      4,  from  bottom,  for  Esp,  read  Esq. 
"      "      189,  fc."rf  17,  for.(l — r),  in  denominator,  read  (1 — **). 
"   .  193,  for  S  in  the  diagram,  read  B. 
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ON  AN  UNSYMMETBICAL  PROBABILITY  CURVE. 


BY  E.  L,  DE  F0BE8T. 
[Continued  ftam  pnge  168,  Vol.  IX.] 
We  will  now  illustrate  the  applicability  of  the  gamma  curve  to  represent 
series  which  are  not  ezpanstuL  ^  of  any  known  polynomial,  but  are  simply 
the  results  of  repeated  observation  i..'  some  phenomenon  nr  occurrence,  in 
which  there  is  a  manifest  in^ijuality  in  the  distribution  of  the  errors  or 
(ieviatioDs  on  either  side  of  the  mean.  Take  for  example  the  obscrvationa 
given  by  Quet£let  in  his  Letters  already  cited,  of  the  amplitude  of  diurnal 
variation  of  temperature  (centigrade)  at  Brussels  in  the  month  of  January, 
as  observed  for  a  period  of  10  years,  from  1833  to  1842.  Column  (1)  of 
Table  II. 
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.06jt  8,5 

.5.52 

3  3i 

.70f 

2  336 

.0481+017' 

9  10 

a 

.026,  9.6 

.247 

4,3 

.481 

2.067 

.027i-.00li 

10  U 

4 

.013,10  6 

.137 

5.3 

.365 

1,935 

.014— .001 

11  12 

3 

.01011,5 

.115 

6,3i 

.397 

2,50<, 

.007 +.003 

12  13 

1 

.003 12,6 

,037 

7,3 

.16(, 

1,167 

.0041—001 

13  14 

1- 

,003!13,6 

.011 

8,3 

.207 

1,715 

.OO2I+.OOI 

14  16 

0 

,00014,5 

.000 

9,3| 

.000 

,000 

.OOll-.OOl 

309 

i.ooo; 

5.197 

14.647 

8.490 

1.000[            1 

When  t7>n^  and  n  is  somewhat  large,  it  makes  no  difierence  for  our  pur- 
poses whether  n  is  an  integer  or  not,  because  the  series  in  the  numerator 
will  be  so  convergent  that  some  of  its  last  terms  may  be  neglected,  and  if 
this  is  true  for  the  two  nearest  integers  above  and  below  n,  it  is  also  true  for 
n,  even  though  it  oe  fractional.  The  series  does  not  always  converge  rapid- 
ly, but  its  terms  are  easily  computed,  each  from  the  one  that  precedes  it 
To  insure  accuracy,  this  part  of  the  work  should  be  carried  to  two  more 
places  of  decimals  than  are  required  in  the  sum  of  the  series.  To  integrate 
between  the  limits  x^  and  a?^,  we  take  the  difierence  of  two  integrals  from 
Xi  to  oo  and  from  x^  to  oo. 

But  when  v<Cn,  or  when  n  is  small,  we  can  use  by  preference  another  for- 
mula, also  obtained  by  integration  by  parts, 

where  n  need  not  be  a  whole  number.     Taking  this  integral  between  the 
limits  0  and  t?,  C  disappears,  and  we  get  by  (66)  as  before 

or,  with  the  expression  for  /(w-f  1)  =  nIXn)  from  (51), 

When  either  one  of  the  two  integrals  (69)  and  (72)  is  known,  the  other 
is  known  also,  because 

fYdx  +  f^Ydx  =  1.  (73) 

Now  in  Table  II.  we  have,  by  (64), 

ab  =  5.088,  n  =  5.572. 

To  find  the  probability  that  a  single  observed  amplitude  will  fall  below 
3°  for  instance,  the  upper  limit  of  integration  is 

X  =  5.088—1.7—0.5  =  2.888,        .  • .  t;  =  3.162, 
and  with  these  values  of  n  and  v,  (72)  gives 

"  Ydx  =  .1413. 

0 

For  the  probability  that  the  amplitude  will  exceed  6°,  the  lower  limit  is 
X  =  5.088 +0.3-h0.5  =  5.888, .' .  t;  =  6.447, 
and  (69)  gives 

f^Ydx  =  .3111. 


/: 


The  series  was  carried  only  so  far  as  the  fectors  n  —  1,  n  —  2,  Ac,  were 
positive,  and  as  none  of  the  terms  were  small  enough  to  be  neglected,  it 
might  be  doubted  whether  the  result  is  correct.  But  when  (72)  is  used, 
with  the  same  value  of  v,  we  get 


•^  0 


.6890, 


I  Bod  .3111  +  .6890  =  1  nearly,  as  ft  should  be,  so  that  the  sufficient  accura- 
cy of  the  other  result  is  confirnied.  Thus  the  probabilities  that  an  ampli- 
tude will  fall  below  3°,  or  between  3°  and  6°,  or  above  6°  are  as  found  by 
int^ratioD 

.141,  .548,  .311, 

i  and  as  found  by  addition  of  terms  in  column  (9)  of  the  table, 
.138,  .554,  .308. 

The  differences  existing  are  due  to  the  fact  that  the  terms  y  in  the  table 
e  middle  ordioates,  while  the  integration  gives  areas.     The  area  between 
iwo  ordinales  which  are  separated  by  a  unit  interval  will  be  numerically 
I  little  greater  or  less  than  the  ordinate  at  the  middle  of  the  interval,  aecor- 
ing  aa  the  curve  there  is  convex  or  concave  toward  the  X  axis. 
The  representation  of  these  observalions  by  the  computed  gamma  curve 
might  have  been  made  a  little  more  accurate  if  the  309  observed  ampl  itudes 
had  been  published  and  treated  separately,  instead  of  being  groupp<I  within 
intervals  of  1^  each.     It  is  of  course  only  an  approximation  to  the  truth 
when  we  take  the  middle  of  such  an  interval  as  the  point  whose  position  rep- 
resents that  of  all  the  observations  in  the  group,  for  the  purpose  of  finding 
the  centre  of  gravity  of  the  whole  series,  and  the  deviations  from  it  by  which 
we  estimate  the  q.  m.  error  c  and  the  c.  m.  inequality  ^,  and  thence  get  the 
values  of  a  and  A.    When  the  observalions  are  separately  given,  e*  is  found 
just  aa  in  constructing  a  common  probability  curve,  and  ^*  in  like  man- 
ner, only  taking  the  cubes  of  the  +  and  —  errors  instead  of  their  squares. 
The  unit  of  x  may  be  chosen  at  pleasure. 
^K  iWe  might  have  made  small  corrections  in  a  and  b  on  account  of  the  fact 
^Hiat  the  errors  z  in  our  table  are  residuals  and  not  true  errors.     The  calcu- 
^Kltion,  I  think,  would  be  as  follows.     Any  particular  true  error  is  the  alge- 
braic sum  of  the  residual  error  and  the  error  of  the  mean  from  which  the 
residuals  are  reckoned.     The  residual  error  and  the  error  of  the  mean  may 
be  treated  as  approximately  independent  of  each  other.     Denote  by  e  and  ^ 
■  ihe  q.  m.  error  and  c.  m.  inequality  for  a  system  of  true  errors.     The 
JH-JH-  e.)*  '"'^  ("■  ™"  '■)'  ^^^  ^^^  residuals  are 


where  [  ]  signifies  eummsticn  throughout  the  series.  The  q,  m.  error  of 
the  mean  ia  nearly  s-i-y/m,  where  m  denotes  309,  the  whole  number  of  ob- 
servations.    We  have  then  by  {G'2) 


The  approximate  e.   m.  inequality  for  the  mean  is 
(60),  and  (63)  gives 

"iffT 
e  get,  since  Iff]  = 


(74) 
^m^  according  to 


8.490  =  8.490, 


From  the  above  v 

■■=(s^l)[<"^.  C--(„,"j,J[.«^.  (76, 

Now  [(?x*]  and  [yai*]  are  the  two  sums  4.647  and  8.490  of  the  uumbera 
in  columns  (7)  and  (8)  of  our  table,  so  that  for  the  system  of  true  errors  we 
have 

and  the  corrected  values  of  a  and  0  are  by  (64) 

a  =  1.098,  b  =  4.662.  (77) 

It  will  be  noticed  that  while  s'  is  quite  perceptibly  larger  for  true  erron 
than  for  residuals,  ^'  is  hardly  increased  at  all.  It  seems  reasonable  that 
this  should  be  so,  for  the  residuals  are  reckoned  from  the  place  of  the  aritii- 
metical  mean  as  an  origin,  and  the  q.  m.  error  is  thereby  made  a  minimum. 
Any  change  in  the  place  of  the  origin  must  increase  e.  But  there  is  no  such 
necessity  in  the  case  of  ^.  A  change  of  origin  may  increase  its  absolute 
value  or  may  diminish  it.  According  to  our  formula,  the  chances  are  that 
it  will  be  very  slightly  increased. 

If  the  observations  were  separately  given,  we  should  find,  in  like  manner, 
first,  that  the  square  of  the  q.  ni.  error  is  greater  for  true  errors  than  for 
residuals,  in  the  ratio  of  m  to  m — 1 ;  and  secondly,  that  the  absolute  value 
of  the  cube  of  the  o.  m.  inequality  ia  greater  also,  in  the  ratio  of  m*  to  m' 
— 1,     The  first  of  these  is  a  well  known  result. 

In  any  given  set  of  observations  there  will  usually  be  some  inequality  on 
the  -}-  and  —  sides  of  the  mean,  even  when  the  real  law  of  error  is  sym- 
metrical on  both  side'),  so  that  the  asymmetry  is  purely  fortuitous.  To  de- 
cide whether  ^  as  found  from  the  residuals  is  fortuitous  or  not,  we  shall 
sometimes  need  to  know  what  its  proliable  value  would  be,  on  the  aseump- 
tion  that  the  true  errors  are  represented  by  x  in  the  symmetrical  curve 

Y   =    A  e-^*^.  (78) 


The  whole  number  of  possible  errors,  each  taken  a  number  of  times  pro- 
portjoual  to  tbe  probability  of  its  ocucrrence,  is  represented  by 

r   Ydx=    ''    f"  e-"^dx  =  1. 
■^  -■  y'^^  -* 

Hence  the  mean  of  the  squares,  as  well  as  the  sum  of  the  squares,  of  the 
cubes  of  all  the  possible  errors  b  represented  by 

or,  putting  kx  ^  I  and  A'  =^  l-^2£*, 

■  f~  ar"  Ydx  =  ^^If  i'^e-'dt  =   15£«,  (79) 

Hkbe  known  value  of  the  last  definite  integral  being  ^j/tt.  (Sturm,  Coura 
(f  Analyse,  II.  p.  19.)  The  probable  value  of  the  cube  of  a  single  error  is 
found  approximately  by  taking  the  square  root  of  the  result^in  (79)  and 
multiplying  it  by  .6745,  which  gives 

>±.6745£V15. 
The  probable  value  of  the  mean  of  the  cubes  of  m  errors  is  therefore 
(^8)  =  ±.6745sV(15-^m).  (80) 

This  is  a  standard  which  tho  actual  value  of  ^^  ought  uot  very  much  to 
exceed,  if  the  law  of  error  is  to  be  considered  symmetrical. 

rFor  example,  iu  the  set  of  observations  at  p.  495  of  Vol.  II.  of  Chauve- 
fa  ABtrommy,  m  =  40  and  £  =  .202,  and  (80)  gives 
{:•)  =  ±.00340. 
Actually,  the  algebraic  sum  of  the  cubes  of  the  residuals  is  -.1364,  so  that 
^3  =  ^^*  =  -.00341. 

Of  course  such  a  very  close  agreement  between  the  actual  and  the  prob'le 
value  would  not  often  occur,  but  in  ihis  and  other  cases,  where  ^^  does  not 
macb  exceed  {(*},  we  may  infer  that  no  real  c.  m.  inequality  exists,  and  that 
the  true  law  of  error  is  probably  symmetrical  as  in  (78). 

On  the  otber  iiaiid,  for  the  set  of  observations  in  our  Table  II.  we  have  m 
=  309  and  e'  —  4.662,  and  (80)  gives  the  probable  value 

tiZ^)  =  ±1.496. 
The  actual  value  is  f*=8.490,  being  almost  6  times  as  great.  The  chan- 
!  are  aomething  like  10000  to  1  against  tiie  fortuitous  occurrence  of  an 
error  6  times  as  great  as  the  probable  error.  We  must  infer  that,  as  indeed 
a  simple  inspection  of  the  observations  in  this  case  indicates,  the  c.  m.  ineq. 
I  not  only  a[iparcnt,  bnt  real;  so  that  an  unsyrometrical  curve  alone 
D  re|ffeeeDt  the  true  law  of  error  with  reasonable  accuracy. 


NOTE  ON  THE  TBANSFORMA  TION  OF  A  DETERMINANT 
INTO  ANY  OTHER  EQ  UIVALENT  DETERMINANT,     m 


BY   THOMAS   MUIR, 


,   F.   R.   8.    E. 


PR0PE880B  Van  Velzcr's  interesting  note  on  the  above  mihjecc  in  Aha- 
LYBT,  Vol.  IX,  pp.  1 16-1  IS,  has  recalled  to  niy  mind  a  theorem  to  which 
1  was  led  in  dealing  with  the  "Trau»tbrniations  connecting  Genera!  Deter- 
minants with  Continnanta".     (Trans.  Roy.  Soc.  Edinb.,  XXX,  pp.  5-14.]^ 
Taking  determinanta  of  the  fburtli  order,  the  theorem  is  as  follows: — 

Thcjirtt  ikree  elements  ofl/ie  Uxgl  column  {lai/}  of  the  (Uterminant  ]  o,  6 
"»  f'*  I  ""ly  ^*  replaced  by  any  three  magnitudes  whatever,  a,  ^,  T,prooid^^ 
the  fourth  elanenl  be  changed  into 


Te  firet  change  the  columo  o,  a,  1  into 

10     4     0 

a,    0,     \  b     1     a 

leal 


-  (-!•'), 


i.  e.^  into 

c,     0,     1— (ac~4); 
And  so  on,  exactly  as  Professor  Van  Velzer  doef). 

This  example  fortunately  is  easy,  and  the  process  as  applied  to  it  appears 
<;«  the  best  advantage.  It  is  desirable  however  to  see  the  shady  ude  aa  well, 
^mad  for  this  purpose  I  give  the  curious  identity 


1 


1 


1 


1 


I 


«.+*.  a,+*.  o,+*.  «.+*.  a.+^ 
a,-i-i,  a^+b,  a,+b^  o,-f6,  a, +6, 
a,+f>^  ",4-^t  '^.+^1  '*i+''t  o,+f>, 
ia,+6,  a,+6,  a,+6,  <i,+6,  a.+b, 
vhich  possesses  considerable  interest  in  the  theory  of  alternants. 
Bishopton,  Gla^ow,  Scotland,  Oct.  1882. 


1 


1 


1 


a, — 4,  o, — 6,  a, — 6,  a, — 6,  a, — 6, 

I — 6,  a, — fc,  a,~4,  o, — 6,  a, — 4, 
— bg  a — 4  a — 4  a — 4  a — 4 


IHTEOBATION  OF  SOME  GENERAL  CLASSES  Ot 
TRIGONOMETRIC  FUNCTIONS 


BY  PBOF.  P.  H.  PHILBBICK,  IOWA  BTATB  DBIVXEeiTY,  IOWA  CITY. 

[Continued  from  page  ISO,  Vol.  IX.] 

■     C        ^  ^    C         "^  tan  a:  sec  g      .  ,       ..., 

■  'J  (0+4860*)"        J(o+4Beca:)-+'     (a+48ecir)-+>'*'^         '^ 
f       Bec*a:da!         ,  „/*     eecfxdz  /„  ,  i\i  f       mi^xdx 

"^J  (a+4Bec»)-^'+!i(a+48ec»)-^-^"-^^>^J  Vc 


(a+4Beca:)-+»  '  "J{a+48ec*)"+'     '"  '  *'V  (a+68eca:)-+> 

aeifa  _  1  r  1 

lo-f4»ec«)"+"      PL(a  +  4secar    (a+4  8eo«)*+t"^(a+4 

scc'a;  _  1  r  1 3a  ,  3a' 

(a+6aeca;)'+i       4*L(o+t8eca:)"-'     (a+4Beca:)"-i     (o  +  4seca;)" 


sec  a; J""*"*  J 


{a+bsecxf^ 

gec'a;  —  ^  F  ^  *"  ,  6a' 

(a+4Beca!)"+>      PL(o+ftfleo*)— '     (a+4  see  !b)^'     (a  +  fcsecir)- 

(a+4  see  «)■*+'  "'"(a+48ec  x)'**d 


] 


b     J(a+68eci)"+> 


_6of 
b>J  la 


b'J  {a+baeox)"' 


^  b'Jl 


a'{n+l)j-         <h  .  :£  f 

2n>  r 


.4a'(n+l)  r  dx  g'(n  +  l)  f 

4>      J(a+6seoa:)-+'  6«      -*  (o 


'(«+6»eo»r 

_  _5rd  C~ 

r  4"  J  (a 


r 

*'  Ic+Aseca:)' 
■  (n+l)(&*— 6a*)+6g  f        dx 

J  {o+iBeu^)"**  6*  -^  {fl 


(a-j-iBeca;)'      6'  -^  (a -{-6  sec  i)**"'         ^^H 
-\-\)r         dx  6tt'(n+l)/-      ^.^^B 

_a*fn +  1)  f  (fe  ^^  ^H 

6^      '^  (o+6fiec  !)"+>'  ^^ 

da-  2a{2n— 1)  r  da 

(a+fieeca:}"-*  6*       J  (a+iseoi)— » 


63 


^^_^^^^^_ rfj tangeeoai^ 

{o+iBeu^)"**  6*  -^  (fl+Aaeca;)"''''      (a+6i«ec 

TranaposiDg,  dividing  and  writing  n — 2  for  n  we  have  :— 
r        dx         ^  _  n-3  r  dx  ,        2f2a— 6] 

J  (ai-frsecs)"  (n— I)a'(a*— fr'K  {a+fieeca:)"-*     (j(n— !)(( 

X  r  <^  (n— 1)(6'— 6a')  +  6g-&'  /*  ate 

•^  (a+Aeeca;)""^  a'(n — l)(a' — 6')        •'  (a+Aaeca;)'"' 

dx  b^  tan  X  sec 


-I- &'(&— 2n+2)+2a*(2n-3)  /•_ 


a\Ti-lXo*-4»)(a+68ecz)— ' 
(5) 


■a-|-6BecarJ" 

In  a  similar  manner  we  may  find : — 

C        dx  ^  _  n— 3  r  dai  ■        2(2w— 5a;) 

J  {o+6co'cz)"  (n— l)(ti'— 6V  (o+6 co'ci)""* "*"a(n  —  1)  (^^J 


''/(^r 


(n— 1)(6"— 6a')+6<i— J" 


T— 


<i>r 


n— l)(a'— 6»)       J  to+6co'c2j"-i     a'tn-l)ta»-4*)(o+6co'c  «)■ 


.  ft'(&-2n+2)+2a*(2n- 


(JSi 


(6) 


:)-      i-L*' ta+6lana:J' 


-  — mof  — 
*  t*  (a- 


mrm-i) ,  r         <t»  ,         ,   ,  f 

^     1.2        J(u+6tana!)-*-+"^""^     J(o+6Biii) 


the  coefiBcients  of  the  partial  fractions  within  the  brackete  bang  ihe  saeoea- 
ritie  termt  of  (1 — o)".    Similarly  for  other  Trigonometric  fuactioDB.    Henoe 


tie  preceding  equations  enable  us  to  integrate  the  general  form 
sin"idi 
(0+6  sin  x)' 
involving  an  j  of  the  trigonometric  functions. 

It  is  important  to  notice  that  m  may  have  any  value,  positive  or  negative 
BS  I  will  presently  show,  and  hence  the  equations  apply  also  to 

r        dx 


,  — ; ^—, ,  etc.,  constituting  a  general  class. 

-*  Sin"'x(a+6siD3;)"'        '  ^      ^ 

/dx 
{a  +  b&mx)-' 
(^-\-b  iin  xYdx,  and  they  must  be  expanded  and  integrated,  the  others  be- 
piog  integrated  by  the  formulas  above. 

Xiet  y  =  90°  —  x,  then  cos  y  =  siax,  dy  ^  —  dx. 

/dy r        dx hcosx 

(a-J-6co3y)"  ''  (a+6ain:r)"  (n— IXo' — 6'j(o+6sina!)"~' 

2n  — 3 r         dx  .         n— 2         C  dx 

-b'y  (a-|-6sina:)""'     (n— l)(a'— 6*K  (a 


[n—l){a*—b'y  (a-|-6sina:)""' 
_^ isipy . 

(n — l)(o^ — t'j(a+ico3y)"-i      (i 


2n  — 3        r 


■by  {a+b  Bin  x)"^^ 
dy_ 


lj(o* — i>j^  (a4-6coBy 

c ^ 

)J  (a  +  6  cos  J 


P) 


(n —  1 )  (<i'—  fy  (a  +  6  cos  yf 
which  is  the  same  as  eq.  (2). 

Hence  the  formula  for/J\co8a.')rfa;  may  be  obt'd  from  that  for /in^Bina;)dar 

b^  replacing  &mx  with  cosx,  etc.,  and  changing  the  signs  of  the  terms  with- 

iQt  the  sign  of  integration.     The  formulas  for/i'(cota:)d3;  and/i^coseca;}(& 

lay  be  writ'n  in  asimilar  manner  from  those  of /J^l^tan a:)t£c  a.aA  JF{K!Cx]dx. 

Again,  coeecx  =(l-^sin  x),  secx  ^  (l—eosa:)  and  cot*  =  [l-=-tan). 

ec^xdx      s'w''~''x  dx  ,.«% 


(a+ficoseca:J" 

sec"'xdx 

{a+b  sec  xf 

cofx  dx 


(A-f-asinar)"* 
cos"""'^:  dx 

(i-focosx)-' 
taTi''~'"xdx 


(a + 6  cot  x)"        [b  +  a  tan  x}"' 
These  cq's  enable  us  to  integrate  the  three  former  forms  in  terms  of  the 
ihree  latter,  or  vice  versa,  whether  m  is  positive  or  negative.    See  eq.  (m)  and 
Itiie  remarks  following. 

£«.».»&  (1).   C      ■^        _  c  «»-,dx 


r  CO! 


'  sec  x{a-^b  sec  x) 


a  cos  X} 


dx 


(5+« 


(13) 


,  ^[y,t  +<,co.x)^-2Vd»  +  *-J(,^^] 


(U) 

Eqn.  (13)  may  be  used,  giving  results  in  terms  of  the  cosine  throughout, 
or  (14)  may  be  used.    Using  (13)  we  have: 


s. 


Beoai{a+bamx) 
Ecample  (2).     J 


cot*xdx 


^_  , ,  [A  +  a  cot  x) 

^[/(J  +aeo..)<i.-26/ir+i./jj,^] 

ni)J 


:  ir7(4+aoot»)iii_2i/iir+i'J"- 
id  may  be  t 

!»)■      tL- 


'  a  -f  bttn 
which  are  in  known  terms  and  may  be  treated  Bimilarly  to  the  above. 

dx 


? :  1  r  r ^ +a  f 

(a+AcoBa;)*       AL''  (a+Acosi)'      Ja+bc 


•^  (a+AcoBa_  _ 

''(o+Acos*)*  ^  (o+A cos i)'       t' ( 


(o+Acos^jJ"^    J  {a+bc 
A—BD+(BE+C)f^     ^ 


'  (o-J-A  cos  a;)" 


1 
I 


-Si 


■/(? 


(a-j-A  C08  a:)'     J(a+A  cos  a!)* 


=  i)- 


ix 


~Ef ^ A  +  BD 

J{a+b  cos  x) 


—  {BE+  C)  f— -^ .  =  D+BD-A~iC+E+BE)  C       f" 


'2(A»— a')(a+Acoear)" 


-a')'  2(A'-o*J, 

3a'fi  sin  x 


'  (6* — o')(a  +  5  coax)' 
=  ,._       So' 


/, 


2(6'— <.")'■ 


l>—a" 
Therefore 


2[b'—a.')\a+!>isoax) 


(o+ficosa;)' 


g  sip  iC(2a*+6')+&  sing  cos  ;c(o*+2fi^ 
2(i'— a')((«+Scosi)' 

»V(« 


I 


2(6"— aV  (o+S  eoa  «) 

a6in:c(2a*+y)+68ina;co6g(a*+2y)  ,      3ai  -ir/°— *\i,     O 

2(i'-a>+icosx)»  +(?=Sij«'™    L^5+J^         aj 


Other  Forms. 

/*Bin''j  coeT^x  dx r(l- 

J     (fi+aseca;)"         ■' 


— coB'a;)'"'co8'iE  dx 


COB*)"        i'     [b+asecx)'         -^        (a-ficoai)' 

/*(! — coa*a;)'"*'"""eo9''x<ioo8;i 


{a +6  cos  i)' 
I  f  m  13  even  the  right-hsnd  member  of  (a)  may  be  developed  into  a  finite 
number  of  terms  and  integrated  by  the  preceding  formulas.  If  m  is  odd 
«].  [b)  may  be  developed  and  will  take  the  form  of  a  rational  fraction,  with 
or  without  a  series  of  mononomial  terms,  and  may  be  integrated  according- 
ly; or  since  each  term  would  be  of  the  form :  i'"{a  -f-  bz)~^dz,  the  exponent 
within  the  parentheses  being  unity,  the  successive  terms  may  be  integrated 
by  substitution. 

sin*  j;  cos'j  dx sin'-'a;  cQB''a;  dx (J— 8in*i)'"'sin"i  dx 

ia-^b  an  xf         (6  +a  cosec  a;)" 


(a+isinai)" 
_  (1 — sin'a:)*"'^"  siD"x<iBin  x 


(a+fi  sin  a;)" 

These  may  be  treated  the  same  as  (a)  and  (£).     If  n  =  0  in  (a)  and  (fi)  I 
we  have  the  mure  special  form : 

sin"!  cos'a;  (fcc  =  (1 — cos*a:)^"'cos'a;  tir,  if  m  is  even,  or 

=  (1 — cos't)*""""  cos'ardcosa;,  if  m  is  odd. 

This  may  be  developed  and  at  once  integrated  which  process  is  preferable 

to  that  involving  the  usual  formu's  for  this  case,  formuhis  which  provide  for 

special  sub-cases  and  involve  successive  integrals  of  iliiferent  orders,  ' 

The  above  includes  also  the  more  special  case  iu  which  m  =  0  or  r  =  0. 

/coB"ic  dx             /*C08"'~ '  x  cos  xdx      1    .  J 

; F- =    I  — — — i .     Jjet  cosxoa;  =  ( 
\a-\-Dtaiix)'        J     (a-|-Atana;f 

O0rf*~*a!       __    ,__ 1,  cos"~'x8ina;(tr      _ ^ cos"" ^x  see's; (ij; 


(a+itai 


=  -(m-l) 
=  — nfi 


-(m-l)^ 


[a+fi  tan  x}' 


cos"  *a:8ina;rf3; 


[a-^hXxaxf 
"T.Xzax 


(o+fitanx)"* 


a{m— 


— 5(m+n— 1) 


'(a+6  tanar)**! 
'X  tnn3-(l+tan*x)(£c 
(a-J-fitanx] 
tan*x 


(a+fitan  a:)" 
,  2a'(m— 1) 


6»       (a+6  tan  a;)" 


(a-|-6tana:J"+'  i' 


(a-f-6tanj;)"*'t 

cos  "a;  tan'a; 
(a-|-fiunx)"+i 
a(m — 1)  cos^a; 


m+n — 1         coe^a?  ,  3q(m+n — 1) 

?       (aA-b  tao  x)"^^  "^  fi*  (a 


ooe^a? 


(a+6taDir)*-2  fi*  (a+fitana?)— ^ 

Sa\m+n — 1)       oo8**a?        ,  a'(m+n— 1)         006**^         , 

6*  (a +6  tan  a;)* "^  fi»  {a+b  tsn  x)'^^ ' 

m+n — 1         coeTx  .a{2m+Sn — 2)  oo8*x 

fi*        (a-ffitana?)*-^'^  P  (o+fitoni)*^ 

a*(m+3n— l)+5^n       cos**a?        ,  an(a*+^         006*'x 

S*  (a+fitana;)*"^       fi*        (a+6tana?)^i' 


•     r    co6**a?(fe     co8"*""^a;8in  a?  ,  m+n— 1  T 

*•/  (a-hfitana?y""  fa-f  fi  tan  xY  A*      J  fa 


oos^a^ 


(a+fi  tan  a?)*       (a+fi  tan  a:)*  A*      ^  (a-|-6  tan  a:)"+* 

_a(2m+3a— 2)  r      co8**a?</a?        ,  o*(m+3n— l)+yn  f    om^xdx 
B"  Jra+fitana?)*-!"^  fi^  Ji 


(a+b  tan  a?)*-i  fi^  j  ^^L+b  tan  a;)* 

an(a'+6')  r      oosTxdx 

fi»       J  (o+FtanSpi' 

Transposing,  dividing  by  ^^a       >  ^^^  writing  n — 1  forn  we  finally 

get:— 

/coeTxdx     b^  coe"*~^a?sina? 

(a+i&  tan  a:)*  ~  a(n-l)  {a'—b^(a-\'b  tan  a;)— ^ 

,  o'(m+3n— 4)+i6»(n— 2)  f      co8"*a^ 
■^  a(n-iya»+6*)        J  ( 


a(n— l)(a*+6*)        ^  (a+6  tan  a:)— ^ 

(2m+3n — 5)  C      co8*'a?rfa?        ,       m+n— 2        T      oosTxdx         ,a 

(n_l)(a'+6V  (a+6tana:)»-2'*"a(n— i)(a«+6^)J(a+£ta'5"S)^'   ^^ 


Now 


/8in**a?(/a?     roos"*a?  tan'*a:cfo 
(a+fitana:)*  ""  •/   (a+fi  tan  xf  ' 


°  ^        may  be  separated  into  a  series  of  partial  fractions,  each  may 


(a+6  tan  x) 

be  multiplied  by  cos'^a^da;  and  integrated  by  eq.  (e). 
The  above  includes 

sin"*a?  co8''a?    cos"*+''a?  tan'^a? 

(a+fi  tan  x)*         (a+6  tana:)*  * 
Again 

/sin*'a;co6''a;da?  __    rc<)6**^'""*a?  tan**'^*a?cfa 
(a+6cota?)*        J         (6+ a  tana;)*      ' 

which  may  be  int^rated  by  the  above,  and  which  indndes  special  cases  in 
which  r  =  0  or  m  =  0. 


ON  THE  LUNAR  AND  PLANETARY  THEORIES. 


BY   JOHN    N,   8T0CKWELL. 

In  my  Theory  of  the  Moon's  Motion,  which  was  published  about  s  year 
ago,  I  have  called  the  attention  of  astronomers  to  n  clasfl  of  inequalities 
which  api'ear  to  have  been  incorrertly  calculaterl  by  all  my  predecessors  in 
this  interesting  Geld  of  inquiry.  The  inequalities  to  which  I  refer,  are  of 
great  importance  in  the  lunar  theory,  not  only  on  account  of  their  own  mag- 
nitude, but  also  on  account  of  their  modifying  influence  on  some  of  the  oth- 
er inequalities  of  the  moon's  motion.  They  are  wholly  independent  of  the 
coordiuates  of  the  disturbing  body;  and  the  coefficients  of  the  time  in  the 
arguments  of  the  equations  differ  from  unity  but  by  quantities  of  the  order 
of  the  disturbing  forces.    They  arise  from  the  integration  of  equationa  of  the 

I  form, 

'  '''*'■.  +  N^dr  -I-  mScos  (it  —  e)  =  0 ;  (1) 


dp 

in  which  iVand  i  difller  from  unity  but  by  quantities  of  the  order  r, 
here  represents  the  disturbing  function. 
I     The  general  integral  of  equation  (1)  is 


dr  = 


'—N 


cos  {it  —  t). 


*,  which 


(2) 


Tor  the  particular  inequality  to  which  I  wbh  to  call  attention  in  this  pa- 
per, equation  (1)  becomes 


dMA 


+  ^Mi  —  i^m*efco3(7>t+o>^2S)  =  0; 


(3) 


the  development  heiog  in  accordance  with  Ponte'coulant's  work  on  the  lu- 
nar theory,  and  the  notation  being  the  same  as  in  my  own  work  ;  namely, 
r  denotes  the  radius  vector ;  e  and  y,  the  eccentricity  and  inclination  of  the 
moon's  orbit;  ni,  <o  and  S,  the  mean  longitude  of  the  moon,  the  perigee 
and  the  node,  respectively. 

By  retBOD  of  the  perturbations  oi  and  S  are  variable,  and  we  have 

dm  =  —SS  =  |m'ni.  (4) 

The  coefficient  of  Tii  in  the  argument  of  equation  (3)  therefore  becomes 
J+Jin*  =  i;  while  .Wis  equal  to  uuity  minus  the  motion  of  the  perigee,  or 
?=  1  —  Jm*.     Therefore 

i'  _  JV'  --  6m',  (6) 

i  equation  (3)  gives  by  integration, 


The  ineqiiality  depeDding  on  this  argumeot  ie,  therefore,  appsrently 
indepeodeot  of  the  disturbiog  force,  siDce  the  disturbiog  fbnctioD  becomes 
8  factor  of  both  numerator  and  denominator  of  the  integral  expressed  b^ 
equation  (2).  La  Place  designates  euch  inequalities  as  finite.  They  are, 
however,  really  indet«rmiuate  by  equation  (2),  as  we  shall  now  proceed  to 
ehow.  It  ie  evident  that  equation  (1)  becomes  more  accurate  the  smaller 
the  disturbing  function  m'  becomes,  since  it  is  the  first  term  of  a  oonvergiog 
series  depending  on  the  ascending  powers  of  m'.  Equation  (1)  would  there- 
fore be  true  if  m'  were  an  infinitesimal ;  but  equation  (2)  gives  the  same 
value  of  Jr  whether  m'  be  in6nitesimal  or  finite;  a  result  which  is  in  direct 
contravention  of  the  general  principle  of  mechanics  that  the  effect  is  propor- 
portlonal  to  the  cause. 

But  at  this  point  we  are  met  by  the  objection  of  Mr.  G-.  W.  Hill,  who 
remarks,  in  the  March  No.  of  the  Aitalyst,  that  the  value  "m=0  imptiee 
that  we  have  either  an  infinitely  short  month  or  an  infinitely  long  year" ; 
and  is  therefore  not  an  admissible  hypothesis,  since  the  value  of  m  is  really 
finite. 

Now  Mr.  Hill's  remark  is  correct  only  in  the  case  in  which  the  sun  is  tlie 
disturbing  body ;  and  does  not  apply  to  the  case  of  a  second  satellite  or  a 
planet.  In  this  latter  case,  if  we  put  the  constant  term  of  the  expressioD  of 
the  inverse  cube  of  the  planet's  distance  from  the  earth  equal  to  b-i-a"*,  a" 
being  the  mean  distance  of  the  planet  from  the  sun ;  and  also  put 

m'  =  mo  -,,„ 
a  ' 

m"  being  the  planet's  mass ;  we  shall  have 

dm  =  —  3S  =  Jm'ni         and 

bat  epuatioQ  (6)  would  remain  unchanged. 

lu  the  case  of  Neptune  being  the  disturbing  body,  we  shall  find  i       

BOiuao'oflOJflQi  *"'^  t*"'^  value  of  the  disturbing  force  would  cause  the  p«> 
igee  and  node  of  the  moon's  orbit  to  move  at  the  rate  of  about  one  second 
of  arc  in  a  period  of  7000  years;  but  the  substitution  of  these  quantities  in 
equation  (3)  gives  the  same  perturbation  as  the  disturbing  force  of  the  eani 
which  is  about  500,000,000  times  greater.  It  is  therefore  evident  that  eq'n 
(2)  fails  to  give  correct  results  in  the  case  where  i  differs  from  unity  but  by 
quantities  of  the  order  m'. 

In  the  lunar  theory,  however,  the  disturbing  force  of  the  sun  is  oompar- 
atiyely  great  in  respect  to  the  central  force;  and  as  some  doubt  may  e 


a_JV>  =  6m>; 


"'^^l 


aa  to  its  omupetency  to  cnmpletelj  change  the  character  of  the  elliptical  in- 
equalities dae  to  the  central  force,  we  shall  now  show  that  the  application 
of  the  same  method  to  the  planetary  theories,  in  which  case  the  disturbing 
fortes  are  almost  infiQitesimally  small  in  comparison  with  the  central  force, 
leads  lo  results  as  extravagant  and  absurd  as  the  perturbations  produced  by 
analysis  (though  ascribed  to  gravita'n),  in  the  theories  of  the  moon's  motion. 

For  this  purpose  we  shall  consider  the  motion  of  Mercury  as  disturbed 
by  Neptune.  If  we  designate  the  coordinates  of  Mercury  and  Neptune  by 
the  aanie  notation  which  we  have  employed  for  the  moon  and  hud,  res[>ect- 
ively,  in  the  lunar  theory,  we  shall  have  m'  =  m'(a'-^a'*l  =  0.00000000- 
00114  =^  the  disturbing  function.  And  if  we  neglect  the  eccentricity  and 
ini'linntioD  of  Neptune's  orbit,  the  perihelion  and  node  of  Mercury's  orbit 
would  have  the  following  motions  on  the  ecliptic,  i  being  reckoned  in  JuH- 
tn  years ;  namely, 

da,=  —  dii=+  f  m'n(  =  -f-  O".00O4603  (. 

Now  according  to  Mr.  Hill's  logic,  so  long  as  the  perihelion  and  node 
Duive  at  all,  e<|uation  (2)  must  give  the  corret^t  value  of  the  perturbation  of 
the  ndius  vector  depending  on  the  argument  lU  +  w — 2fi;  consequently 


I 

I 


,1 


-|cr'cos(ji/-f<u— 2J2); 


and  this  gire^  for  the  corresponding  perturbation  in  longitude 

3v  =  — |V(=S06")s;n(n(+£o— 2i?).  (7) 

Now  the  pure  elliptic  motion  of  Mercury  gives  rise  to  the  following  ine- 
quality in  the  longitude;  namely, 

^1.  =  -f-  ley'  (=  322") sin  int+w—2S); 
and  the  sum  of  these  two  values  of  Sv  would  be  the  true  value  of  the  equa- 
tion, in  order  lo  allow  for  the  perturbation  by  Neptune. 

Now  I  tind  that  the  greatest  perturbatioa  of  Mercury  by  Neptune  is  that 
deiiending  on  the  argum't  of  the  evection  in  the  lunar  theory,  and  amounts 
to  only  0".0125,  while  the  coefficient  of  equation  (7)  amounts  to  only  — 0"- 
.000000193;  which  is   altogether  more  probable  than  the  preceding  value. 

Supp(>se  now  that  we  have  a  second  disturbing  planet,  and  call  the  dls- 
turbitig  function  ni'*,  the  motion  of  the  perihelion  and  node  arising  in  con- 
sequence would  he  3m  =  — 5i^  =  jm"fl(;  and  the  integral  of  (3)  would  be 

al  =  — @e^'r"'!+!r^ncos{nM  io—2S2)  =  —^efc(K{nt-i-fJ—2B), 

\he  mate  as  for  a  single  disturbing  planet.  It  is  evident  that  any  number 
of  additional  disturbing  planets  might  be  considered  in  the  same  way,  and 
Bvc  the  total  perturbation  by  all  the  planets  the  same  as  that  arising  from  a, 
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single  one.  The  perturbations  depending  on  the  proposed  argument  are 
therefore  entirely  indeterminate  by  equation  (2). 

Now  suppose  we  were  to  force  such  an  inequality  as  is  given  by  equation 
(7)  into  the  theory  and  tables  of  Mercury ;  it  is  evident  that  it  would  give 
rise  to  several  inequalities  of  sensible  magnitude,  dependiag  on  different  ar- 
guments; and  also  that  the  differences  between  theory  and  observation  wo'd 
be  very  nearly  equal  to  the  sum  of  the  inequalities  arising  from  the  new 
equations  thus  introduced ;  since  the  existing  tables  very  closely  represent 
the  motion  of  Mercury.  Assuming  the  theory  including  these  new  equat's 
to  be  correct,  we  should  endeavor  to  make  tlie  differences  between  theory 
and  observation  disappear  by  applying  corre<}tions  to  the  elements  of  the  or- 
bit. In  this  way  we  should  be  able  to  make  the  residuals  disappear  more 
or  less  completely  for  a  time,  since  the  errors  of  the  elements  would  partial- 
ly compensate  for  the  errors  of  the  theory  and  tables.  But  no  amount  of 
tinkering  of  the  elements  and  theory  possessing  such  an  inherent  source  of 
error  would  suffice  to  produce  tables  which  would  permanently  represent 
the  motion  of  Mercury  with  the  precision  required  by  observation. 

Now  it  appears  to  me  that  the  lunar  theory  is  in  just  the  condition  that 
the  theory  and  tables  of  Mercury  would  be  in  this  supposed  case.  Several 
inequalities  of  considerable  magnitude  which  have  no  existence  in  nature 
have  been  forced  in  to  the  theory  and  tables  of  the  moon ;  then  corrections  of 
the  elements  have  been  determined  by  means  of  numerous  equations  of  con- 
dition, by  which  means  we  have  neither  correct  elements  nor  correct  theo- 
ries ;  since  equations  of  condition  are  powerless  to  correct  for  constant  or 
systematic  sources  of  error. 

It  is  proper  to  remark  in  this  connection,  that  La  Place  has  stated  in  book 
IL,  chapt.  V,  of  tlie  Mecanique  Celeste^  where  the  integral  of  equation  (1) 
first  appears,  that  the  integral  takes  a  different  form  from  equation  (2),  in 
the  case  of  N  being  equal  to  i.     For  this  supposed  case  he  gives 

8r  =  -£^cos  {Nt-,)-"^-  sin  {Nt-,)  (8) 

which  is  easily  proved  by  differentiation  to  be  correct.  Now  the  last  term 
of  this  equation  vanishes  at  the  epoch,  when  <  =  0;  and  we  need  only  con- 
sider the  second  term  in  this  connection.  Since  iV=  1 — fm*,  and  i  =  1  + 
|m*,  we  shall  have  N  =  0.9958  and  i  =  1.0126,  in  the  case  of  the  moon 
disturbed  by  the  sun.  These  numbers  are  not  exactly  equal,  although  very 
nearly  so.  In  the  case  of  Mercury  disturbed  by  Neptune,  weliave 
N=  0.99999999999145,  and  i  =  1.00000000002565. 
These  numbers  approach  very  nearly  to  the  ratio  of  equality;  but  it  may 
very  easily  be  shown  that  the  elements  of  the  orbits  should  be  treated  as  con- 
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stant  in  the  differential  equations,  and  we  should  then  have,  rigorously, 
JV=  t  =  1;  and  the  integral  of  equation  (1)  would  become 

Sr  =  — Jm'cos(i^ — e). 
Equation  (3)  would  also  become 

-^+^-  —  fwiVcos  (rU+o;— 2J2)  =  0;  (9) 

the  integral  of  which  would  be 

dl  =  |mVcos(n<+a;— 2i;?).  (10) 

This  would  give  for  the  perturbation  of  the  moon's  longitude 

dv  =  [$mV  =  l"-2]  sin  (n^  (o—2S).  (11) 

The  perturbation  depending  on  this  argument,  therefore,  amounts  to  only 
1".2  instead  of  111''  as  determined  by  Ponte'coulaut,  Plana  and  others. 

From  this  examination  it  is  apparent  that  the  integral  given  by  equation 
(2)  is  not  applicable  to  those  equations  in  which  the  coefficient  of  t  in  the 
argument  is  simply  the  mean  motion  of  the  moon  ;  and  had  La  Place  and 
his  successors  remembered  this  circumstance  in  their  calculations,  the  theory 
of  the  moon's  motion  would  have  been  relieved  of  its  most  embarrassing 
features;  its  development  would  have  been  confined  within  narrower  limits, 
and  its  permanent  improvement  been  thereby  greatly  facilitated. 

Cleveland,  Aug.  25,  1882. 

Podscript — The  preceding  article  was  prepared  for  the  November  num- 
ber of  the  Analyst;  but  as  it  was  not  transmitted  to  the  editor  until  the 
Dsatter  for  that  number  had  been  selected,  it  was  thought  best  to  add  the  fol- 
lowing as  a  postscript  to  that  article,  in  order  that  the  whole  difficulty  with 
which  the  lunar  theory  is  embarrassed  may  be  clearly  and  unmistakably 
traced  to  its  source. 

The  equation 

^+(l_|^)o^«_ajL„Vcos(t;+a,-2X>))   ^  ^ 

given  by  Plana  on  page  72,  tome  II  of  his  The'orie  du  Mouxemeni  de  la 
lAtne,  is  a  particalar  case  of  the  general  equation 

^-+N'y+kcoB(U-e)  =  0,  (13) 

the  integral  of  which  is,  in  the  case  where  N=  t, 

y  —  —  j^  cos  {U—e)  —  —  sin  {U—s).  (14) 
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The  integral  of  eqa'n  (12),  neglecting  the  last  term,  should  therefore  be 

8u  =  fimVcos  (t>+ft>— 2i2)+^mV  ^  sin  {v+(o—2S2),         (15) 
instead  of 

8n  =  —  Iq^cos  {v + a)— 20),  (16) 

as  given  by  Plana. 

The  last  term  of  equation  (15)  arises  from  the  secular  variation  of  the  el- 
meuts  of  the  moon^s  orbit;  while  the  first  term  of  the  second  member  arises 
from  their  periodic  variations.  In  order  to  prove  this  we  shall  take  the 
values  of  the  secular  variation  of  the  elements  given  by  Plana,  in  tome  I,  pp. 
96,  97;  namely, 

8r  =  i^r  COS  (2cy-2 X?)  \  ;  n  7\       Se  =  —  Je^^cos  (2ai-2i?)  1    ,- «. 
j-dSi  =  |cV  sin  (2cy— 2i?)  /  '  ^^ '  ^     edw  =       l^r'sin  {2io—2S2)  / '  ^    ^ 

It  is  evident  that  the  variations  of  the  elements  ought  to  simultaneously 
vanish  at  the  epoch  of  the  tables ;  and  as  equations  (17)  and  (18)  do  not  sat- 
isfy that  condition,  we  must  add  a  constant  to  each  of  these  equations  in  or- . 
der  to  make  the  variations  vanish  at  a  given  epoch,  when  a}  =  a)Q,  Q  =0^. 
Equations  (17)  and  (18)  will  therefore  become 

*r  =      i^r  [cos  (2ai-2i2)-cos  {210^—20^)-]  \ .  r.^. 

r8i2=      |eV[sin(2ai— 2i2)-sin(2a>,,-2i2o)]/' 

de  =  —lef  [cos  (2ft;— 2i>)— cos  (2fl;o— 2i?o)]  \  (20 

edw  =      ief  [sin  (2€i>— 2X?)— sin  {2(0^—20^)]  j  '  ^ 

Now  the  principal  term  in  the  value  of  u  is 

u  =  ecoa  (v — Wq);  (21) 

and  its  variation  corresponding  to  small  variations  of  6  and  oIq  will  be  giv- 
en by  the  equation 

8u  =  f  -  - )  36  +  f  -  -  ]  Jfl>  ==  cos  (t' — a)  Q  )3e + sin  (v — w  q  )eda}.      (22) 

If  we  substitute  the  values  of  de  and  edco  given  by  eq'ns  (20)  we  shall  find 

8u  =  — lejf^  [cos  {v^a)Q+2(o — 20) — cos  {v-\'10q — 20^)']  1  s^ns 

=      ief^in{io^O-w,  +  0,)sin{v+a)S-0,)      /•       ^    ^ 

In  the  case  of  constant  elements  we  have  q>=:  oIq,  O  =  Qq,  and  du  van- 
ishes.    But  since  lo  and  O  are  variable,  we  have,  according  to  Plana, 

10  =  (Oq+  im\  Q  =  0^—lm\  (24) 

so  that  w  — X? — Wq-^-Uq  =  fwi't?;  and  as  we  are  retaining  only  the  terms  of 
the  order  m',  we  may  put 

sin  {(o — a — cdq-^-Qq)  —  0) — 3 — WQ+i^Q  =  ^m\  (25) 

and  equation  (23)  will  l»ecome 

du  =  ^V^sin  {v+w—iJ—iJQ  =  t?+w— 2X?  at  the  epoch).     (26) 
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Tbia  ia  the  same  as  the  last  term  ofeiiuatloo  (15), and  proves  the  first  p't 
tbe  proposition.  The  second  part  may  be  proved  in  a  similar  manner 
taJciog  the  variation  of  the  second  term  of  the  value  of  u  aod  aubslitu- 
g  the  periodic  variation  of  the  elements. 

We  thas  see  that  the  variation  of  the  elements  leads  to  the  same  results 
ire  derived  from  the  variation  of  the  coordinates,  when  the  proper  con- 
its  are  added  to  the  integmla  of  these  variations, 
rbe  Integral  of  equation  (12)  depending  on  cos  {v—  lu')  ia 

8u  =  —  ^m'ia^a') e'cos  {v-o>') -  ^m^{a-^a')e'  v  sin  {v-to'),  (27) 
tead  of  5it  =:  J  [a-i-a'}  e'cos  (i? — w'),  as  given  by  Plana. 
The  last  term  of  equation  (27j  arises  from  the  secular  variation  of  e  and 
depending  on  the  distance  between  the  perigees  of  the  sun  and  moon.  To 
re  this  we  shall  observe  that  the  differential  equations  of  e  and  at  contain 
terms 

*  "     »'  .  (28) 

«d.  =  -«-'<?«""<"-"'  J 

f  we  integrate  these  equations  in  the  same  way  that  Plana  has  done,  and 
I  add  a  constant  to  the  integrals  so  that  tSe  and  Sat  may  aimvUaneously 
itA  atthe  epoch,  we  shall  tind, 

3e=     $(fl-i-a')e'[co9(w-w')-co8K— O]^ 
.dot  =  -iiu^a')  e'[.m  [,o-a,')-Bw  («/„-<«;)]  / 
f  these  values  be  substituted  in  equation  (22),  we  shall  find,  after  making 
DBceeaary  reductions, 

oV  =  -\im^:a~a')e'  t-sin  («-«,'),  (30) 

Blbe  last  term  of  equation  (27). 

'he  other  term  of  equation  (27)  may  he  found  in  like  manner  by  substi- 
Og  the  proper  periodic  variations  of  c  and  w  in  equation  (22), 
^e  two  cases  which  we  have  esamiued  are  the  most  important  ones 
mg  the  equations  of  the  moon's  longitude;  but  there  are  two  terms  of 
dderable  importance  in  the  equations  of  the  moon's  latitude,  which  we 
1  now  examine. 

'he  first  of  these  terms  of  the  latitude  is  given  by  Plana  in  tome  II,  page 
I  of  his  work,  as  follows: 

^+(H-|m')58-l/»«'eV  sin  (r— 2™+J3)  =  0. 

lie  lot^ml  of  this  equation  is 

ttiiof  3t=  ■\-i(^Bia (tJ — 2w-{-ii),  as  given  by  Plana. 


(29) 


(31) 


(32) 
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The  last  term  of  equation  (32)  is  produced  by  the  secular  variation  of  the 
node  and  inclination  of  the  moon's  orbit,  as  may  be  shown  in  the  following 
manner:— Since  the  principal  term  of  the  latitude  is  given  by  the  equation 

«  =  r8in(t;-i?o),  (33) 

we  shall  have 

ds  =  sin(t?— i>o)3r-cos(t?-i2oW^;  (34) 

and  if  we  substitute  the  values  of  dy  and  ydiJf  which  are  given  by  eq.  (19) 

we  shall  find 

=  —i^m*^  V  cos  («— 2fl>+ X?)  /  '      ^'^^^ 

the  same  as  the  last  term  of  equation  (32). 

The  second  term  of  the  latitude  which  seems  to  be  entirely  erroneous  is 
the  one  arising  from  the  oblateness  of  the*  earth.  La  Place  first  computed 
this  inequality ;  and  I  .im  especially  desirous  of  calling  attention  to  it,  since 
the  error  is  common  to  every  theory  of  the  moon's  motion  which  I  have  ex- 
amined, including  my  own.  In  this  examination  I  shall  first  follow  the 
method  given  by  La  Place  in  the  Mecanique  Celeste,  making  use  of  the 
translation  by  Bowditch,  since  it  is  more  convenient  for  reference  than  the 
original  work.  I  shall  then  show  how  the  same  results  may  be  obtained  by 
the  method  given  in  my  pwn  work. 

If,  in  the  function  [5347],  Mec.  CeL,  we  substitute  for  u-r-A'  its  value 
1-3-a^,  and  also  put  for  abridgement 

m  =  (a/>-W)^'  (36) 

it  will  become 

2m  sin  e  cos  e  sin/t74"  {<f — l)-ff  sin/r,  (37) 

c  denoting  the  obliquity  of  the  ecliptic  to  the  equator. 

But  in  [5350]  La  Place  gives 

-ET  = s -sinecose:  (38) 

g^  —  I 

consequently  the  function  (37)  is  identically  equal  to  nothing. 

Now  La  Place  remarks  that  the  oblateness  of  the  earth  adds  the  function 
(37)  to  the  differential  equation  of  the  latitude,  by  which  means  it  becomes 

^+3«+[2m  sine  cos  e  +  (^^—l)ir]8inyb  =  0;  (39) 

the  integral  of  which  he  gives  as 

ds  = -sine  cose  sin /v.  (40) 

if 

In  other  words,  if  nothing  be  added  to  the  differential  equation  of  the  lat- 
itude, its  integral  will  be  increased  by  the  value  of  8s  in  equation  (40) ; — 
a  result  which  is  exceedingly  interesting  as  well  as  mysterious  to  a  peiBon 
unacquainted  with  the  wonderful  powers  of  the  calculus. 
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[  But  the  correct  value  of  tbe  integral  of  equation  (39)  is 
^  =  — i[2msinEC09e-f-(ff>~l)JT]Bin/u    1 
+  i[2m  sin  «  cos  t+{g^ — 1)^]  ^  cobJv  J  ' 
Brace  /■=  i. 

The  function  H  is  therefore  not  correctly  given  by  equation  (38),  and  the 
fniictioD  (57)  iti  not  er[uul  to  tero. 

In  equation  (41)  the  term  — jmsin  scosesin/w  gives  the  direct  effect  of 
the  earth's  oblateneps  on  the  moon's  latitude;  while  the  term  {(/^-l)IIs\r\fo 
is  its  indirect  action  transmitwd  to  the  moon  by  means  of  the  sun  but  de- 
creased in  the  ratio  of  j^  —  1  to  unity.  Now  Jmsin  ecos  e  =  0".0I654 
=  i/,and  ((?''— 1)J/=0".000133.  Whence  it  follows  that  the  effect  of  the 
CArlli'e  oblaCeness  on  the  moon's  latitude  is  insensible. 

The  aame  result  may  be  obtained  by  the  method  empi'd  in  my  own  work. 
For  the  same  force  which  gives  rise  to  the  first  term  of  the  function  (37), 
prodaceE  in  the  value  of  J  ,  eq'n  (263)  of  my  Theory  of  the  Moon's  Mo- 
tion, the  following  terms 

—  ?-  ^  mn  ain  £  cose  [J  cos  n( — nisinni];  (42) 

and  this  gives  by  integration 

d^d  ^  m  sin  E  cos  s  [ — Jsin  tU+iU  coa  n(],  (43) 

which  is  the  same  as  the  corresponding  terms  of  Ss  in  equation  (41 ),  since 
V  ^  nt,  when  we  neglect  the  eccentricity  of  the  moon's  orbit. 

It  is  easy  to  prove  that  equation  (43)  is  correct,  by  means  of  the  variation 
of  the  elements.     For  if  we  add  a  constant  to  the  secular  terms  of  these  va- 
riations, which  are  given  by  equations  (630)  and  (631)  of  my  work,  so  that 
they  muy  simultaneously  vanish  at  the  epoch,  they  will  become 
fSSJ  ^  msin  £  cos  £  [Jsin  (2ii( — i^) — (n-=-a')(sin  J? — sin  J?,))  \ 
iy  =  m  sine  cos  E[Jcos(2n(—i/)-f(""^ii')  (cos  J?— coai^p)  J  ' 
And  if  we  substitute  thei-e  values  in  the  equation 

59  =  sin  {nt—!Ja)Sr—oa6{nt~-L\)y5i}, 
the  secular  terms  will  produce  the  following  terra, 

5l?  =  2-^-siDecos£Stni(i/— ilo)co8n(.  (46) 

iiut  since  S-iJf)  =  a't,  we  have  sin  ^{<J-Sg}  =  ^a't,  and  eq.  (46)  becomes 
SO  =  msinecosenfcosni;  (47) 

which  is  the  same  as  the  last  term  of  (43). 

If  we  now  substitute  the  periodic  terms  of  equations(44)in  equation  (45) 
.  .we  get  the  first  term  of  equation  (43). 

,  Fiodly  La  Place  remarks,  Mec.  Ce'L,  [5398],  that  the  inequality  of  tlie 
d's  motion  in  latitude  arising  from  tbe  oblateness  of  tbe  earth  is  only 


(44) 


(45) 
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the  reaction  of  the  nutation  of  the  earth's  axis,  discovered  by  Bradley; —  a 
statement  which  seems  strangely  at  variance  with  mechanical  principles, 
since  the  one  has  a  period  of  only  twenty-seven  days,  while  the  other  has  a 
period  of  nearly  nineteen  years. 

It  is  evident  that  this  change  in  the  equation  of  the  moon's  latitude  affects 
the  corresponding  equation  of  the  longitude;  and  I  find  that  it  changes  its 

value  from  iv  =  6  -  ->-  r  sin  e  cos  e  sin  SJ,  to  dv  =  V-  -    ,  r  sin  £  cos  c  sin  Si, 

The  equations  of  the  moon's  motion  arising  from  the  oblateness  of  the  earth 

are,  therefore 

dy  =  4".814  sin  i?,  dO  =  — 0".0165  sin  nt,  (48) 

instead  of 

dv  =  4''.444  sin  ii,  dd  =  — 8".226   sin  vU 

previously  found. 

But  there  is  one  point  in  Mr.  Hill's  ''Review"  which  seems  to  be  well 
made  out,  and  for  which  I  wish  to  thus  publicly  tender  him  my  grateful 
acknowledgements.  And  that  is  in  relation  to  the  reduction  of  the  moon's 
longitude  from  the  plane  of  its  orbit  to  the  ecliptic,  and  which  amounts  to 
the  correction  which  I  have  now  applic<l  to  the  equation  of  the  longitude 
arising  from  the  oblateness  of  the  earth. 

I  have  thus  shown  with  considerable  detail,  not  only  that  the  lunar  the- 
ories of  my  predecessors  are  erroneous  by  terms  of  the  third  order,  but  have 
also  shown  just  how  the  errors  were  introduced  into  the  several  theories. 
The  errors  were  first  committed  by  La  Place;  and  his  methods  of  integra- 
tion were  blindly  followed  by  his  successors  until  his  results  came  to  lie 
accepted  by  astronomers  as  the  legitimate  effects  of  the  law  of  universal 
gravitation.  Had  La  Place  been  a  less  skilful  mathematician  it  is  not  prob- 
able chat  he  would  have  made  such  mistakes;  since  he  would  have  been 
content  to  consider  one  power  of  the  disturbing  force  at  a  time,  and  he  wo'd 
then  have  been  obliged  to  regard  the  elements  as  constant  in  the  integrat'ns; 
and  then,  in  all  the  cases  which  I  have  pointed  out,  he  would  have  found 
zero  for  a  divisor  and  infinity  for  the  perturbations.  And  such  results 
could  not  have  failed  to  indicate  their  origin  in  the  improper  application  of 
a  general  formula  of  integration  to  a  special  case  in  which  such  formula  fails 
to  give  correct  results.  I  therefore  confidently  believe  that  existing  theories 
when  corrected  for  the  sources  of  error  which  I  have  pointed  out;  together 
with  a  careful  revision  of  the  elem'tsof  the  lunar  orbit,  will  give  the  moon's 
place  in  the  heavens  with  all  the  precision  required  by  observation,  without 
carrying  the  approximat'n  to  terms  of  a  higher  order  than  have  been  already 
calculated. 

Cleveland,  Oct.  10,  1882. 
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Note.' — The  foUowiag  equntions  (p)  add  (h),  and  concluding  remark,  was 

mdntedby  Prof.  Philbrick  with  the  corrected  "proof"  of  his  paper,  pp.  9-14, 

^tx)  should  liave  appeared  in  conuectioo  with  that  paper;  but  by  accident  the 

■proof  was  nol  rec'd  till  after  the  sheet  was  printed,  hence  their  appearance 

|i|icT«,  and  the  corrections  of  the  proof,  in  the  Errata  on  p.  :i2. 

"Also 

J  (a-[-6secxr      •' 
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I  which  may  be  integrated  by  (a)  or  by  (i);  and 

Csxn'xt^xdx rsin"^'a; cm'xdr  w, 

•J  a  +  bpo'cx)~      J    {6-|-asinx)" 
I'whicii  may  be  integrated  by  (c)  or  [d). 

Probably  almost  any  combination  of  trigonometric  functions  may  be  inte- 
rat«d,  directly  or  by  transformation,  by  the  general  formulas  above,  or  by 
rotliere  easily  derived  from  them." 


Calculation  of  Transit  of  Venus  bv  Prop,  Bakboub. — This  cal- 
itioD  is  made,  by  T.  H.  Safford,  Jr.'s  modification  of  Bessel'a  method,  for 
tlie  position  of  Louisville,  Ky.,  N.  Lat.  38°  14'  67".78,  Long.  86°  45' 
l^2".53  W. ;  tranait  to  occur  on  Dec.  6th  1882. 

The  fortnul^  will  be  found  in  Chauvenet's  Spher,  and  Pract.  Ast.,  Vol.  I, 
md  in  the  Amer.  Naut.  Almanac  for  1882. 

a  =  X  —  A  sin  {jt—X),  b  =  B  —  EK+  Oh  cos  (fi—X), 

e  =  —  C  -i-  FK—Hkcoaiji—/:),  m  =  y'ibc).    If  m  =  a  the  awumed 
e  is  correct. — To  find  time  of  2°''  contact.     Put  ^ '  =  geocentric  latitude 
Ipf  the  place;  ?.  =  longitude  West  from  Greenwich;  /)  — dist.  from  Earth's 
alter;  A  ^  /* cos  f',  and  K  =  ps\a  f'. 

An  easy  method  of  calculating  h  and  K  is  provided  by  Amer.  Naut.  Al- 
laac  for  1882,  p.  499.     />cos^'  =  i*^cos ^,  and /) sin p' ^:  G'svaip,  in 
irbich  f  =  jfeographical  latitude,  and  logs  P  and  G'  are  given  in  a  table, 
log  cos  y  =  9.89.')0487       log  sin  <f  =    9.7917506 
log  F'     =    .000578         log  G      =n  .0024355 
log  A        =  9.895G2B7       log  iT      =  n9.79418(Jl 
Ifn  befoic  a  log.  means  that  the  number  corresponding  is  negative.) 
To  find  a.    ji  =  38'  13'    3"  for  epoch  2'  24""  57'  {Gr.  mean  time). 

X  =  8.5°  45'  52".5;J;  .-.  /j  — -i  =   — 47°32'49".53  or  312° 
27'  10".47.     .  ■ .  log  aiu  {p.-l)  =  n9.8679576  ;  log  cos  (ji—X)  =  9.8292395 
log  A  =    9.8956267 

IogA+logsin(/i— J)=    9.7635845".     .-.  A  sin  (/i-^)  =.580209. 
A,  for  given  epoch,  =  18.8281658;  +.580209  =  19.4083748  -  a. 


—26— 

To  find  6. 

log  E,  2»^  cont,  =  9.96859        log  G,  2"*>  cont,  =  n9.68878 
logi:  =  9.7941861     log  A  =    9.8966267 

log  {EK)  =  9.7587761     log  co&{ijl-X)      =    9.8292935 

EK  =    .57382         l.[GAco8(//-;)]  =    9.3137002 

[Gh  cos  {u^X)—EK  =  —.205921— .57382  =  —.779741. 
,  B,  at  2nd  contact  =  6.029408;  6  =  6.029408— .779741  =  5.249667; 

log  6  =  0.7201318. 
To  find  c. 

log  F,  at  2°**  cont.  =  9.96689  log  H,  at  2"^  cont.  =  n9.57533 

]ogK  =  9.7941861       log  A  =    9.8956267 

log  (FK)  =  9.7«10761       log  cos  (/i— ;)  =    9.8292589 

FK  =    .576867         log  Hhoosifi'-X)    =  n9.3002156 

JF?A  cos  (/i— ;)    =—.199625 

Cis  intrinsically  neg.,  .*.  it  becomes  pos.  here  being  produced  by — sign. 

—  C=  70.961592;  c  =  70,961592+.576867+.199625  =  71,738084 

log  0  =  1.8557498;  J  log  c  =    .9278749 

ilog6  =    .3600659 

logV(*<5)  =  1.2879408  ;  .'.  i/(6c)  is 

19.40621.     Hence  a— |/{6c)  =  19.40837—19.40621  =  +  .00216,  error. 

In  the  same  manner  we  find  for  the  epoch  2^  24""  58%  a  =  19.4056  and 
l/(6c)  =  19.4075;  consequently  their  difference  is  — .0019,  error.  So  that 
2b  24m  57'*iJi  ig  a  very  close  approximation. 

In  the  present  state  of  the  ephemeris,  the  preceding  calculation  may  seem 
needlessly  precise.  ''The  uncertainty  of  the  tabular  elements  renders  the 
computed  times  of  contact  doubtful  by  a  large  fraction  of  a  minute."  (Amer. 
Naut.  Aim.)  Yet  by  a  very  careful  observ'n  of  the  local  or  Wash.  Mean 
Time,  at  Louisville,  the  ephemeris  may  be  improved. 

I  have  not  taken  the  pains  to  compute  the  3rd  and  4th  contacts,  as  they 
can  be  so  easily  observed — provided  of  course  the  sky  be  clear. 

The  dif.  in  time  bet.  Louisville  and  Greenwich  is  5^  43"  3^'*.  Hence  the 
Louisville  Mean  Time  of  2nd  contact  should  be  8^'  41°"  54*  A.  M.  of  Dec.  6. 

The  2nd  contact  ends  for  the  earth  generally  2<'  25""  14'.2;  and  the  3rd 
ends  at  8*"  1"'  52».7  (G.  M.  T.).     This  gives  a  difference  of  &"  36'"  38*.5. 

By  the  chart  in  Amer.  N.  Aim.  the  curve  for  2**  25"^  runs  nearly  through 
Chicago,  and  sweeps  around  up  to  the  extreme  eastern  part  of  Hudson's  Bay. 
This  curve  is  convex  toward  the  Atlantic  Ocean.  The  limiting  curve,  wh'h 
is  the  locus  of  the  end  of  the  2nd  contact,  is  concave  toward  the  Atlantic, 
and  passes  through  the  Northern  part  of  the  Gulf  of  California  and  the  mid- 
dle of  Hudson's  Bay.  But  the  dif.  of  time,  b^  36™  38^5  will  not  vary  more 
than  a  few  seconds. — Richmond,  Ky.,  Dec.  1,  1882. 
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DeBIVATION  Of  tH£  FORMULA  ON  P.  96,  YOL.  Ill,  VIZ. ; 

R  =  r V  {n+l)N+(n-l)r' 
■"    ""  (n— i)i\r+(n+l)r-' 

where  r  is  an  approximate  value  of  ^/N  and  S  a  mach  nearer  approxima'n. 
Ijet  JITss  r'-f  a,  then,  by  the  binomial  formula, 

Beginning  with  the  term  a-Mir^and  reducing  to  a  continued  fraction  and 

stopping  at  the  second  term  of  the  cont'd  fract.  gives  approximately 

J^ (n-l)a^  ,  o 

nr^     1-2.1^1        J  =     ^-  =  2a   . 

"     1  nr*     _1  2nr"+(n— Ija' 

n — 1 

•    R  =  r/l  +  -        ^ ^   =  2^^+(n+l)Q 

'   '  V       2rtr"+(n— l)a/         2wr-+'(n— l)a' 

Substituting  for  a  its  value  =  N — r", 

12  =  r  X  i"+i^^+j"-|K  =  iV^  nearly. 

(n— l)iV+(n+lJr" 

II.  J.  Adcook. 

■ 

50i  UTIONS  OF  PROBLEMS  IN  NUMBER  SIX,  VOL.  IX. 


Solutions  of  problems  in  No.  fJ,  Vol.  IX,  have  been  received  as  follows: 
From  Florian  Cajori,  422;  Geo.  E.  Curtis,  419,  421 ;  Prof.  H.  T.  Eddy, 

420;  Geo.  Eastwood,  422;  Prof.  A.  Hall,  420;  Henry  Heaton,  419,  420, 

422;  Charles  V.  Kerr,  419;  E.  H.  Moore,  Jr.,  419,  422;  I^vi  W.  Meech, 

418;  Thos.  Spencer,  419;  M.  Updegraff,  419. 

Prof.  J.  W.  Nicholson  sent  elegant  solutions  of  prob's  411  and  416,  but 

his  letter  was  accidentally  misplaced,  hence  they  were  not  iududed  in  noti(!e 

of  solutions  in  No.  6. 


418,  By  Levi  W.  Meech,  A.  Jf.,  Norwichy  Conn. — ''Required  to  express 
Lagrange's  Theorem  in  terms  of  Finite  Differences,  as  far  as  practicable, 
instead  of  the  usual  differentials." 


SOLUTION  BY  THE  PROPOSER. 


Let  0  denote  an  auxiliary,  such  that  Jjagrange's  Theorem  may  take  the 
form  of  the  definite  integral : 


•.  ,1.  ^  -A*. . 


Compare  Analyst,  Vol,  III,  pages  34,  38;  and  Boole's  Finite  Differ- 
ocea,  page  18.     Then,  since  d-i-dt  =  D  =^  log  (1-f- Jj; 

A  =  Ft+  Cde.,""".,,,.'^  =  n+  f 'dOd+jjV^. 

•^   D  dt  I*   u  ttt 

Developing  1 -J- -J  by  the  binomial  theorem,  and  then  integrating  with  re- 
iHpect  to  ff,  we  obtain  the  required  formula: 


+T 


419.     By  C.  E.  Everett,  Spirit  Lake,  7owa.— "Find  the  locus  of  a  | 
rting  from  the  centre  of  a  given  circle  and  moving  so  that  the  i 
gDlnded  between  any  two  positions  of  the  point  shall  e()ual  the  arc  of  1 
^rcle  intercepteiJ  by  the  radii  drawn  through  the  same  pOBttiom 

SOLUTION  BY  GEO.  E.  CURTIS,  BIRMIKOHAM,  CONN. 

Let  R  be  the  radius  of  the  given  circle.     The  conditions  of  motion  | 
Wtt  once  the  difierential  equation  of  the  locus, 

ds  =   i/(r»(ffl^-fJr»)  =  Rdd; 
which  by  integration  and  reduction  becomes 
r  ^  Rsia6. 

This  represents  a  circle  half  the  radius  of  the  given  circle  and  intcri 
tangent  to  it. 

80LUTIOS  BY  CHARLES  V.  KERR,  ALLEGHkNY,  PENN'a. 

Let  0  be  the  center  of  the  given  circle,  EF a  diiinutor,  iind  let  OPFm 
a  circle  described  on  the  radius  OE  as  diameter.  I 

Through  A  and  B,  any  two  jminta  on  the  cir-l 
cumf.  of  the  inscribed  circle,  draw  the  radii  Oi)| 
and  OC. 

Now,  a  degree  on  the  inscribed  circle  is  equal 
in  length  toone-half  of  adegreeon  the  given  cir- 
cle, since  circumferences  are  to  each  other  as  their 
radii.     But  the  arc  AB  is  double  tho  measur 
the  insc'd  angle  AOB,  and  hence  contains  twice| 
as  may  degrees  as  the  arc  DC,  which  is  the  measure  oi  the  angle  1 
and  since  A  and  B  are  any  two  points  the  circle  OBF'is  the  req'd  Io( 
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The  last  term  of  equation  (32)  is  produced  by  the  secular  variation  of  the 
node  and  inclination  of  the  moon's  orbit,  as  may  be  shown  in  the  following 
manner:*  Since  the  principal  term  of  the  latitude  is  given  by  the  equation 

8  =  rsm{v^S,\  (33) 

we  shall  have 

ds  =  sin(v-£o)^r-cos(v-£o)r^^;  (34) 

and  if  we  substitute  the  values  of  dy  and  ydiJ,  which  are  given  by  eq.  (19) 

we  shall  find 

da  =  l^sin  ((Oq — Hq — (o+Q)cos{v'-(Oq — oa-^iJ)  \        ,ok\ 
=  —i^m}^  V  cos  (v— 2ct)  +  S)  f'      ^"^^^ 

the  same  as  the  last  term  of  equation  (32). 

The  second  term  of  the  latitude  which  seems  to  be  entirely  erroneous  is 
the  one  arising  from  the  oblateness  of  the  earth.  La  Place  first  computed 
this  inequality;  and  I  am  especially  desirous  of  caUing  attention  to  it,  since 
the  error  is  common  to  every  theory  of  the  moon's  motion  which  I  have  ex- 
amined, including  my  own.  In  this  examination  I  shall  first  follow  the 
method  given  by  La  Place  in  the  Mecanique  Celeste,  making  use  of  the 
translation  by  Bowditch,  since  it  is  more  convenient  for  reference  than  the 
original  work.  I  shall  then  show  how  the  same  results  may  be  obtained  by 
the  method  given  in  my  pwn  work. 

If,  in  the  function  [5347],  Jlec,  CeLy  we  substitute  for  u-i-h*  its  value 
1-s-a',  and  also  put  for  abridgement 

m  =  {ap-iaf)f-,  (36) 

it  will  become 

2m  sin  e  cos  e  sin/v-f  (5^ — l)-H'sin/t?,  (37) 

c  denoting  the  obliquity  of  the  ecliptic  to  the  equator. 

But  in  [6350]  La  Place  gives 

H=  —  -^'^  sin  ecos  e;  (38) 

consequently  the  function  (37)  is  identically  equal  to  nothing. 

Now  La  Place  remarks  that  the  oblateness  of  the  earth  adda  the  function 
(37)  to  the  differential  equation  of  the  latitude,  by  which  means  it  becomes 

^+SB+\2m  sin  e  cos  e  +  {g^—V)H']  sin/v  =  0;  (39) 

the  integral  of  which  he  gives  as 

da  = ^ sin  c  cose  sin ^.  (40) 

if 

In  other  words,  if  nothing  be  added  to  the  differential  equation  of  the  lat- 
itude, its  integral  will  be  increased  by  the  value  of  83  in  equation  (40) ; — 
a  result  which  is  exceedingly  interesting  as  well  as  mysterious  to  a  person 
unacquainted  with  the  wonderful  powers  of  the  caJcvlua. 


(41) 


Bat  the  correct  value  of  the  integral  of  equation  (: 
Ss  ^  — i[2msme  coGe+(g^ — l)ff]8i 
+  J[2n»  siu  £  cos  t+l^"— 1)^  t" 
nim*  f=  I. 

The  fiiDction  S  is  therefore  not  correctly  given,  by  equation  (38),  and  the 
fuoL'lioD  (37)  is  not  er[uai  to  zero. 

In  equation  (4!)  the  t«rni  —  |msin  s  cose  sin  _/u  gives  the  direct  effect  of 
Ihe  earth's  otilatenees  on  the  moon's  latitude;  while  the  term  (g*-])!! sinjv 
is  its  indirect  action  transmitted  to  the  moon  by  means  of  the  sun  but  de- 
creased in  the  ratio  of  3^  —  1  to  unity.     Now  ^nisin  ecos  e  =  0",01654 
=  l/,aud  (i?^— I)i7=0".000133.    Whence  it  follows  that  the  effect  of  the 
^airUi'ti  oblateness  on  the  moon's  latitude  is  insensible. 

^6  same  result  may  be  obtained  by  the  method  empl'd  in  my  own  work. 
For  the  same  force  which  gives  rise  to  the  first  term  of  the  function  (37), 

9  in  the  value  of —-^j  eq'n  (263)  of  my  Theory  of  the  Moon's  Mo- 
ll the  following  terms 

dt"       "* 
i  tills  gives  by  integration 

dg&  =  m  sin  e  cos  £  [ — Jain  ni+nt  cos  ni],  (43) 

fcliidi  Is  the  same  as  the  corresponding  terms  of  Ss  in  equation  (41),  since 
V^ttf,  when  we  neglect  the  eccentricity  of  the  moon's  orbit. 
T  It  ia  easy  to  prove  that  equation  (43)  is  correct,  by  means  of  the  variation 
f  the  elements.  For  if  we  add  a  constant  to  the  secular  terms  of  these  va- 
Utions,  which  are  given  by  equations  (630)  and  (631)  of  my  work,  so  that 
r  may  simultaneously  vanish  at  the  epoch,  they  will  become 
fSS  =  msin  £  cos  e  [Jsin  (2ii(— i/1— (ji-^a')  (sin  i^— sin  S^ )  \ 
ij  =  msinecos£[JcoB(2?i£— i/)+(n^a')(cos  U — cos  J!/,,)  J  ' 
1  if  we  substitute  these  values  in  the  equation 

^1?  =  sin  (ni~iJ^)Sx—cos{:td-L\)xBi!, 
e  secular  terms  will  produce  the  following  term, 


.[Jc 


■n(  sin  Tii] ; 


(42) 


(44) 


(46) 


=  2 — ,-Bin  e  cos  £  sin  \{ii — Q^)cosnt. 


(46) 


But  s 


l',i=a'(,  we  have  sin  l(i?-£o)  =  i«''t  and  eq.  (46)  becomes 
S6  =:  m  sin  e  cos  £  nt  cos  nt ;  (47) 

Kh!ch  ia  the  same  as  the  last  term  of  (43). 

1  XT  we  now  substitute  the  periodic  terms  of  equations  (44)  in  equation  (45) 
eget  the  first  term  of  equution  (43). 

[  Finally  La  Place  remarks,  JUe'e.  Ce'L,  [5398],  that  the  inequality  of  the 
id's  motion  in  latitude  arialng  from  the  oblat«ness  of  the  earth  is  only 
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On  the  CompoinUon  of  Errors  from  Single  Causes  of  Error.  By  Chas.  H.  Kuxxslx*,  of  U.  S. 
Coa8(  and  Geodetic  Surv.,  Wash.  D.  C.  [Rep.  from  Astronomisehe  Naeh.,  Ko.  2460-61. 
The  InUrsection  of  Circles  and  the  Interacction  of  Spheres,  24  pp.  By  Benjamin  Alvord, 
Brig.  Gen.  U.  S.  A.     [lieprinted  from  Amer.  Jour,  of  Mathematies,  Vol,  V,  No.  1.] 

In  this  Memoir  Gen.  Alvonl  solves  geometrically  uU  the  queist ions  in  Intersect lonB,  by  the 
same  principle,  in  effect,  a»  was  luted  by  liim  in  t)ie  memoir  on  *The  Tangencics,*'  published 
in  the  Smithsonian  Contribution,  Vul.  8,  1855. — Tlie  question  in  Intersec'tionn  is  reduced  to 
one  in  tangencies  and  orthogonals.  There  is  an  evolution  throughout  the  whole  investiga- 
tion from  the  principle  of  the  radical  center,  that  is  ;  the  radical  axes  of  three  given  circles 
intersect  each  other  in  u  point,  called  the  radical  center,  which  is  also  the  center  of  the  circle 
orthogonal  to  said  circlet*.  The  radical  center  of  four  nphcroH  is  fuund  in  like  manner. — AH 
questions  in  Spheret*  arc  reduced  tx)  those  in  Circ^les. 

Naming  the  General  question  (without  considering  the  various  cases),  the  following  are 
the  problems  solved,  and  the  number  of  solutions  to  each. 

1.  To  draw  a  circle  to  cut  each  of  three  given  circK-s  at  the  same  given  ang.,    8  solutions. 

2.  To  dniw  a  sphere  to  cut  each  of  live  given  spheres  at  a  given  angle,  16        " 

3.  To  draw  a  circle  to  cut  each  of  live  given  circles  nt  the  same  angle 

fangle  being  unknown),     96 

4.  To  draw  a  sphere  to  c.xiX  each  of  live  given  spheres  at  the  same  nngle 

(angle  l)eing  unknown),  640 

It  is  believed  that  the  last  two  questions  have  never  been  solved  g^metrically  heretofore; 
nor  was  it  known  that  there  were  so  many  solutions.  S<mie  of  them  arc  imaginary.  Thus 
in  circles  the  required  circle  may  often  not  intersect  either  of  the  given  circles,  but  will  be 
situated  in  a  similar  manner  toward  each. 

Prof.  Arthur  Cay  ley,  F.  K.  8.,  who  liapiK^nM  to  l)e  in  Baltimore  when  the  paper  was  offer- 
ed, appends  a  valuable  note  at  page  1 0. 

Mr.  Marcus  Baker  in  the  ANALYi^iT  for  July,  1877,  page  128,  proiX)sed  the  last  question 
for  solution.  K.  J.  Adi*ock,  in  the  Analv.st  for  September,  1K77,  ftage  158,  gave  the  equa- 
tions for  solution  of  that  question,  and  Thomas  Craig,  in  Analyst  for  Jan.  1880,  p.  13,  gave 
an  analytical  solution  by  the  method  of  determinants. 

If  Steiner,  who  proposed  the  last  two  questions  in  the  1st  Vol.  of  Crelle,  1826,  ever  Bolved 
them,  or  if  he  published  such  t^olution,  such  fact  is  unknown  to  the  best  accessible  autliorities. 


»t 


II 


ERRATA, 

(Jn  page  170,  Vol.  IV,  dfle  i/2  in  last  term  of  the  value  of  ij. 
•*    "      164,  line    8,  of  Vol.  IX,  for  "persons"  read  insured  persons. 
**    "'     178  of  Vol.  IX,  lines  o  and  8  from  bottom,  insert  sign  of  integralion 

after  X  at  the  beginning  of  each  line. 
"     "  3  of  Vol.  X,  line  4  from  liottom,  for  lower  limit  of  int.  read  oz. 

"     "         10  line    7,  for  6<r  read  6«». 

"     **        12    "      4,  for  sin  x  under  the  sign  of  integration  read  secx. 
"     "        13    *'     16,  insiTt  miniLs  sign  after  the  sign  of  equality. 
'•     "         13    "     17,  for  "This",  read  These. 
"    "        14    "      5,  for  the  exiwnent  "a -[-2",  read  n— 2. 
In  Table      "    "      120  of  Vol.  IX.  in  i/2,  after  the  124th  dec,  read  360558507372126441 
and  in  ^2  omit  the  last  13  decimals;  in  y'8,  the  23rd  decimal  is  7;  in  |/10,  the  102nd  dec. 
is  5,  and  in  y^lo,  the  24th  decimal  is  5. 


ON  TffE  APPLICATION  OF  THE  METHOD  OF  LEAST  SQV8 

TO  TBE  JiEDUCT'N  OF  COMPARISONS  OF  LINE-MEASURES 

AND  TO  THE  CALIBRATION  OF  THERMOMETERS. 


BY  T.  W.  WBIGHT,  B.  A.,  C.  E,,  DETROIT  MICH. 

J.  CouPABisoMS  of  iJDe-meafiuree  and  observationa  for  the  calibration 
of  tbermoineters  may  bediscuseed  together,  as  there  is  no  essential  difference 
in  the  mode  of  makiog  the  observatlonB  or  of  reducing  them. 

Let  AB  be  the  ItDe-measurc  divided  into  equal     A ~ 

irtB  as  Dearly  as  maybe  at  the  points  1,  2,  3, ...       '„       ',        j       'g       4 
The  problem  is  to  find  the  corrections  to  the  grad-    C        D 
nation  marks  at  the  several  points  of  division.  In 

nuking  the  necessary  observations,  microscopes  are  mounted  over  the  points 
0  and  1  and  readings  made.  The  bar  is  then  moved  along  until  the  points 
1,2;  2,3, . . ,  are  under  the  microscopes  and  readings  are  made  each  time. 
For  the  purpose  of  facilitating  the  work  an  extra  scale  CD  may  be  employed 

and  comparisons  made  between  it  and  each  of  the  spaces  0  I,  1  2, in 

sacceesion.  The  correct's  then  are  the  amounts  by  which  the  marks  should 
be  changed  in  order  to  be  in  their  true  positions.  When  the  corrections 
have  been  applied  to  the  distances  0  1,12,.,.  these  distances  are  all  reduced 
to  the  same  length. 

With  a  thermometer  AB,  if  0,  1,  2, ...  .  denote  graduation  marks,  then 
by  breaking  off  a  column  of  mercury  approximately  equal  in  length  to  the 
difltanoe  0  1,  we  may  by  reading  the  ends  of  this  column  when  in  the  posi- 
UoDs  0  1,12,...  determine  the  degree  of  uniformity  of  the  bore  of  the  tube, 
whence  may  be  derived  at  the  several  points  the  calibration  correcHone,  as 
titty  are  called.  The  corrections  to  the  graduation  marks  for  calibration 
vhen  applied  to  the  observed  values  of  the  spaces  01,12,...  change  them 
to  what  would  have  been  found  had  the  tube  been  of  uniform  bore  through- 
OQt  it«  whole  length. 


4 
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2.  As  the  precision  with  whioh  comparisons  of  line-measures  can  now  be 
made  is  very  great^  it  is  fitting  that  the  reduct'n  of  such  comparisons  should 
be  carried  out  by  the  method  of  least-squares.  With  thermometers  however 
such  niceness  of  reading  has  not  yet  been  attained  and  approximate  methods 
of  reduction  may  consequently  be  used  to  advantage.  By  such  methods  re- 
sults will  be  found  agreeing  as  closely  with  those  found  by  the  rigorous 
method  as  the  quality  of  the  observations  will  warrant.  In  investigating 
the  reliance  to  be  placed  on  approximate  methods  we  must  understand  the 
rigorous  method  to  see  just  what  liberties  we  do  take. 

3.  In  a  line-measure  AB^  let  the  spaces  0  1,  1  2,  .  .  .  be  compared  with 
the  auxiliary  space  CD  and  let  o^q,  fl^j,  .  .  •  be  the  graduation  corrections  at 
the  points  0^  1,  .  .  .  Then,  for  the  first  comparison,  if  Rq^  R^  be  the  mi- 
croscope readings  at  C,  D  and  M^^  M^  be  the  readings  at  0,  1  we  have 

(Jferi+ar,)-(J/o+^o)-[(-Bi--Bo)+y]  =  t;, 
where  y  is  the  amount  by  which  CD  differs  from  the  space  intended  to  be 
represented  \}y  CD  and  t;  is  the  residual  error  of  observation. 

Hence,  for  simplicity  taking  4  spaces  only,  the  observation  equationsmay 
be  written 

a?!— a^o— y— (01)  =  t?i 
^x^        -y-(l  2)  =  v^ 

-y-(34)  =t;, 
where  (01)  =  —{M^—Mq)+{R^—Bq) 


^8       ^2 


I 


X^       X^ 


J 


(i) 


As  these  equations  contain  6  unknowns  and  are  themselves  only  four  in 
number,  the  number  of  unknowns  must  be  arbitrarily  reduced  in  order  to 
carry  out  the  solution  by  the  method  of  least  squares.  The  simplest  sup- 
position is  to  make  Xq  =Q^  a;^  =:  0,  ^  =  a  known  quantity.  All  of  the 
readings  being  supposed  to  have  been  equally  well  made  and  the  observa- 
tion equations  to  be  of  the  same  weight,  we  have  the  normal  equations 


2iCj—  x^  =  (01)'— (12)'   ) 

-  x,+2x^-  x^  =  (i2y-(2.3y  y, 

—  x^+2x^  =(23)'-(34)'   j 


(2) 


from  which  the  unknowns  are  found. 

Writing  [a/],  [bl'],  [o^]  for  the  constant  terms  of  the  normal  equations 
and  solving 


X- 
X. 


8 


=  i(3 
=  i(2 


al 
'at 


+  2 

+4 


aO+2 


bi 
bl 


+  [cl 
-\2[cl' 


[60+3 


W) 


(3) 


Hence  weight  otx^  =  |,  of  .Tj  =  |^,  of  x^  =  f. 
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-L     Generally  if  the  number  of  spaces  is  n, 


nuci  =  (n — 1) 
n.X2  =  (n — 2) 
n-JCg  =  {n — 3) 


0/]+  (n— 2) 
'al'  +2(n— 2) 
a/]  +  2(n— 2) 


6/]+  (n— 3) 
6n+2(n— 3) 
^6/J+3{/i— 3) 


d 
d 
d 


+ 

+ 
+ 


Hence  the  weight  of  any  correction  as  a-^  is 


n 


m(n  —  m) 

Since  this  expression  remains  unchanged  when  n — m  is  written  for  m,  and 
is  a  minimum  when  m  =  ^n,  it  follows  that  for  graduation  errors  equally 
distant  from  the  ends  the  weights  are  equal,  and  the  weight  decreases  as  we 
approach  the  center  where  it  is  a  minimum. 

5.  It  is  in  accordance  with  general  experience  and  the  principles  of  least 
squares  that  instead  of  spending  all  of  the  time  of  observation  on  the  direct 
Dieasurement  of  the  spaces  01,12,...  better  results  would  be  obtained  by 
spending  part  of  it  in  reading  combinations  of  these  spaces  as  0  2,  2  4,  ... ; 
0  3,  1  4,  .  .  .  Let  then,  for  uniformity,  each  space  and  all  possible  combi- 
nations of  spaces  be  equally  well  read.  This  will  require  instead  of  a  single 
auxiliary  space  CD  an  auxiliary  bar  divided  as  nearly  as  possible  the  same 
as  the  bar  AB.  The  observation  equations  therefore  when  written  in  full 
are 


Xa  "^"i 


Xi—Xa- 

-Vi 

-(01)  =  «i 

ajj     «! 

-Vi 

-(1  2)  =  V, 

ar,     ajj 

-yx 

-(2  3)  =  C3 

«8 

-Vi 

-(34)  =  v^ 

Xq             Xq 

—y-i 

-(0  2)  -  vs 

«8             — «1 

—yt 

-(1  3)  =  t;. 

— Xj 

— yj 

-(24)  -  V, 

Xs                   —Xo 

-ys 

-(0  3)  =  r. 

—Xi 

-Vs 

-(1  4)  =  »s 

—^0 

— 

-y*-io  4)  =  »i 

(4) 


10  equations  with  9  unknowns. 

6.  Two  cases  may  arise.  In  the  first  place  the  values  of  the  spaces  on 
the  auxiliary  bar  CD  may  be  known  in  terms  of  the  accepted  standard. 
We  had  an  example  of  this  on  the  Lake  Survey  when  the  ^  mm.  spaces  on 
the  Kepsold  Meter  were  compared  with  spaces  on  the  Troughton  &  Simms 
Inch.  The  values  of  the  spaces  on  the  inch  had  been  previously  deter- 
mined. 

In  this  case  then  ^i>  ^29  ^si  Va  ^^^  known  and  the  observation  equations 
may  be  written  more  simply 
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a?2 — «i 


Xi—Xq—(01)  = 
-{1  2)  = 


*8 — *1 


X. — X 


8 


-(2  3)  -  »3 
-(3  4)  ,=  v^ 


«j         —^o-{0  2)  = 


X. 


X. 


-X,  -{\  3)  =  V, 
-x^  -(2  4)  =  t>7 

— j;,— (0  3)  =  »g 
—  Xi         —(1  4)  =  »9 

— a!o— (0  4)  =  t'l  0 


(5) 


The  normal  equations  are 

4a;o-«i-a;2— »»— *4  =  — (<>  l)-(0  2)-(0  3)-(0  4)  ^ 
4x,-x,-x^-x^  =      (0  1)-(1  2)-{l  3)-(l  4)  I 

(0  2)+(12)-(2  3M2  4)  j- 
(0  3)+(l  3)+(2  3)-(3  4)  I 
(0  4)+(14)+(2  4)+(3  4)J 


4x^  = 


(6) 


Adding  these  equations  there  results 

0  =  0. 

The  reason  of  the  indeterminate  form  is  that  neither  the  interval  nor  the 
terminal  point  has  been  fixed.  Consequently  any  arbitrary  relation  may  be 
assumed  between  the  corrections. 

If  as  above  we  put  x^  =  0  and  x^  =0  in  the  observation  equations  then 
the  normal  equations  become 

4x,-x^-x^  =  (0  1)-(1  2)-(l  3)-(l  4) 
4x^—x^  =  (0  2)-r(l' 
4x3  =  (0  3H(1 

from  which  x^,  x,,  X3  may  be  found. 

However,  by  assuming  the  arbitrary  relation 


2)-(13)-(14)) 
2M23)-(2  4)y, 
3)+(2  3)-(3  4)j 


(7) 


X, 


+X^+X2+X^+X^    =    0 


between  the  corrections  we  obtain  a  much  more  simple  solution, 
adding  this  relation  to  each  of  the  normal  equations  (6)  we  have 


For  by 


5xq  =  —(01)— (0  2)— (0  3)— (04)  = 


aH  suppose^ 

A/'  K  I 


a 


it 


u 


\. 


J 


(8) 


5xj  =  (0  1)— (1  2)— (1  3)— (1  4)  =  Ibl 

6x,  =  (0  2)+(12)— (2  3)— (24)  =  [cl 

Sxg  =  (0  3)+(l  3)+(2  3)-(34)  =  [(a 

6x4  =  (0  4)+(14)+(2  4)+(3  4)  =  let 

The  whole  solution  may  therefore  be  conveniently  arranged  in  tabular 
form.  The  sums  of  the  horizontal  rows  are  first  formed  and  th6n  plaaed 
in  the  proper  vertical  columns  with  the  signs  changed.  The  vertical  col- 
umns are  next  added. 


*.-  ..j» 


1        0               1 

i                1 

2 

3 

1 

4 

, 

(01) 

(02) 

(03) 

(04) 

■Smn, 

(12) 

(13) 

(14) 

Sum, 

(23) 

(24) 

(3  4) 

Sum, 
Sum^ 

,  — Sum  I 

-Sun,, 

—Sum. 

— Sum- 

1 

[ai] 


[«]  I  M  I  m  I  w 


7.  The  precediDg  method  of  transformiDg  the  normal  equations  (6)  into 
(8)  by  means  of  the  arbitrary  relation  (a)  is  allowable.  For  sinoe  the  eum 
of  the  coefficients  of  the  unknowns  in  each  ofec^uations  (6)  is  zero,  whatever 
values  of  Xg,  x^,  .  .  .  satiafy  these  equations,  the  values  x^-^-X,  x^-\-X  ,  , . 
where  I  is  any  constant  will  also  satisfy  them.  Hence  whatever  set  of  val- 
oee  is  taken  to  satisfy  the  equations  the  differences  x^ — x^,  x^ — Xf,,  .  .  will 
he  the  same.  Therefore  by  arbitrarily  fixing  the  initial  point  of  gradua- 
tion determinate  values  are  found  for  the  corrections  at  tbe  other  points. 

8.  In  the  second  place  if,  as  is  usually  the  case,  the  values  of  the  spscea 
on  the  auxiliary  bar  are  unknown  the  lost  of  equations  (4)  becomes  without 
meaning  and  must  be  omitted.  This  gives  9  observation  equations  involv- 
ing 8  anknowns  from  ^vhich  equations,  ns  the  initial  graduation  point  is  not 
(ized,  the  normal  equations  resulting  would  be  indeterminate.  Putting  x^ 
=  0  and  ^4  =  0  we  have  9  equations  and  6  unknowns  from  which  follow 
the  normfil  eiiuations 

+  41,—  Xj—  or,  +   y,H-   yg   =  [«/" 

—  i'l+^zj—  x^  =  ibr 


a +4^3 


-»yi 


-1/2—  Sa  ■■ 


-f-Sy, 


+  2J/3 


(9) 


[rhere 


[o(]  =  (01)-(12)-(13)-(14) 


I  This  is  a  more  general  solution  of  the  problem. 

;  The  elimination  of  the  normal  equations  from  (4)  may  be  considerably 
SiorteDed  by  an  artifice  employed  by  Hansen  in  his  treatise  Von  der  Se- 
laung  der  ThflluitffsfeUer  eines  gradlinigm  Maaasslabea,  but  the  amount 
f  work  is  sUll  very  considerable. 

,  S,    The  Precision  of  the  values  of  the  Unknowos,  x^,  Xj,  x^. 
eliminating  y,,  ^3  from  the  normal  equations  (9)  tbe  resulting  equations 
9  be  written 
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Si*! —  «a —  i*3  = 

4a;3—    «»  =  W  }■  (10) 


—  i«3  =  W') 
+3i*3  =  [ciy) 


If  the  solution  is  finished  by  the  Gaussian  method  of  elimination  the 
weights  of  the  unknowns  will  be  found  to  be 

weight  of  Xi  =  ^,  of  x^  =  J^,  of  x^  =  y. 

Generally,  if  the  number  of  graduation  marks  is  n+1  the  weights  of  the 
corrections  to  the  two  outside  marks  will  be  found  to  be  n(n-|-l)-T-(2n — 1) 
,and  of  the  center  marks  i{n+l),  where  n  is  an  odd  number. 

The  p.  e.  of  an  observ'n  of  weight  unity  is  found  from  the  usual  formula 


r  =  ,6745 


\no. 


[CV-] 


no.  of  obs. — no.  ofindp't  unknowns 

where  v  is  the  residual  error  of  observation. 

Hence  the  p.  e.  of  x^^  x^,  x^  are  known,  since  their  weights  are  known. 

10.  The  solution  of  equations  (9)  is  quite  complicated.  The  amount  of 
labor  increases  very  rapidly  with  the  increase  of  the  number  of  spaces  read 
on.  Accordingly  whenever  it  is  not  possible  to  make  use  of  the  simple  and 
symmetrical  form  (8),  an  approximate  form  of  solution  should  be  employed. 
This  is  more  especially  true  of  thermometers  where  the  carrying  out  of  the 
rigorous  solution  would  entail  an  expenditure  of  labor  altogether  out  of  pro- 
portion to  the  increased  gain  in  accuracy.  ''To  devote  punctilious  attention 
to  hundredths  of  a  thermometric  degree  in  results  derived  from  data  which 
are  uncertain  by  ten  or  twenty  times  that  amount  is  to  'strain  at  a  gnat  and 
swallow  a  camel.'"     (Amer.  Jour,  of  Science,  Feb.,  1882.) 

Instead  of  finding  the  corrections  to  the  graduation  marks  directly,  the 
corrections  to  the  several  spaces  between  the  graduation  marks  may  first  be 
■found  and  thence  the  cerrections  to  the  marks  at  the  ends  of  the  spaces. 
Thus  if  2^,  ^2, . .  •  denote  the  corrections  to  the  spaces,  then  taking  our  ex- 
ample of  four  spaces 

^1    ^   •''1         ^0 
^2    ^^   ^2        ^1     I 
*8    =   ^3        ^3    I 

z^  =  x^ — 0:3  J 
Hence  by  addition 

«1 +^2+^3+^4   =  ^4  —  ^0 

=  0. 
'From  the  observation  equations  (4)  we  have  by  subtracting  in  pairs 


(12) 
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2o  


Zj— 


=  r" 
=  »" 
=  v»> 


V. 


(13) 


:(1  2)-(0  1); 
(2  3)-(l  2) 
—  '(3  4M2  3)] 

\\  3)-(0  2); 

[(24)— (13) 
(1  4)_(0  3)]  =  r^' 

Hence  considering  (1  2) — (0  1),  (2  3) — (1  2), . . .  as  the  independently  ob- 
served quantities  (which  is  not  correct  as  they  are  entangled),  and  'making 
the  sum  of  the  squares  of  v',  v",  ...  a  minimum  we  have  the  normaf  eq'ns 


3*1 —  Z] —  Zs —  24= — 

23—**=  + 
323-  24  = 

324  = 


32a  — 


(12)-(01) 

■(12)-(01)] 
:(2  3)-(l  2)^ 
[(34)-(23)]+ 


[(13)-(0  2)]-[(14)-(03) 
■(23)-(12)1-r(24)-(13)] 
'(34)-(23)1-[(13)-(02): 
.(24)-(13)]+[(14)-(03)^ 


(14) 


which  when  added  give  0  =  0  identically. 


But 


+  «2    +   ^3    +  «4    =   0, 


Hence  adding  this  relation  to  each  of  the  normal  equations  we  have  the 
values  of  the  unknowns.    Thus 

42i  ==_[(12)-(01)]-[(13)-(02)]-[(14)-(03)] 

-        -        -        -        -        - (15) 

This  form  of  approximation  when  applied  to  thermometers  is  known  as 
Neumann's  method.  It  is  quite  analogous  to  the  system  used  by  the  Prus- 
sian Landestriangulation  in  the  adjustment  of  horizontal  angles  and  the 
principle  involved  is  therefore  really  due  to  Gauss  and  Hansen. 

For  convenience  the  computation  of  the  corrections  may  be  arranged  in 
tabular  form  as  follows : 


2. 


— Sumj 


4z. 


+(12)-(01)    -f(13)-{02)  !+(14)-(0:3)  i 

+(23)-(12)  ;+(24)-(13) 

-h(34)— (23) 


um 


Sum^ 
Sum  I 


— Sum 


Sum 


3 


4z. 


4z 


8 


42, 


The  corrections  x^^  x^^  x^  are  then  found  from  the  relations 

a-j  =  Zj 

X^      ^     X'y-f-  Z^ 


X  t     •  I  ■    X  i 


'3 


(16) 


From  equations  (15)  and  (16) 

4a;i  =  —(12  — 01)— (13  — 02)— (14  — 03) 

4Xi  =  —(13  — 02)— (14  — 0.3)— (23  — 12)— (24— 13)  Wl7) 

4a?j  =  —(14  — 03)— (24  — 13)— (34  — 23) 


•■«.—  » 


11.     The  Precision. — The  p.  e.  of  the  unit  of  weight  is  given  by 

r  =  .6745  J-^-I^— =-,  (18) 

since  the  number  of  equations  =  in{n — 1)  and  the  number  of  independent 
unknowns  =  n — 1,  the  number  of  spaces  being  n. 

Also  since  z^^z^y  z^  result  from  the  normal  equations  with  the  same  w't 
they  have  the  same  p.  e.  From  equations  (17)  it  is  evident  that  the  p.  e.  of 
x^  and  ^3  is  the  same  as  that  of  z^  but  the  p.  e.  ofx^  is  \/^  as  great. 

Generally  when  the  number  of  spaces  is  an  even  number  n,  the  p.  e.  of  a:^ 
is  to  the  p.  e.  of  the  center  graduation  mark  as  i^{n — 1)  :  |n. 

Example. — The  following  were  the  observed  values  of  the  lengthn  of  the 
45°,  90^  and  135°  columns  of  Thermometer  Green  4470,  made  to  determine 
the  calibration  corrections  at  the  77°,  122°  and  167°  poiflrts.  (Amer.  Jour. 
Science,  Vol.  XXI,  p.  374.) 


45°  col.        :     90°  col.        j     135°  col. 


44.68  90.07              134.61 

.71  .09                    .68 

.72  .11 
.75 


The  corrections  at  the  points  32°  and  212°  are  assumed  to  be  zero. 

First  Solution.  By  the  method  of  Least  Squares.  The  observation  eq's 
are  with  the  preceding  notation,  x^yX^,  x^  denoting  the  corrections  at  the 
77°,  122°  and  167°  points  respectively, 

«i—y\  —0.32  =  0 

x^ — Xi — i/i  — 0.29  =  0 

^3 — ^2        — yi  — 0.2S  =  0 

—^3  — yi  —0.25  =  0 

+«2  — ya  +0.07  =  0 

•^8      —^1      — ya      +0.09  =  0 

—^2  — ya         +0.11  =  0 

x^  — yg— 0.39  =  0 

—•^1  — yjj— 0.32  =  0 
The  Normal  equations  are 

4x^—  x^—  x^+y^+yj^  =       0.33 

—  Xi'\-4x^ —  arj  =      0.06 

—  a?!—  a:j+4a?8—  ya"  Vn  =  —0.20 

4^1  =  —1.14 

^1  —  x^  +  3y^  =      0.27 

^8  —  «8  +2y3  =  —0.71 

Solving  we  find 


a?!  =  +0.031 


yi  =  —0.285 
a?j  =  +0.028  yj  =      0.090 

aTj  =  +0.031  ya  =  —0.355 

Substitute  these  values  in  the  observation  equations  and  the  residuals  re- 
sult.   Squaring  and  adding, 

[yv]  =  0.0003. 
Hence  for  the  p.  e.  of  a  single  observation 

r  =  .6745 1/-^^^^  =  ±0.0007. 

.-.  p.  e.  of  a: I  =  .007^/.35  =0°.004 
"  x^  =  .007i/.3  =0^.004 
«  a?3  =  .007i/.35  =0°.004 

Second  Solution.   By  Neumann's   formula — Arranging  according  to  table 


(( 
(( 


I 


Also 


+.12 


+.12 


—.03 

J-.03 
00 


—.02 
—.01 

+.03 
00 


—.07 
—.02 
—.03 

—.12 


Sums 

—.12 
—.03 
—.03 


.'.  Zi  =  +0°.03 
Zj  =  +0''.00 


^3     =    «2+23 


Jj    =    +0°.00 

=4  =  — 0°.03 

=  0°.03 
=  0  .03 
=  0  .0.} 


r  =  .67451/^1"-*  =  ±0.007 

and  p.  e.  of  a;,   =  .007i/  J  =  ±0°.004 

arj   =  .007i/i  =  ±0  .004 
"  X3   =  .007  v''^,  =  ±0  .004. 
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THE  MULTISECTION  OF  ANGLES. 


BY  PKOP.  J.  W.  NICHOLSON,  A.  M.,  LA.  STATE  UNIV.,  BATON  ROUGE,  LA. 

To  divide  an  angle  into  any  number  of  equal  parts,  we  use  an  instrument 
called  the  muUisedory  the  simplest  form  of  which  is  the  square  sot;  which 
consists  of  two  perpendic-     .  />       ^ 

alar  arms  oa  and  d,  the 
length  (et)  of  the  latter  be-    S 
log  equal  to  the  width  (cp) 


c 


^,.  :  *. 
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of  the  former.  At  p,  the  intersection  of  ?'o  and  the  prolongation  of  ic,  is  an 
attachment  for  carrying  a  pencil. 

The  Polyode. — If  we  place  the  multisector  on  the  rule  12,  or  on  the 
line  AB,  as  in 
thediag'm,and 
slide  it  along  on 
the  rule  or  line 
so  that  8c  will 
continua'y  pass 

through  the  point  P,  while  t  continues  along  the  line  jBP,  the  pencil  at  p 
will  describe  the  curve  zpv,  which  is  called  a  polyodcj  from  Troiutr^  many,  and 
odoffy  path. 

The  line  PB,  along  which  the  multisector  moves,  is  the  directrix,  and 
may  be  either  straight  or  curved. 

The  point  P,  through  which  the  side  8C  continually  passes  is  the  pole,  and 
may  be  either  on  or  without  the  directrix. 

The  line,  or  distance,  ct  or  cp,  is  the  modulus  of  the  multisector. 

Let  us  now  apply  the  multisector,  or  poliode,  to  the  dividing  of  an  angle 
into  any  number  of  equal  parts. — Ist,  To  trisect  an  angle. 

Let  CPB  he  the  given  angle.  Draw 
ah  parallel  to  PB  and  at  a  distance  from 
it  equal  to  the  modulus  of  the  multisec- 
tor. With  PC  as  a  directrix,  and  P  as 
a  pole,  describe  the  polyode  vz  cutting  ab 
at  p.  Draw  Pp,  and  we  shall  have 
/!:BPp  =  iZBPC. 

For,  evidently 

/^tPp  =  2ZpPf. 

2nd.     To  divide  an  angle  into  Jive  equal  parts. 

Let  CPB  be  the  given  angle.  Draw 
ab  and  vz  as  in  the  preceding  solution. 
With  ab  as  a  directrix  and  P  as  a  pole, 
describe  the  polyode  su  cutting  vz  in 
X.  From  P  as  a  center,  with  a  radius 
=  Px,  describe  the  arc  mil  cuttirg  ab 
at  e.    Draw  Pe,  and  we  shall  have 

ZBPe  =  iZBPC. 
For,  evidently         ang.  mPx  =  ang.  xPe  =  2ang.  ePn. 


u-.,    y 
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Srd.     To  divide  an  angle  into  seven  equal  'parts, 

\jei  CPB  be  the  given  angle. 
Draw  ahy  vz  and  su  as  in  the  prece- 
ding solution.  9  With  8U  as  a  direc- 
trix, and  P  as  a  pole,  describe  the 
polyode  rw  cutting  vz  in  ar.  From 
P  as  a  center,  with  a  radius  =  Pxy 
describe  the  arc  ran  cutting  ab  at  6, 
and  «u  at  c.  Draw  Pe  and  we  sh'l 
evidently  have 

ang.  BPe  =  I  ang.  BPC. 

In  a  similar  manner  we  may  const. 

ang.  BPe  =  j^l^y  ang.  BPC.  ' 

Equation  of  the  Polyode. — The  equation  of  the  polyode  evidently  de- 
pends on  the  nature  of  thr  directrix  and  the  position  of  the  pole;  and  hence 
may  have  an  indefinite  number  of  forms.  Denoting  the  coordinates  of  the 
pole  by  a  and  6,  the  modulus  by  m,  and  the  equation  of  the  directrix  by 

yi  =  /(^i).  _  (1) 

the  eq.  of  the  polyode  may  be  found  by  combin'g  (1)  with  the  foil,  relat'ns; 
(y— 6)H(y-o)'  =  iyi-bf+{x,-af  . .  (2),  (y-y^)^+{x,—xy  =  4m\  (3) 
Combining  (2)  and  (3),  we  find,  say, 


Vi 


9{^y  y)y 


x^  =  d{x,  y). 


Substituting,  <p(x,  y)  =  f[d[x,  y)].  (4). 

« 

If  the  directrix  coincides  with  the  axis  of  A',  or  (1)  is  of  the  form  y^  =  Oa:„ 
and  a  — 5  =  0,  (4)  becomes  a'-fy'~^(x'-f  y'y"=2m',  or  x(4m'-y')'"  =  2m'-y*; 
which  is  the  equation  of  rz  in  tlie  2nd  Fig.  above,  regarding  PB  as  the  ax- 
is of  X,  and  P  the  origin.  This  is  the  simplest  form  of  the  polyode,  and  is 
identically  the  same  curve  as  that  so  ingeniously  empl'd  by  Dr.  Hillhouse 
in  trisectig  an  angle  (Analyst,  Vol.  IX,  No.  6). 

Again  if  (1)  is  of  the  form  y^  =  Ox^  -f  m,  and  a  =  6  =  0,  (4)  becomes 

{y—my+[i/{f+x'—m')—x'Y  =  4m'; 
which  is  the  eq'n  of  «it  in  the  4th  Fig.,  PB  being  axis  of  A',  and  origin  at  P 

A  multis'  r 
of  this  model 
may  be  made 
of  pasteboard 
and  used  to 
advantage  in 
the  dass-r'm. 


A? 
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CORRESPONDENCE. 


Editor  Analyst : 

Owing  to  absence  from  homei  the  answers  published  in  the  Analyst  in 
July  1881,  to  a  query  proposed  by  me  escaped  my  notice  until  quite  recent- 
ly. I  trust  the  subject  will  be  found  to  possess  sufficient  interest  for  your 
readers  to  justify  a  recurrence  to  it.     The  query  was  as  follows: — 

■ 

"Let  u  = .    Now  if  a  =  co,  u  =  0  independently  of  ar,  therefore 

we  should  have  -—  =  0,  when  a  =  oo.     But  -r-  =  cos  ax,  which  is  essen- 

dx  dx 

tially  indeterminate  when  a  =  co.  AVhat  is  the  explanation  of  this  par- 
adox?" 

Prof.  Barbour,  Mr.  Adcoc-k  and  Prof  Judson  replied  on  page  129,  An- 
alyst, Vol.  VIII.  Prof.  Barbour  does  not  seem  to  have  considered  the 
paradox  as  intended;  for  he  does  not  make  a  infinite,  but  merely  points  out 

that  w  =  0  whenever  ax  is  a  multiple  of  2r,  while  -  -  =  1,  and  remarks 

dx 

that  u  may  =  0  while    -  =  1.     This  is  of  course  true,  but  the  paradox 

consists  in  the  fact  that  u==0  for  all  values  of  x  in  the  case  considered;  hence 

u  being  a  constant  so  far  as  ^  is  concerned,  we  should  expect  to  find  -j^  =0 

ax 

for  all  values  of  x. 

Mr.  Adcock  remarks  that  "when  u  =  0  independently  of  x,  it  is  not  a 
function  of  a:,  and  thei^efore  cannot  be  differentiated  with  respect  to  x.  There- 
fore the  value  of  da-^dx  is  cos  ax  independently  of  the  value  of  a"  I  do 
not  understand  Mr.  Adcock  to  mean  by  the  words  which  I  have  italicized 
that  du  -T-  dx  ceases  to  have  a  meaning  when  u  ceases  to  be  a  function  of  x. 
The  natural  conclusion  would  seem  to  be  that  the  value  of  du-i-dx  which  is 
ordinarily  a  function  of  x,  should  become  zero  when  u  ceases  to  be  a  function 
of  X,  For  example,  u  =  a^  ceases  to  be  a  function  of  x  (ac  least  for  all  fi- 
nite values  of  .r)  when  a  =  1,  viz.,  it  takes  the  value  1  independently  of  a;; 

accordingly  we  find  that  -  =  l*>g  « • "'  becomes  zero  when  a=l.  Assum- 
ing the  a  at  the  end  of  the  last  sentence  to  l»e  misprinted  for  a?,  Mr.  Adoock 
seems  to  draw  only  the  conclusion  that  the  value  of  du-^dx  should  become 
independent  of  x;  but  he  does  not  deny  that  the  form  assumed,  namely  cos 
oo,  is  essentially  indeterminate,  and  not,  as  in  the  case  instanced  above,  al- 
ways equal  to  zero. 
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Prof.  JadHOu,  on  the  other  hand,  sdye  "If  u  =  0  iDdependently  of  a:,  then 
K  tfi  not  a  faoctioD  of  x,  and  du-^dx  is  without  meaning."  It  is  not  necea- 
eary  to  discoaa  this  point,  for  we  alreatly  h&v&an  expression  for  the  value 
r>f  liu-^dx,  and  the  matter  in  hand  is  to  account  for  the  fact  that  this  expres- 
sion does  not  asaume  the  vahie  zero  under  ttie  cireum stances,  as  would 
natarally  be  expected.  Prof.  Judson,  however,  goes  on  to  say  "If  a  is  a 
coosiaut,  then  a  cannot  ^  co.  If  a  is  a  variable  independent  of  x,  and  a 
^  c»,  i.  e.,  a  increases  without  limit,  then  (sin  as;)  -;-  a  is  an  infinitesimal 
(nol=0)  and  u  is  therefore  indeterminate;  du-^dx  is  also  indetermiuate,  and 
tbere  is  no  paradox."  It  is  of  course  sufficient  to  regard  a  as  independent 
of  X,  and  no  objection  will  be  made  to  Prof.  Judsou's  phraseology.  I  have 
however  italicized  one  clause  for  the  sake  of  the  remark  that,  if  we  admit 
Ibat  an  iufinitesimal  is  in  a  certain  sense  indeterminate,  it  is  not  necessarily 
or  usually  bo  in  a  sense  that  would  imply  that  (as  in  the  case  of  an  indeter- 
minate j^ntfe  quantity)  its  derivative  should  admit  of  finite  values.  Wherein 
does  tbi?  case  dilTer  Irom  that  of  u  ^  a',  already  mentioned?     Kot  in  the 

fac*  that  u  is  infinitesimal  for  we  might  have  taken  m  ^  -^ whose 

a 
value  approaches  indefinitely  to  1  as  ci  incereuses  without  limit;  nor  in  the 
&ct  that  the  critical  caeeoccurs  when  a{in  the  ordinary  phraseology )=iOo;  for 

we  might  have  written  w  ^  (a  —  1  ]  sin  —    -,  and  the  critical  case  would 

bave  occurred  when  a=  \. 

If  u  be  made  the  ordinate  of  a  curve  of  which  x  is  the  abscissa,  then  for 
any  finite  value  of  a  the  curve  is  a  siuuBoid,  and  as  a  incTeases  the  waves 
become  smaller  both  in  length  and  amplitude.  As  a  increases  without  limit, 
the  curve  approaches  indefinitely  to  the  axis  of  a;,  whose  equation  is  m  =  0, 
whence  we  should  naturally  expect  that  du-i-dx  would  l»e  zero,  but  sinoe  the 
waves  do  not  eliange  their  shape  when  they  become  infiDitesimal,  we  find 
that  du-i-dx  still  admits  of  the  same  values  as  when  a  is  finite,  viz.,  all  val- 
oes  between  -\- 1  and  — 1. 

The  analytical  difficulty  is  connected  with  the  occurrence  of  the  form 
oosoo.  I  I  have  not  hesitated  in  the  statement  of  the  paradox  to  regard  this 
ae  an  essentially  indeterminate  form.  In  an  interesting  memoir  ''On  the 
Sine  and  Cosine  of  an  Infinite  Angle",  Cambridge  Philosophical  Tranaae- 
MjVol.  VIII, p. 255,  Mr. S.  Earnshaw  contends  for  the  indeterminateness 
fUieee  forms  in  opivosition  to  writers  upon  Definite  Integrals,  who,  he  says, 
■jiile  admitting  "that  when  x  becomes  infinite  iiin  x  aud  cos  x  cannot  be 
kid  to  be  in  one  part  of  tbeir  periodicity  rather  than  another"  yet  agree  in 
itically  affirming  that  both  the  sine  and  cosine  of  an  infinite  angle  are 
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equal  to  zero/'  In  this  memoir  Mr.  Earnshaw  points  ont  the  fidacies  in  the 
proofs  that  have  been  given  of  the  equation  cosoo  =  0.  In  the  same  vol., 
De  Morgan  had,  at  page  19-1^  given  reasons  why  we  should  expect  periodic 
functions^  when  indeterminate^  to  be  represented  by  their  mean  values,  and 
remarks  that  the  indeterminate  symbols,  sinoo  and  cosoo,  are  found  in 
numberless  cases  to  represent,  each  of  them,  0,  the  mean  value  of  both  sin  x 
and  cos  x.  Mr.  J.  W.  L.  Glaisher  also  discusses  this  question  in  the  5th 
volume  of  the  first  series  of  the  Messenger  of  Mathematics  with  a  view  of  de- 
termining the  conditions  under  which  these  expressions  may  be  taken  equal 
to  zero ;  or  more  generally,  under  which  a  periodic  function  may  be  assumed 
equal  (when  x  is  infinite)  to  its  mean  value,  or  <p  being  a  rational   function, 

(p(sin  oo,  cos  co)  =        I      f  (sin  x,  cos  x)dx. 

The  paradox  is  not  without  interest  inasmuch  as  the  geometrical  illustra- 
tion renders  it  evident  that  the  effective  value  of  du-r-dx  ought  to  coincide 
with  its  mean  value. 

In  this  connection  I  may  also  mention  that  the  difficulty  arising  in  the 
application  of  the  theorem 


•--;-;  =  ■J'f-l  to  the  example    - 


— sin  X 


~ip{x)        f(x)  '       ^      x+cosa?' 

when  f{x)  =  oo,  (p(x)  =  cso  when  x  =  od,  given  in  Bertrand's  Caloul  Dif- 
ferential, p.  476' (quoted  in  Rice  and  Johnson's  Calculus,  p.  114),  disap- 
pears if  we  admit  that  sin  oo  and  cos  x  are  each  equal  zero. 

W.  W.  Johnson. 
Annapolis,  Md.  Nov.  28,  1882. 

GEOMETRICAL  DETERMINATION  OF  THE  SOLIDITY  OF 

THE  PARABOLA. 


BY  OCTAVIAN  L.  MATHIOT,  BALTIMORE,  MARYLAND. 

Let  ad  be  a  parbola  inscribed  in  the  parallelogram  ALDR,  Suppose 
RCB  to  be  one  of  an  infinite  number  of  inscribed  triangles.  Through  C 
and  \B  draw  Ifm  and  iVA'' respectively  parallel  to  RAj  and  draw  CPJEf  per- 
pendicular to  NK  Through  £,  the  middle  point  of  CB,  draw  the  taugent 
iSr  to  lueet'jBS  a  perpendicular  to  it  in  S;  also  through  E  draw  Oo  paral- 
lel to  J/m,  and  VUF  perpendicular  to  RA. 

From' the  similar  triangles  PCB  and  SRT\ve  have 

PC:  CB  ::  RS  :  RT. 
.'.PCXRT=RSXCB. 


fill  geuerate  a 


(5) 


Tbc  area  of  the  Iriangle  HCB  | 
=  ^(CBXRS)  =  MPCkRT). 

SiiiceRT^EF  +  FT, 
PO.  RT=  PC.BF+  PC  FT.  ( 1 ) 
Since  RF  =  OF,  and  FT  l.(- 
iog  subtangent  =  2AF  =>  2Eo: 

.•.PCXRF=  VUyOF,  (2)1 
and    PCkFT=  VU.2F0.  {^)\ 

From  (1),  (2)  and  (3)  we  get,  by  snhstinitinn, 

iLr^aRCB=^{VV  ■.()]:]+  Vi-y  Fo 

If  the  triangle  RCB  be  revolve<I  about  RA  as  an  axis  it  v 

volame  =  ^tt.^EF.RCB,  or  by  substituting  from  (4), 

=  izXEFy.  VUxOE-i-^rX2EFx  VUXEo. 

Bot  2ff.£i^.Vf^^  the  area  geuerated  liy  revolving  the  line  V't/with  r 

Oiiift  EF  around  RA  as  an  axis,  which  il'  multiplied  by  OE  will  equal  the 

solidity  of  a  hollow  cylinder  formed  by  revolving  31NUV  around  liA  with 

radius  EF.     And  ^n.EF.  VU,  if  multiplied  by  Eo  will  equal  the  solidity 

of  the  hollow  cylinder  formed  by  revolving  WKm  around  fl4,  with  radi- 

DB  EF.  ■  Hence  the  volume  generated  by  the  revolution  of  the  triau.  RCB 

around  ifj4^§  of  half  the  volume  generated  hy  MNVV-\-l  of  the  volume 

generated  by  VUKm,  when  revolved  about  the  same  axis  RA,  (6) 

Since  the  bases  of  the  iufcrihed  triangles  are  infinitely  small,  the  Bum  of 

the  volume*  generated  hy  MNVV  equals  the  paraboloid,  which  call  P;  and 

the  sum  of  the  volumes  generated  by  WKm  equals  the  solid  iiarmed   by 

the  revolution  oi  DEAL  about  RAy  which  call  S, 

Hence  by  (6)  we  have  for  the  sura  of  the  volumes  generated  6y  RCB,  or 

P  =  §(*/>+«};  .-.P  =  S. 
Since  S-\-P  =  the  volume  of  a  cylinder  circumscribed  about  the  jwirabo- 
loid,  tb«refore  the  volume  of  a  paraboloid  is  one-half  the  volume  of  its  cir- 
cDmscribing  cylinder,  the  axis  of  ahscissas  being  the  axis  of  revolution. 

2.     Let  the  parabola  revolve  about  JiD  as  an  axis.     Then  the  volume 

generated  by  the  revolution  of  RCB  about  RD  =  %r..2E0.RCB.  (7) 

Kow  2E0  =  2^fi— 2vtF{8),  and  by  (4)  RCB  =  J  VU.OE+  VU.Eo, 

=  J  Vl\RA—FA)+  VV.FA  (9).      Substituting  in  (7)  from  (8)  and  (9) 

■olurae  generated  by  the  revolution  of  RCB  =  lr.(1lRA — 2FA)  x 

W^VO{liA—FA)+  VU.FA'}  —  %7!{2RA—2FA)  i(RA—FA}  VU 
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Now  TT.RA*  is  the  area  of  the  base  of  a  circumscribing  cylinder  the  axis 
of  which  coincides  with,  and  whose  length  is  equal  to,  RJ),  which  call  C 

The  factor  tt.^o*  in  (10)  represents  the  area  of  a  circle,  radius  Eo  and 
center  on  the  line  AL,  and  when  multiplied  by  F{7,  and  summed  for  all  po- 
sitions of  the  triangle  RCB  it  represents  the  volume  generated  by  the  revo- 
lution of  the  area  AEDL  about  AL  as  an  axis,  which  volume  call  S'. 

Substituting  in  (10)  we  have  P'.=  JC— gS'.  (11) 

Prolong  IB  to  6.  The  revolution  of  lilab  about  LA  generates  the  vol. 
n.2FA.HLEF  (12) ;  while  the  rev.  of  VUKm  produces  7:.FA\  VU.      (13) 

Since  ERHI  =  2FA.rU {see  Analyst,  Vol.  IX,  p.  107);  therefore 
by  substitution  (12)  becomes  27:.FA.2FA.  VU  =  Att.FAK  VU.  (14) 

Comparing  (13)  and  (14)  (as  Eo  =  FA)  we  see  that  the  volume  denoted 
by  (12)  =  four  times  the  volume  denoted  by  (13);  and  as  this  relation  is 
constant  it  follows  that  the  volume  generated  by  the  revolution  of  the  area 
AEDR  about  DL  =  48';  therefore  the  circumscribing  cylinder  C^  S^S^, 
and  consequently  S'  =  iC     Substituting  this  value  of  S'  in  (11)  we  have 

[If  X  and  y  represent  the  coordinates  of  the  point  R  on  the  axis  of  the 
parabola,  then  is  ^x  the  distance  of  its  center  of  gravity  from  the  vertex,  A; 
and  by  the  theorem  of  Guldinus  we  have  ^xy  x  ^tzx  =  j^^rx^y  =  the  vol. 
generated  by  the  revolution  of  the  parabola  about  its  limiting  ordinate,  y^ 
=  ^  of  the  volume  of  a  cylinder  whose  radius  is  x  and  altitude  y.  This 
agrees  with  the  above  result  so  ingeneously  deduced  by  Mr.  Mathiot. — Ed.] 

fly 
Note  by  Henry  Heaton.  —  To  integrate   , -. r-,  differentiate 

^  (a+6tana:)" 

}__       and  we  get  _(^-_l)^^ec«:r(fo  _  _(n-l)  (^+^dx 

(o+6tana;)*-i  ^  (a+6tana;)*  6(a+6)  tan  ir)** 

,      2a(n — l)dx     (n — l)dx 

'^h{a+6  tAuxy-^       6(o+6tMlr)"*^2  * 


XT  f  rf^  ^ —6 

^"^^  J  (a+ft  tan  a?)"       (n-l)(aH6'Xa+6tana;)*-i 

,      2a     r  dx 1  _  r         dx 

"^  a*+iV  (a+6  tan  x^-'^      a*+6»-'  {a+b tanar)'^' 

In  like  manner,  differentiating^ j  -    -T--r5  we  get  I  - — -y r-  = 

'  ^  {a+bsecx.y-^         ^    •^  (a+b sec x)* 

— fc^tang  _        (371— 2)a^— (71— 1)6^  f  dx 

a(7i— l)(a*— 6'*j(a+6seca;)"-i"^      a(7i— IXa'— 6')     J  (a>68ecir)'^i 

3n— 1         r  dx . n C  dx 

(n_l)(a»— 6V  (o+68ec'a?)"-2"^'a{/i— l)(o'— 6»p  {a+b  sec x)'^^' 


!:*s>'uv 
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I 

ON  THE  VOLUME  OF  SOME  80LID8. 


From  Journal  de  Mathemtiques. 

TBANSLATED  BY  WILLIAM  HOOVER,  A.  M.,  DAYTON,  OHIO. 

A  BODY  is  comprised  between  two  parallel  planes,  and  a  section  made  in 
this  body  by  a  plane  parallel  to  the  bases,  at  a  distance  x  from  the  lower 
base,  has  an  area  equal  to       a-^-^x-^-yaa^+wa^y  (1) 

a,  /9,  7-,  0}  being  any  four  constant  values,  that  is  to  say  independent  of  x. 

To  determine  the  volume  of  this  body. 

Cut  the  body  by  an  infinity  of  equidistant  planes  parallel  to  the  given 
planes.  In  designating  hy  Sq,  S^,  S2  ...  8^^  the  sections  formed,  Sq  and 
S^  designating  the  pianos  of  the  bases,  the  altitude  h  would  be  divided  by 
these  planes  into  n  equal  parts. 

Bj  virtue  of  the  principle  of  Cavalieri  (any  body  comprised  between  two 
parallel  planes  can  be  considered  as  the  sum  of  an  infinity  of  prisms  or  of 
cylinders  of  infinitely  small  altitude)  the  volume  of  the  body  considered 
would  be  expressed  by 

^  =  §K  +«i  +«»  .  .  .  +S._i),  or  F  =  ^  IS.  (2) 

This  fixed,  evaluate  the  sections  8,,,  S^,  S^ H  x  =  0,  S^  =  a, 

A    «  ,  .h  ,    h''  ,     /i»  2A    t,  .  62A  ,     4A»  ,     8A» 

«=-,  Si  =«+^,.+r-2 +  «>,,,  x=  ~,  62  =  a+^— +r--j  H-w-i, 
n  n       n^        m"  n  n         n*         n 


3A  o  ,  o3A  ,    9A2       27A8 

n  n  u*  Ti* 

thence   VS=  na+^'^[l  +  2+3..+(n-l)]+r ''^  [l*+2'+3»..+(n-l)*] 

n  71"* 

Replacing  in  (2)  2:8  bv  this  value,  we  have 

-=»*<H)+4'('-l)K)+4K)'- 

When  n  increases  indefinitely,  we  have 

T'  =  aA  +  li  \h^  +  r  iA3  +  w  iA*.  (^1) 
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Bemabk. — If  we  designate  hj  B,  B^  the  upper  and  lower  faaaeB  of  a 
body^  and  by  B^  the  section  equidistant  from  the  bases  we  have 
x=    0,  jB    =a,  x  =  h,  B^=  a+fih+rf^^  +  wh^, 
x  =  lh,  jBj  =  a    +  j9 JA  +  rih^  +  «> i^*;  whence 

4^2  =  4a  +  2^h  +  y-A^  +  ^wh^,  and  consequently 
B+B^+4B^  =  6a  +  S^h  +  2rh^  +  foiA^^ 
which  multiplied  by  ^h  produces  formula  (^1).     We  then  have 

^^  =  iK^  +  ^1  +  ^JBa),  a  known  formula. 
For  the  Sphere.--  If  in  (1)  we  make  a  =  0,  jS  =  2kR,  y  =  —  ;ry  oi  =  0, 
that  function  reduces  to 

2nRx'-7ra^  =  7rx{2R — a;), 

which  represents  the  area  of  a  circle  made  in  a  sphere^  at  the  altitude  x. 
In  this  case  B  =  0,B^=OyB^  =  nH^,  h  =  2R;  thence 

V  =  \RAnIi?  =  fTTjB*. 

For  the  spherical  segment, —  Making  5  =  0,  -B^  =  7:h{2R  —  A),  jB,  = 
n.\h(2R — \h)y  we  have 

V  =  7:,\h^{2R^h+4R-^h)  =  J;rAa(3iJ-A). 

For  the  cone. — If  A  is  the  altitude  of  a  cone,  R  the  radius  of  the  base,  the 
radius  made  at  a  height  a:  is  iZ'  =  R — (jB-T-A)a?;  whence 

ttR'^  =  nR^-^^^^-x+'L^x^ 

the  expression  to  which  (1)  reduces  itself  when  a  =  ;rJf?,  ^  =  —  2jri?-5-A, 
r  =  TzR^-^h^y  ft;  =  0.     Thence  the  cone  =  JA(;ri2'+;ri2»)  =  \nIPh. 
In  the  same  way  we  obtain  for  the  volume  of  the  frustum  of  a  cone 
V  =  JA[;ri22+;riJ2+r(r+i2)2]  =  J;rA(i22  +  r>  +  jBr). 


NOTE  ON  BILINEAR  TANGENTIAL  COORDINATES. 


BY  PROF.  F.  H.  LOUD,  COLORADO  SPRINGS,  COLORADO. 

Tangential  equations  arc  usually  written  as  homogeneous,  and  so  anal- 
ogous to  trilinear  equations;  but  interesting  relations  to  the  ordinary  Carte- 
sian coordinates  are  thus  unnoticed.  If  the  gencml  equation  of  the  first 
degree  in  two  variables  be  divided  through  by  its  al>solute  term,  and  signs 
changed,  it  takes  the  form 

pa?  +  2y  —  1  =0. 

In  the  Cartesian  system  the  two  coefficients  of  this  equation,  p  and  q^  are 
the  reciprocals  of  the  intercepts  of  its  locus  upon  the  two  axes;  and  a  recip- 
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rocal  tftngential  interpretation  will  be  put  u})on  it  if  the  same  meanings  be 
assigned  to  x  and  y,  when  p  and  q  will  take  the  significations  of  the  Carte- 
sian variables,  viz ,  the  distance  of  the  point  (the  envelope  denoted  by  the 
equation)  from  either  axis  in  directions  parallel  in  each  case  to  the  other 
axis.  We  are  thus  led  to  the  system  of  bilinear  tangential  coordinates, 
wherein  the  two  coordinates  of  a  line  are  defined  as  the  reciprocals  of  its  in- 
tercepts on  two  given  axes. 

The  origin  of  this  system,  being  the  envelope  of  all  lines  whose  coordi- 
nates are  infinite,  takes  the  place  which  in  the  Cartesian  system  is  occupied 
by  the  locus  at  infinity;  and  by  the  aid  of  this  analogy  it  becomes  possible 
to  write  the  reciprocals  of  theorems  involving  measurement,  as  readily  as 
those  involving  descriptive  relations  only. 

For  instance  the  equation  of  condition 

AB'  =  A'B 
which  connects  the  coefficients  of  the  Cartesian  equations  of  parallels,  will 
hold  for  the  coefficients  of  the  equations  of  points,  if  the  latter  are  in  a  line 
with  the  origin.     Points  thus  situatc<l  may  therefore  \y*i  spoken  of  as  par- 
allel to  one  another. 

All  fbrmulse  relating  to  the  Cartesian  erj nations  ot  rii;ht  lines,  which  in- 
volve the  angle  co  of  the  axes,  may  be  transcribed  without  the  change  of  a 
letter  as  analogous  formula?  for  the  ecjuations  of  points,  proviikd  that  oj  in 
the  tEDgential  formula?  be  defined  to  mean  the  angle  betwefrn  the  positive 
direction  of  one  axis  and  the  negative  direction  of  thf.-  other,  and  so  to  be 
the  supplement  of  the  angle  denoted  by  the  same  letter  in  the  Cartesian  sys- 
tem. Thns  two  points  are  perpendicular  to  each  other  -  their  directions  from 
the  origin  are  at  right  angles),  in  case  the  coeificients  oi  their  e^juati-as  ful- 
fill the  condition 

AA'-tBB'—(ABWA'B^  cos  CO  =  0. 

In  like  manner,  the  formula  for  the  tangent  of  the  angle  betwf^en  the 
lines  drawn  from  the  origin  to  two  points  whose  equations  ar(r  given  is  the 
same  as  that  which  denotes  the  angle  between  two  lines  eiven  bv  tlieir  Car- 
tesian  equations. 

Thequantitv  [(V-jr'  =  -^  2x"—:r'  »/'— v'  cosw  -  v"— v'  -"  •.  :Le 
familiar  formula  for  the  distan^'c  betwo'.-n  two  pjjnu,  i*  :'jul.'1,  wi.en  r'. ^/. 
ar",y''  are  the  coordinates  of  lines,  to  d* .note  a  luiv-ti'-n  of  the  [••'•siiiori  o: 
the  two  lines  in  relation  to  the  oriy:in  a-?  w*.-]]  as  to  eii.h  other,  ".vhich  riiiic- 
tion,  for  analogy's  sakv,  may  l>e  r-alled  the  paa'if-.i.^l  f]'ni**ii'/:*  oi  ::.*:  f.vo  '.iies. 
It  may  be  defined  as  the  prvJuci  of  two  ratior :  ilr^t,  that  o:  \:.^  iif^-rrrriiC"^ 
of  the  intercepts  of  the  lines  on  an  axis  to  the  product  o:  :hei?fe  iLt'=r:>rf :«  : 
■eoondi  the  ratio  of  the  distance  of  the  intersection  oi  the  lir^ei?  :>:z:  the 


origin,  to  the  distance  of  the  same  point  (measured  in  a  direction  pan 
to  the  other  axis)  from  the  axis  formerly  employed. 

Ae  an  example  of  the  reciprocatiou  of  meirical  theorems,  the  foUowiog 
may  be  given ;  in  which  the  left-hand  theorem  is  the  elementary  proposition 
that  the  line  parallel  to  the  base  of  a  triangle  divides  the  sides  proportionally. 

If  a  line  be  drawn  parallel  to  the  If  a  point  be  taken  parallel  to  the 

base  of  a  triaugle,  so  as  to  cut  the      vertex  of  a  triangle,  and  joined  to  tbe 


other  sides,  the  ratio  in  which  the 
linear  distance  on  either  side,  be- 
tween the  vertex  and  the  extremity 
of  the  base,  is  divided  by  the  inter- 
EectioD  of  the  parallel  line,  is  equal 
to  tbe  ratio  in  which  the  other  side  i 
is  divided. 


extremities  of  the  liase,  the  ratio  in 
which  the  puncliial  distance  at  either 
of  these  extremities,  between  the  base 
and  the  adjacent  side,  is  divided  by 
the  line  drawn  to  the  parallel  point, 
is  equal  to  the  ratio  in  which  tbe  like 
distance  is  divided  at  the  other  ext'y. 


In  the  snbjoined  figure,  AX  and  A  Y  are  the  axes,  FMN  tbe  triangle, 
and  Q  the  poiut  parallel  to  P ;  the  lines  joining  the»e  four  points  two  and 
two  are  prodnced  to  meet  tbe  axis  of  A',  and  the  points  M  and  A' are  joined 
both  to  the  origin  at  A  and  (by  I 
lines  parallel  to  ^  T)  to  M'  and  I 
N'  on  the  axis  of  X. 

By  writing  out  in  fnll  the  val- 
ues of  the  "punctual  distances' 
referred   to   in  the  theorem,   the  I 
proportion    between  them  is  put  I 
in  the  form : 


A'B       AN 


BC      AN 


AA'  .AB'  N'N    AB.AC'N'N" 


A'C 


AM 


~  AA'.AC'M'M 
By  cancellation  of  common  factors  this  becomes : 
BC  __     ..^       CB' 
AC  -  ^*-  =   AB'' 


CB'        AM 
AC.AB''M'M 


A'B  : 


which  may  be  written 


-1, 


BA^      CB^     Ajr 

A'C  '  B'A  ■  "C^B  ' 
that  is,  the  six  points  A,  B,  C,  A',  B',  C  are  in  involution. 

Since  the  theorem  imposed  no  restriction  upon  the  posilionof  thetrwi 
MNP  relatively  to  the  axes,  it  is  apparent  that,  as  a  reciprocal  to  the  p 
osition  that  a  parallel  to  the  base  of  a  triangle  divide.^  the  sides  pro 
ally,  we  have  proved  that 
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'^he  three  points  in  which  any  line  cuts  the  sides  of  a  triangle,  and  the 
projections,  from  any  point  in  the  plane,  of  the  vertices  of  the  triangle  on 
the  same  line  are  six  points  in  involution." 

The  fact  that  this  proposition  has  thus  been  derived  from  another  as  its 
reciprocal,  will  not  at  all  interfere  with  the  deduction  in  the  ordinary  man- 
ner of  the  reciprocal  theorem  concerning  six  rays  in  involution  joining  any 
poiDt  to  the  vertices  of  a  complete  quadrilateral. 

On  the  other  hand,  as  no  use  whatever  has  been  made  of  harmonic  prop- 
erties to  obtain  the  theorem,  these  may  all  l)e  deduced  as  special  applications, 
by  drawing  the  transversal' -4  JV  through  two  of  the  points  in  which  sides 
of  the  triangle  MNP  meet  the  lines  joining  Q  to  the  o])posite  vertices,  thus 
making  these  points  foci  of  the  involution. 

Or,  should  it  be  preferred  to  proceed  more  nearly  in  the  usual  course,  a 
definition  of  the  punctual  distance,  ecjuivalent  to  the  one  already  stated,  may 
be  given  in  terms  of  angular  functions.  Thup,  in  the  figure,  the  punctual 
distance  between  NC  and  IsB  is 

sin  A^/LYsin  BNC 

and  it  is  easily  shown  that  the  ratio  in  which  the  punctual  distance  of  two 
out  of  three  convergents  is  divided  by  the  third  is  equal  to  the  auharmonic 
ratio  of  the  pencil  formed  by  adding  to  the  three  convergents  a  line  which 
joins  the  pojnt  of  convergence  to  the  origin. 


A  NEW  AND  USEFUL  FORMULA  FOR  INTEGRATING 

CERTAIN  DIFFERENTIALS. 


BY  PROF.  J.  W.  NICHOLSON,  A.  M.,  BATON  ROUGE,  LA. 

Problem. — To  interfi^ate  v"du  in  tet^ms  of  the  descendmr/  powers  of\. 
Let  us  assume 

Differentiating  (1),  and  arranging  with  reference  to  r,  we  have 

0  =  —  du\\^A  wyr7r:i'«-i+(n— l)^jr/r'ir"-2-J-  ...  -[-(n— %,rftvr"-'-i 

dy\       f^^i!  <iyz  zdv\         (2) 

Now  since  (2)  is  true  for  every  value  of  r,  according  to  the  principle  of 
indeterminate  coefficients,  we  have 


■  * 


dy    = 


dUf 
•nydvj 

■(w-l)yidr, 
{n—2)y^dv, 


(3) 


dyn   =  — (n— <+l)y^-ldt;, 

«   =  — (w— Oyi. 

Integrating  equations  (3)^  supposing  the  constant  to  be  added  =  0,  aod 
denoting 

fdvfiidv  hy  JSidv^y 
fdv/dvfudv  hyfhLdi^, 
&c.         &c.         &c.y 


we  have 


y    =u 

Vi  =  {--lynfudv 

y,  =  {-iyn(n-l)Pudv' 

Vz  =  (-l)Mn-l)(n-2)/»udt^ 


W 


y^    r=  (-.i)'n(n— 1)  .  .  .  (n-<+l)/'udt;' 
2     =  (_l)H-in(n— 1)  .  .  .  {n---t)f*udvt.     , 

Substituting  in  (1)^  we  have 

/trdu  =  uvr—ntr-^fudv+n{n—l)ff''y'hidf^—n{n—l){n—2)t^ 
+  ...  (— l)'n(n— I) . . .  {n^t+iy-y'udv'+  . . .  (— 1)'+Xn— 1) . . . 

{n—t)fir-^^dvfud&.  (6) 

If  <  =  n  (5)  becomes 

fifdu  =  uif — nr*"yu(ft?-f  n(n — l)v*"Y*wdt;* . .  •  ( — l)"n{n — 1) . . . 

...(3)  (2)  (1  )/»!*(&*.  (6) 

Of  course  (6)  is  not  so  useful  and  general  as  (5),  but  the  want  of  space 
will  scarcely  allow  us  to  indicate  the  utility  of  the  former  in  the  applica- 
tions of  the  formula  which  we  purpose  make  to  the  integration  of  a  few 
important  differentials. 

Ex.  1.     Cx"'\og'xdx  =  ? 

Make  u  =  a;'"""^-H(m+l),  and  v  =  logo?.     Hence, 


dv 


Similarly^ 


udv  = 


J  udv  = 


x'^dx 


i»  + 
x'^dx 


^1'    f^^  = 


x 


•"+1 


^,     I  udv^=  j^ — -,,. 


a: 


«+i 


(m  +  iy 


X 


w+l 


{m+lf 
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S^betitatijDg  in  (6),  we  have 

'-'^°'""'(;.+/r""-]  •  <" 

If  in  (7)  m  =  O,  and  we  take  the  integral  between  the  limits  a; '=  0  and 

«  =  1,  we  have 

/;  lo^xdx  =  (— l)-n(n— 1)  (n— 2)  ...3.2.1. 

Ex.  2.     fifardx  =  ? 

Make  w  ^  o''~(logo),  and  t?  =  a?.     Hence, 


Substituting  in  (6), 

J  log  a  L  log «  log^a  ,        log*a  J 

In  a  similar  manner  we  may  integrate  a  number  of  other  important  dif- 
ferentials, such  as 

sin'^iT  co8"a;da?,         {a-^-ba^Yx^^dx^  Ac. 

Solution  op  Prob.  334,  by  W.  E  Heal.— (See  pp.  60,  98.  Vol.  VIII) 
Let  the  given  ellipse  be 

The  locus  of  intersection  of  tangents  which  intersect  at  a  constant  angle, 

[(ic'+y')— (a'+ftl^ta^V  =  4(6V+oy— aV).  (A) 

(Salmon's  Conies,  5th  edition,  page  161.) 

The  polar  of  every  point  on  this  curve  touches  the  required  curve  and 
conversely  the  polar  of  every  point  on  the  required  curve  touches  the  curve 

(i). 

Let  (x,  X)  be  the  coordinates  of  any  point  on  the  required  curve. 
The  polar  of  this  point  is 


ki;V    . 


Making  the  equations  homogeneous  by  writing  in  them  z  =  l, 

K^+y")— {a'+6VTtanV  =  4z«(6V+aV--aVz«).  (C) 

XX   .   Xy  

^  ■*"  h'^  ~  ^'  (D) 

Eliminating  2,'  the  coordinates  of  the  points  in  which  (C)  and  {D)  inter- 
sect are  given  by  the  equation 

X  [6V+..J^W(^+^)']. 

Expanding  and  reducing,  we  get 

Ax^  +  Bx^y+Cx^y^  +  Dxy^+Ey^  =  0.  (E) 

Where 
A  =  6*[a*— 6»(aHA'X]'tanV— 4a'6V+4a%^V, 

C  =  [2a*6*— 2a'6V+*')(a*>''+**^)+6a^6V+6")V^']tanV 

D  =  4[aW(a»+6')*x;i«— a*6*(a'+6>^]  tan^— 8a«6H16a»6*x;i«, 

£  =  a*[6»— aV+6')^']'tanV— 4a»6*;i'+4a»<>62/*. 

But  if  (-D)  is  tang't  to  (C),  equation  (£)  must  have  equal  roots  and  there- 
fore its  discriminant  vanishes.     Therefore 

4{12AE—3BD+Cf  =  {72ACE'\-  9BCD— 27 AB"— 27 EB*—2Cf. 

(Salmons  Higher  Algebra,  3rd  edition,  p.  306.) 

This  is  an  equation  between  the  coordinates  x,  X  and  is,  therefore  the 
required  envelope. 

« 

Note  on  an  Indeterminate  Eqn.,  by  Wm.  Hoover,  A.  M. — The 
following  (quotation  is  from  a  communication  by  M.  E.  Catalan  to  Journal 
de  Mathematiques  for  August,  1882. 

"The  identity 

(a  +  6)^  (a  —  26)2  (6  —  2a)2  +  27aH^  =  4{a^  —  ab  +  b^)^, 
easy  of  verification,  gives  an  indefinite  number  of  solutions,  in  entire  num- 
bers, of 

"We  can  take 

X  =  i{a+b)  (a  —  26);(6— 2a,  yj=  ^b(a—b),  and  z  =  a^—ab+b^J* 


.  1  «• 
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DIFFERENTIATION  OFF{X)  =  LOG{X). 


BT  PBOF.  JAMES  G.  CLARK,  LIBEBTT,  MO. 

The  characteristic  property  of  this  function  is  expressed  by  the  equation 

Fix"^)  =  mF{x\ 

fiom  which  we  have  at  once 

dF{ar)  =  mdF{x). 

Let  us  assume  dF{x)  =  f{x)dxj  in  which  f{x)  is  an  unknown  function. 

We  have  then 

dF{x'')  =  f{ar)dar  =  fnar-^f{x'^)dx. 

Therefore  by  substitution, 

fiiaf*-i/(a^)da;  =  mf{x)dx,  and 

X 

This  relation  being  independent  of  the  value  of  m,  it  follows  that 

xf{x)  =  M,  a  constant. 

Therefore  fix)  =  — ,  and  dF{x)  =  dlog  {x)  =  —dx. 

X  X 

In  this  equation  M  is  of  unknown  value.     Its  value"  cannot  be  directly 
determined  from  the  general  properties  of  logarithms,  but  it  may  be  observ'd 
that  in  whatever  system  the  logarithms  be  taken,  loga;-^Jlf  will  be  the  log- 
arithm of  X  in  some  other  system,  whose  base  may  be  denoted  by  e.     W 
have,  therefore,  from  the  equation 

dlog  (a;)  =  — dx, 


.{ !^  I  =  ,H..  =  f . 


There  is  therefore  one  system  for  which  the  multiplier  of  dx-^x  is  unity, 
and  it  readily  follows  that  the  multipliers  of  dx-^-x  in  different  systems  are 
proportional  to  their  moduli.  It  may  be  shown  in  the  usual  way  by  Mac- 
laurin's  theorem  that  e  =  Napierian  base. 


SOL  UTI0N8  OF  PROBLEMS  IN  NUMBER  ONE. 

SoiiUnoNS  of  problems  in  No.  1  have  been  received  as  follows: 
From  Marcus  Baker,  423,  426 ;  Florian  Cajori,  423, 424, 425, 426,  427 ; 
George  E.  Curtis,  423;  Prof.  W.  P.  Casey,  423,  426;  G.  W.  Evans,  423; 


Prof.  A.  B.  Evans,  427;  Prof.  Wm.  Hoover,  423,  425,  426;  H.  Hi 
423,  421,  426,  426,  427;  Prof.  H.  P.  Manning,  426,  427;  Prof.  J.  W. 
Nicholson,  426, 427;  A.  F.  Parsons,  423, 424,  426;  Prof.  P.  H.  Philbrick, 
423,  424,  425,  42C,  427;  P.  Richardson,  423,  426;  Prof.  J.  Scheffer,  423, 
426,  427;  Prof.  E.  B.  Seitz,  423,  426,  427;  R.  S.  Woodward,  423,  424, 
425,  426,  427. 


423.  By  E.  MUlwee,  Add-Ran  CoUege,  Grai\h\try,  Tfxaa.—f'Glina  tlie 
hypothenuse  of  a  right-angled  triangle  and  the  difference  of  the  two  luMS 
drawn  from  the  acute  angles  to  the  centre  of  the  in.<)ribed  circl«,  to  fil 

triangle." 

SOLUTION  BY  A.  P.  PAHSONB,  ADELAIDA,  CAL. 

Let  ABC  be  the  triangle,  AI,  BI  the  j 
bieecting  lines  of  whioh  the  difference  is] 
given.     Draw  IR  jierpendicnlar  to  AB. 

Put  AB  ^  c,  and  the  given  difference  j 
=  ff.     Also  let  r  =  IR,  x  =  AI  and  i/J 
=  AR.     Then  y  -f  r-=JC,  c  —  y  +  i 
^  BC,  x-^d  =  IB,  and  c—y  ^  RB. 
By  right  triangles  we  have 

ic*  =  y*  +  r*. 
{x+df—r'  =  {o—r/j*,orx'+  2xd  +  d}- 
(y  +  i-)'  f  {a  —  y  +  ry  =  (^,ory^—cy  = 
Substitute  the  values  of  a;*  and  x  from  (1)  in  i^2)  and  ' 

dv'if  +  ^)  —  A(c»-d')-cy. 
From  (3)  and  (4)  we  get  a  quadratic  whose  root  i» 

r  =  i(c»-d')(v2  — 1). 

Substituting  values  of  r  and  r*  from  (5)  in  (3)  we  get  the  quadratic, 

f-ty  =  J(o'-<?)[(d'+c')  (3-2;/2)-l]j 

and  the  sides  are 

»'+(c'-j)(t/2-i)^ii  ir^d",. 

20  ~  2\  L    0" 

Or,  lake  ID  =  JA  and  connect  AD.     Then  DB  =  d,  Z  AID'=  135°, 

ZIDA=22i"  and  /BDA^Uli';  .■ .  DAB  =  tm-'[{d-i-2clt2—,/2}}. 


*"(3-2,/2)  +  l]. 


(8) 


Therefore  DBA  and  con.equeDtly  .iiBC  become  known.     Then 
AC=  eaiaABC;         BC^ccwABa 


SOLUTION  BY  P.  RICHARDSON,  BROOKLYN,  N.  Y. 

liCt  2x  and  2y  be  the  sides,  r  =  the  radius  of  the  iDScribed  circle,  2A  = 
the  hypothenuse,  and  2d  =  the  given  difference;  then  the  following  equa- 
tions can  be  easily  found; 

x+y-r  =  h...{l),     2xy  =  r{x+y+h),  (2) 

x^+y^    =h^..  (3),     v'[(ar-^)«+r«]-v/[(2y-^)H»-»]  =  ±d.  (4) 
lu  (4)  put  value  of  r  from  (1),  perform  the  operations  indicated  under  the 
radical  signs  and  substitute  for  (x^+y)  its  value  from  (3),  reduce  and  trans- 
pose second  radical,  and  there  results 

y^(A2  —hy)z=z±d+  |/(A2  _  hx). 

Square  this  equation,  transpose  and  substitute  h^  for  a:^+y^  and  we  have 

h^—4h^d^+d^  =  2h^xy—2hd^{x+y).  (5) 

From  (I)  and  (2)  we  get  x  4-  y  =  r  +  h  and  2xy  =  r(r  +  2h),  put  these 
vtlnes  in  (6),  transpose  and  we  have  he  quadratic  equation 

AV»  +  (2A»  —  2hd^)r  =  h^  —  2A2c/2  +  ^4^  whence 

r  =  (zt:  V2— I)  (A2_d2)^A.  (6) 

.*.    2a?  =  r+A+|/(A»— r»— 2rA),        2y  =  r+h—i/{h^—f^—2rh). 


424     By  Prof.  De  VoUon    Wood. — "Required  the  equation  to  the  locus 
which  is  at  a  constant,  internal,  normal  dist.  from  the  four  cusp  epicycloid.'' 

SOLUTION  BY  B.  S.  WOODWARD,  C.  E.,  DETROIT,  MICHIGAN. 

The  equations  of  this  epicycloid  are 

X  =  \r{bQcmO  —  cos  6^)1  /^x 

y  =  ir(5sin  d  —  sin  bd)  J  '  ^^^ 

r  being  the  radius  of  the  fixed  circle.     The  equation  to  the  normal  to  this 

curve  is 

dx  f  X 

and  the  distance  of  (e,  rj)  from  (rr,  y\  which  in  this  problem  is  constant,  is 
defined  by 

{rj^yr+U-xf=  (l+2~')  {e^xf  =  (l+2-^)  {r,-yy  =  c^  say.  (2) 

Since  by  (1)  ^J^  =  '^J-ZI^"  '^J  =  cot3tf,  (2)  gives 
dy        cos  #  —  cos  5tf  >  v  /  & 

e  =  x^^csiB&O  =  J:r(5cos5  —  cos 6^)  =P  c sin  3tf , 
7]  =  ydtcccmSd  =  |r(6sin  fl  —  sin  6fl) ±  c cos  3tf, 

which  define  the  locus. 


•     i 
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« 

426.  '^A  cylinder  rolls  down  the  upper  plane  of  a  wedge,  the  wedge  be- 
ing npon  a  perfectly  smooth  horizontal  plane;  required  the  velocity  of  the 
cylinder  when  it  shall  have  rolled  a  distance  I  on  the  plane/' 

SOLUTION  BY  WILLIAM  HOOVER,  A.  M.,  DAYTON,  OHIO. 

Let  m  and  m'  be  the  masses  of  the  cylinder  and  wedge,  a  the  radios  of  the 
cylinder,  mP  its  moment  of  inertia,  a  the  inclination  of  the  upper  faoe  of 
wedge  to  the  horizon,  d  the  angle  through  which  the  cylinder  has  rolled  in 
any  time  t  from  the  beginning  of  motion,  F  and  R  the  reactions  of  the  cyl- 
inder and  inclined  plane,  parallel  and  perpendicular  to  the  upper  surface  of 
the  wedge.  Let  x'  be  the  distance  the  wedge  is  at  any  time  from  an  assumM 
point  in  the  horizontal  plane,  x  and  y  the  coordinates  of  the  center  of  grav- 
ity C,  of  the  cylinder,  the  axis  of  which  is  all  the  time  supposed  horizontal. 

For  the  cylinder,  resolving  horizontally  and  vertically  and  taking  mo- 
ments about  the  center  of  gravity, 

d^x 
m  -.^   =  —  i2  sin  a  -f  .Fcos  a,  (1) 

or 
,m  -j-^  =  12  cos  a  +  J^sin  a  —  mg,  (2) 

mJL^^j-f  c==  Fa.  (3) 

at 

For  the  single  motion  of  the  wedge, 

m'-j^   =>  12  sin  a  —  l^cosa.  (4) 

or 

We  also  have 

y  cos  a  =  a  -\-  {x  —  a;')  sin  a.  (5) 

From  (1)  and  (4), 

From  (5)  ««4)'  =  «*°  "(t^^"^?')'  .  ^'^ 

which  with  (6)  gives 

fz  '1/  d  or 

m'cosa    ^  =  (m+m')sina-^.  (8) 

civ  fJLTi 

Since  the  cylinder  rolls, 

dx         dx'  dO 

- .    =  — ,  -  —  a  cos  a  — r-,  w-  ence 

dt  dt  dt 

d^d         d^x'       d^x  /o\ 


'X. 
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m  (6)  and  (9),   tn'  a  cos  a  ^^  =  -  (tn+tnO  ^.  (10) 

miiiatiDg  jB  and  Ffrom  (1;,  (2)  and  (3), 

a  cos  a  -j--+a8ina— ^  =  Ar-^  -  —  ag  Bin  a.  (11) 

ctr  or  or 

etituting  (8)  and  (10)  in  (11)  gives 

ni'a*cos*a+(wi+m')  (a^sin^a+i*)]  —^  =  —  m'a^g  sin  a  cob  a,       (12) 

etituting  in  (8)  gives 

ni'a*cos'a+(m+m')  (a%in"a+  A:*)]  -r^  =  —  {m+m')a^g  sin  a.      (13) 

z  =  bf  y  =  Cj  when  <  =  0.     Then  integrating  (12)  and  (13)  twice^ 
5  =  —  m'a'gt*  sin  2a-h4[m'a»co82a+(m+m')  (a%in»a+ifc>)],  (14) 

c  =  — (m+m')a^^in*a-r-2[mVco8'a+(m+m')  (a*sin*a+A?)]     (16) 
|-r-(16)  gives  (m+m')8in  a  {x — 6)  =  m'cosa(y — c)  (16),  the  equation 
raight  line^  the  path  described  in  space  by  the  center  of  gravity  of  the 
er. 
Itiplying  (12)  by  2(ir-T-ctt  and  integrating, 

dx  I  (  m'a^g  sin  2a  {b—x)  ) 

d<  ~  \  t  m'a^c^^a'+ (m+m  +*^)  / ' 

»rizontal  velocity  of  the  center  of  gravity  of  the  cylinder  for  any  ab- 
X.  Let  8  =  the  distance  moved  over  by  the  wedge  while  the  cylinder 
,  over  the  distance  I;  then  (m-^-m')8  =  mucosa/  hence  when  the  cyl- 
bas  moved  the  distance  /,  the  value  of  a;  is 

(,              mZeosaX          ,        m7cosa      ,  .  ,     . 
6  cos  a A  ==6  — ,,  which  eives 
m-\-mf)                 m  +  m"  ^ 

dx  \(  m'Vg'/sin  2aco8a  'I 

■^  ""  \  t  (m+m')  [mV30s2a+(m+m')  {ahin^a+1^']] ' 

rizontal  velocity  of  C  when  the  cylinder  has  rolled  the  distance  I  on 
)per  surface  of  the  wedge, 
m  (16)  we  have 

l/{fix'^-\-dy'^)  ]/[(m-fm')'sin^a+m''cos'a] 

dy  (m+m')sina  ' 

9.  of  the  angle  which  tlie  locus  of  C  makes  with  the  axis  of  aliscissas. 
irefore,  resolving  the  above  velocity  in  the  direction  of  the  locus,  the 
ed  velocity  is 

m'a  I      gl  sin  2a  cos  a  [(m  +  m')'sin'a  -4-  m'^cos'a] 

m+m')  sin  a\  (m  +  m')  [m'a^cos^a  +  (^  +  ^')  (a'^sin^a  +  i^)]' 
3  velocity  of  the  cylinder  will  be  less  than  if  it  rolled  down  the  same 
oe  on  a  fixed  inclined  plane. 


426.     By  William  Hoover,  A.  M. — "Eliminate  d  from  the  equations 

(a+6)  tan  {6—^)  =  {a—b)  tan  (0+^),  ^ 

acoB2f+bcoe20^  o."  ^j 

SOLnriON  BT  HAROUe  BAKER,  D.  8.  COAST  SURV.,  IXK  ANOEL£8,  CAI<. 

From  (1)  we  have 

a+6  _  tan  \{2d+2f)  _  eio  2tf +ain  2y  ^^^^      q  _  Bin  2g 
a— 6       tanj(2^— 2ipj       sin  2tf— sin  2^'  6       siu  2f ' 

and  onr  two  equations  stand  thus: — 

6  sin  25  =  a8in2p,  {V) 

6C0625  =  0  — aco82^.  (20 

Squaring  and  adding, 

6"  =  o"  +  c'  —  2acco82y>, 
an  equation  from  which  9  has  been  eliminated. 


427.  By  Prof.  J.  W.  JVicAo&on.— "C  and  i)  are  two  fixed  points  (1  dirt, 
apart)  on  the  Mne  AB;  show  that  thelocnsof  a  point  P,  moving  in  audi  ft 
manner  that  /  PDB  =  n^  PCB,  the  origin  being  at  C,  is 

yi/:::^.  ^  ix+yy'-i)'-(x~tn/-iY  „ 
*— 1        («+yi/-i)"+{a:-3ri/-ir' 

SOi-UTION  BY  PROF.  E,  B.  SEITZ,  KIBEBTILIJ:,  HO. 

LetCZ>  =  l,   CH=x,  PH=y,   CP  =  r,  ZPDB 
=  d  /.PCB  =  if. 

Then  tan  tf  ^    ^p  x  =  rix«ip,y=ra\aif,8  ^  nw, 

. ' .  tan  0  =  tan  n^ 

sinn^o^      1       (cos^+^Z — Isin^)" — (oo8y> — |/ — Isin^)' 

cos  np       y' — 1  *(oo8  (p+ i/ — 1  sin  jB)'+(cosp — j/ — 1  sin  jp^' 
(See  Chauvenet's  Trigonometry,  p.  128.) 

Substituting  the  value  of  tan  B,  and  multiplying  both  terms  of  the  last 
fraction  by  r",  and  then  substituting  x  for  r  cos  y,  and  y  for  r  sin  f,  we  have 
y/— 1  ^  (a'+yy^-l)'— (x-v|/— 1)' 

a;— 1  (i+yi/_lj»-|-(^_y^_l)-- 

[After  deducing  the  given  equation,  Mr.  Heaton  remarks,  "The  polar 
equation  may  be  found  from  the  triangle  CPD  ns  follows: 

rsin  CPD  =  I.sin  CBP,  or  rain  (n+l)yj  =  einn^,  the  polar  equation. 


^  r  [e(ii+l)^>/-l  _«~(n+l)^l/-l]  =  «n^i/-l  —  e-n^iZ-l;  .-.  r  [(C08  J>+ 

8in  y,/_i)<H-i)_(oog y— Bin  f  |/— 1)^"+^^]  =  (oos^+sin  ^ |/— 1)*— (cos  j> 
--siDj^/— 1)-;  .-,  (rc+yi/— iy«+i>-(ic-yi/— iy+i>  =  (a;+yi/— !)•- 
(of — y|/ — 1)».     A  simpler  form  of  the  equation."] 


PROBLEMS. 


428.  -By  George  Lilley,  A.  M. — Two  circles,  of  given  radii,  R  and  R^ 
loach  a  straight  line  on  the  same  side;  a  third  circle  of  radius  22,  touches 
each  of  them ;  find  the  position  of  the  circles  R  and  Ri  and  the  radius  of 
a  fourth  circle  such  that  it  shall  touch  the  same  straight  line  and  each  of 
the  three  given  circles. 

429.  By  Prof.  M.  L.  Comstoek. — A  cone  of  given  weight  PF,  is  placed 
with  its  base  on  an  inclined  plane,  and  supported  by  a  weight  W  which 
hangs  by  a  string  fastened  to  the  vertex  of  the  cone  and  passing  over  a  pul- 
ley in  the  inclined  plane  at  the  same  height  as  the  vertex.  Determine  the 
conditions  of  equilibrium. 

430.  By  Prof.  Miltoee,  Add- Ran  Col.  Texas. — Given  two  fixed  points  A 
and  B,  one  on  each  of  the  axes  of  coordinates,  at  the  respective  distances  a 
and  b  from  the  origin  ;  if  A'  and  B'  he  taken  on  the  axes  so  that  0A'+ 
OB'  =  OA+OB,  find  the  locus  of  the  intersection  of  AB'  and  A'B. 

431.  By  Prof  J.  W.  Nicholson. — Required  the  area  of  a  triangle  whose 
Bidea  are  equal  to  the  three  roots  respectively  of  the  following  equation : 

x^  +  mx'^  +  ^w;  +  r  =  0. 

432.  By  R.  J.  Adeock. — Show  that  the  quadrant  of  the  ellipse  equals 

+lfl:Mtan3tf)'-Vi:^^i^tan^/?r+  &c.1, 
^6\2.4.6  /       7\  2.4.6.8  ;    -r  «^  J> 

where  a=  semi  transverse  axis,  b  semi  conjugate,  ^  =  1  —  (5^-4-  a'), 

433.  By  Prof.  W.  P.  Qwey.— Given  the  base  of  a  triangle,  to  find  the 
locus  of  the  vertex,  when  the  centre  of  the  inscribed  square  moves  on  a 
given  conic  section. 

434.  By  Prof  De  VoUon  Wood. — Find  a  number,  the  mantissa  of  the 
logarithm  of  which  equals  the  number. 


-  *.- 
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435.  By  Prof.  E.  B.  Seiiz. — Find  the  average  area  of  a  triangle  dnwr^"'^ 
on  the  Bu.faoe  of  a  given  circle,  having  its  base  parallel  to  a  given  line,  an 

its  vertex  taken  at  random. 

436.  By  Prof,  W.  W.  Johnson. — Integrate  the  equation 

x'^xfipydx  +  bxdy)  =  z'^'y'ia'ydx  +  h'xdy). 


CoRBEcnoN. — The  last  two  lines  on  page  48  should  read  as  follows : 

6»tana? (3n— 4)a^— (n— 1)6^  C  dx 

a(n— l)(a»— 6*)(a+6 sec  a;)*-*  "*"  'a{n—l)(a^  —6-^ )     J  {a+baec  a;)— ^ 

3n— 5         r  dx .  n— 2  r  dx 

(n— 1)  {a^—b^y  (o+6  sec  x^'^  '^a{ii^l)  {d'—b^y  (a+b  sec  x)— «* 
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Acta  Maihemaiica,  edited  by  G.  Mittaq-Leftler.    F.  &  G.  Beijer,  Stockholm.     1882. 

This  new  journal  which  has  been  founded  tlirough  the  generosity  of  King  Oscar  ILap- 
pears  under  the  cooperation  of  several  able  Scandinavian  mathematicians.  The  first  nomber 
contains  the  following  articles : 

(1).    Theory  of  Foxian  Groups ;  by  H.  Poincare^,  pp.  1-62. 

(2).    On  the  Theory  of  Annuities ;  by  J.  C.  Malmsten,  pp.  63-76.  [pp.  77-92- 

(3).    A  Method  of  Approximation  in  the  Problem  of  three  Bodies ;  by  Hugo  Gylde'k, 
(4),    The  Problem  of  Configurations;  by  Th.  Reye,  pp.  93-96. 

Thb  number  presents  therefore  a  variety  of  subjects  whicli  are  discussed  by  able  writen. 
The  article  by  Professor  Gylden  in  which  he  gives  an  account  of  liis  method  of  treating  the 
famous  problem  of  three  bodies  will  be  interesting  to  astronomers.  The  theoretical  solution 
of  this  problem  remains  nearly  as  it  was  left  by  Lagrange  and  Laplace,  although  we  owe  to 
Hansen  and  Delaunay  important  improvements  in  the  practical  parts  of  the  work.  It  will 
be  interesting  to  sec  the  out-come  of  Gylden's  labors  on  thin  question. 

A.  H. 


ERRATA, 


On  page  12,  line  9,  for  +  between  the  two  members  of  last  term,  read  —  • 
«      u      a    a     2,  from  bottom,  for*  as  index  of  (o«— 6 «),  rend  |. 
"      "     14,  "     3,  from  bottom,  insert  (/)  at  end  of  line. 


THE  ANALYST. 


KEPLER' 8  PROBLEM. 


\    ar   PROP.   A8APH  HALL,  NAVAL  OBSBBVATOBY  WASHINGTON,  D,  C 

At  the  end  of  the  Fourth  Part  of  his  work  "De  Motibns  Ste'lse  Martis," 
Zepler  proposes  the  problem  so  long  known  by  his  name.     His  statement, 
[  tnnslated  from  the  Latin,  is  as  follows: — 

"But  haviug  given  the  mean  aDomaly,  there  is  no  geometrical  method  of 
J  arriving  at  its  coequal,  that  is,  the  eccentric  anomaly.  For  the  mean  anom- 
\  aly  is  made  up  of  two  parts  of  area,  a  sector  and  a  triangle,  the  former  of 
which  is  counted  by  means  of  the  eccentric  arc,  the  latter  by  the  sine  of  that 
are  multiplied  into  the  value  of  the  maximum  triangle.  But  the  propor- 
tions between  the  arcs  and  their  sines  are  infinite  in  number.  Therefore  the 
gum  of  both  Iwing  given  it  cannot  be  told  how  great  the  arc  is,  or  how  great 
ie  the  sine  of  that  arc  corresponding  to  this  sum,  unless  we  first  inquire  how 
great  aa  area  is  swept  by  the  given  arc,  that  is,  unless  we  shall  have  con- 
structed tables  and  afterwards  shall  have  worked  from  them. 

"Thia  is  my  opinion  of  it;  and  by  as  much  less  as  it  seems  to  have  of  ge- 
ODMtrical  beauty,  so  much  the  more  do  I  exhort  geometers  to  solve  for  me 
this  problem : 

"Giveji  the  area  of  a  part  of  a  aemidrcle,  and  given  a  point  of  the  diameter, 
to  find  the  arc  and  the  angle  at  that  point,  the  given  area  being  included  by 
the  t^s  of  thig  angle  and  hyihitarc;  Or:  To  cut  the  area  of  a  semi  cArdt 
m  a  given  ratio  from  any  point  Kbalsaever  of  the  diameter. 

"I  am  sufficiently  satisfietl  that  it  cannot  be  solved  a  priori,  on  account 
of  the  di&erent  nature  of  the  arc  and  the  sine.  But  if  I  am  mistaken,  and 
any  one  shall  point  out  the  way  to  me,  he  will  be  id  my  eyea  the  great 
Apcllonius." 

This  is  Kepler's  opinion  put  forth  nearly  three  centuries  ago.  The  attempts 
to  solve  this  famous  problem,  however,  still  continue,  and  nearly  every  year 

H  ufl  two  or  three  new  solutions. — 
I  The  equation  to  be  solved  is  the  well  known  transcendental  one. 
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IS  =  M+  esinE, 
from  which  M  and  e  being  given  we  are  to  find  E,     The  direct  solution  of 
this  equation  being  impossible,  the  solutions  that  are  given  take  a  variety 
of  forms,  and  for  convenience  we  may  arrange  them  in  three  classes: 

(1).     The  pedagogic  methods. 

(2).     The  methods  by  series. 

(3).     The  indirect  method. 

In  the  first  class  we  put  all  the  attempts  to  reduce  the  solution  to  a  fixed 
set  of  rules,  according  to  which  nothing  is  left  to  the  judgment  of  the  com- 
puter, and  where  simple  numerical  accuracy,  such  as  one  might  find  in  a 
child,  or  in  a  machine,  is  all  that  is  required.  This  class  will  include  many 
of  the  solutions  that  have  been  published,  from  that  of  Seth  Ward,  Profes- 
sor at  Oxford  in  1649,  to  some  of  the  most  recent  ones.  The  chief  value 
of  these  solutions,  and  at  the  same  time  their  weakness,  is  that  they  leave 
nothing  uncertain  in  the  process.  They  are  therefore  adapted  to  beginners  in 
astronomy,  and  to  those  who  always  work  by  rule  of  thumb.  The  amount 
of  intelligence  required  in  the  computer  is  a  minimum. 

The  methods  by  series  comprise  the  solutions  given  by  Lagrange,  Pois- 
son,  Bessel,  Hansen,  and  other  astronomers.  These  solutions  are  remarkable 
on  account  of  the  elegant  and  peculiar  analysis  employed,  and  they  have  an 
important  use  in  theoretical  astronomy.  The  series  proceed  according  to 
powers  of  the  eccentricity  which  are  multiplied  by  the  sines  of  multiples  of 
the  mean  anomaly.  The  first  systematic  solution  of  this  kind  seems  to  have 
been  given  by  Lagrange,  who  employed  his  well  known  theorem  for  deter- 
mining the  roots  of  all  kinds  of  equations  by  means  of  series.  This  theorem, 
published  in  1770,  can  be  applied  directly  to  Kepler^s  problem. 

The  indirect  method,  or  solution  by  trial,  is  that,  I  think,  to  which  every 
working  astronomer  finally  comes.  Of  course,  when  the  eccentricity  is  veiy 
small,  or  where  tables  of  a  planet  have  been  computed,  the  equation  of  the 
center  is  tabulated,  and  this  disposes  of  the  matter  once  for  all.  But  in  case 
the  eccentricity  is  as  great  as  i%  or  •^,  and  no  tables  are  at  hand,  the  indi- 
rect method  does  not  require  more  than  half  the  time  of  the  other  methods, 
and  its  accuracy  is  as  great  as  one  pleases.  The  advantage  of  this  method 
consists  in  the  indeterminate  form  in  which  the  solution  is  left,  and  in  the 
opportunity  that  is  thus  given  for  the  intelligence  and  skill  of  the  computer 
to  come  into  use.  Now  this  is  the  point  that  writers  who  are  continually 
bringing  forward  solutions  of  the  first  kind  fail  to  see;  and  at  the  same  time 
they  seem  to  be  shcxiked  at  the  notion  of  making  a  good  guess  in  solving  an 
equation.  But  certainly  it  is  not  necessary  to  be  stupid  in  order  to  be  math- 
ematical; and  there  are  so  many  problems  to  be  solved  that  we  need  not  fear 
of  taking  an  undue  advantage  of  things^  or  that  our  ingenuity  will  ever 
grow  dull  for  lack  of  opportunity. 


The  curve  is  in  general  limiled  on  one  aide,  where  it  touches  the  X  axifl 
t  A,  Slid  extends  to  intuit)'  on  t!ie  other  side,  the  axis  heing  an  asymptote 
B  it  in  the  direction  OX.    We  may  say,  therefore,  that  it  has  a  long  side  and 

itiort  »ide.     Since  in  (81)  we  have 
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Oar  figure  is  drawD  for  positive  a,  bnt  if  it  were  n^ative  the  carve  would 
be  of  the  same  form,  only  turned  over  so  that  the  long  side  would  come  on 
the  left  band  and  the  short  side  on  the  right.  From  the  nature  of  the  curve 
as  shown  in  (41)  and  elsewhere,  it  is  evident  that  if  the  whole  area  included 
between  it  and  the  X  axis  could  be  cut  out  of  cardboard  or  other  material 
of  uniform  thickness,  it  would  balance  on  a  knife  edge  set  to  coincide  with 
the  Y  axis.  The  greater  leverage  of  the  long  side  compensates  for  the  great- 
er area  of  the  short  side.  The  vertex  of  the  curve  does  not  lie  in  the  I^azis. 
The  maximum  ordinate  CV  is  separated  from  OF  by  the  interval  OC,  and 
this  is  important,  for  it  shows  that  when  the  law  of  error  of  a  set  of  obser- 
vations is  such  that  ^  is  not  zero,  the  arithmetical  mean  is  not  the  most 
probable  value  of  the  observed  quantity.  To  get  the  most  probable  value 
of  a  single  observation,  we  must  apply  to  the  arith.  mean  a  correction  J 
equal  to  OC,  and  by  (22)  and  (39)  its  amount  will  be 

For  the  observations  in  Table  II.  we  have 

J  =  —I  = L_  =  _0°.91. 

a  1.096  • 

and  this  added  to  the  arith.  mean  6^.20  gives  4^.29  as  the  value  of  the  am- 
plitude most  likely  to  occur.  The  probabilities  that  an  error  or  deviation 
which  occurs  will  fall  on  the  +  or  —  side  of  the  most  probable  value,  are 
not  the  same.  The  part  VCX  of  the  area  of  the  curve  lying  on  the  long 
side  is  greater  than  the  part  ACV  lying  on  the  short  side,  as  will  appear 
hereafter.  An  ordinate  dividing  the  total  area  into  halves,  would  be  be- 
tween OF  and  CV,  The  probable  error  of  the  most  probable  value  of  an 
observation  is  greater  toward  the  long  side  of  the  curve  than  toward  tbe 
short  side.  The  ordinate  which  divides  the  area  ACV  into  halves  is  PE, 
and  that  which  divides  VCX  into  halves  is  RF.  The  probable  error  on 
the  +  8*de  therefore  is  CF,  and  that  on  the  —  side  is  CE. 

As  found  at  page  3  and  4,  putting  n  =  a^b  and  v  =  ax,  the  areas  on  the 
short  and  long  side  of  any  ordinate  F  whose  abscissa  x  is  reckoned  from  A 
as  an  origin  will  be  respectively 

Jo  r(n+l)\       n+1  >+l)(n+2)^       ;'      I         .  ^> 

and  their  sum  is  unity.  The  probability  P^  that  an  error  which  occurs 
will  fall  on  the  long  side  from  VC  is  represented  by  the  area  VCXf  and  its 
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tloe  18  found  from  the  second  int^ral  by  taking  as  the  lower  limit  x^^^ab 
-  (1-T-a),  whence  we  have 

t7  =  oa;  =  a^b  —  1  =n  —  1, 


p,= 


_  (n-l)- 


i«-«+i 


-(^+=Ef+<ni!fe5'+*^).     (") 


r(n)  \"  '  n— 1  •      (n— 1)' 

nd  the  series  terminates  if  n  is  an  integer.  The  values  of  P,  have  been 
imputed  thus,  to  7  places  of  decimals,  for  n  =  4,  5,  6,  7,  8,  10,  14,  20,  30, 
0,  100,  200.  The  corresponding  values  of  P^  =1  —  Pj,  together  with 
itermediate  values  found  by  interpolation,  are  given  to  4  places  in  the  sub-  % 
»ined  Table  III.  By  means  of  the  column  of  differences  J^,  P^  and  conse- 
nently  P,  can  be  found  for  any  given  value  of  the  argument,  with  suffio't 
ccuracy  for  all  practical  purposes.     Now  to  get  the  position  of  the  points 

Table  III. 


an     Pi 
.3528 
4.5  :.3630" 

5  |.3712 
5.5  .3781 

6  .3840 

6.5  1.3892 

7  .3937 

7.6  .3977 


8 

9 

10 

11 


.4013 
.4076 
.4126 
.4171 


^1 

102: 
82 
69 
59 
52 
45 
40 
36 
62 
51 
45 
38 


— ar^ 

.822 

.911 

.995 

1.074 

•1.160 

1.221 

1.289 

;1.3o5 

1.420 

1.641 

1.654 

1.764 


^1 

89 
84 
79 
76 
71 
68 
66 
65 
121 
113 


1.613 
1.703 
1.788 
1.868 
1.944 
2016 
2.085 
2.151 
2.216 


o»6|  Pi 
12   .4209 
14   .4270 
17    4342 

I 

20  .4394 

25  .4463 

30  .4508 

40  .4680 

50  .4621 

70  .4690 


Jj  ar^ 

^1 

61  il-870 

197 

72  2.067 

263 

52  2-330 

231 

69  2  S6l 

369 

45  2.920 

333 

72  3-263 

687 

„  3.840 
41 

494 

69 
43 


4  334 
6.257 


12.337  100  .4733 


923 
1220 
43  ^•'*^^  1321 


j.Q  12.450  140  .4776 


106 


12.561  200  4812 

i 

1  CO  ,.6000 


gg  7.798  J323 
9.121 


2.667  I 
2.866  I 
3.128  : 
3.359 
3.718 
4.051  : 
4.639  I 
5.133 

I 

6.056  j 
7.276 
8.597 
9.920 


<  and  .F  which  mark  the  limits  of  probable  error,  we  must  find  x  from  each 
f  the  conditions 


TFi&  =  iPx, 


JjKfa  =  iP,. 


id  hj  (83)  this  amounts  to  solving  the  numerical  equations 


Pj«'t>— =0, 


n+1  •(n+l)(n+2)+*^V 


(85) 


ifi 


h.  = 


^(86) 


h^  = 


^70— 

Hence  n  is  any  assumed  integer,  P^  and  P^  are  numbers  derived  from  it 
as  above,  and  v  is  the  unknown  quantity.  By  Newton's  method  of  solution, 
any  assumed  approximate  values  of  t;  will  be  subject  to  the  approximate  cor- 
rections 

Differentiating  (85),  we  can  obtain 

_        2  ^ \   ^  I      \    '  n4-2     (n+2)(7t+3)  } 

2  ^  Vv       /  ^    V       n+2     (n+2)(n  +  Sy         J 

1  /       'A!tl^^3(n^ Js)^    X     (n-2) !        .^_.^,  /j_«-lx 

Denote  by  v^  and  Vj  the  desired  roots  of  the  equations  (85).  As  rough 
approximations  to  start  with,  we  may  take 

v^  =  n— 1— .6746(2Pi)vn,         v^  =  n— 1  +  .6745(2P2  V»^- 

The  true  values  of  Vj  and  Vj  have  generally  been  found  without  need  to 
compute  the  corrections  (86)  more  than  once  or  twice  for  each,  but  to  save 
labor,  the  calculation  was  made  only  lor  //  =  4,  5,  7,  10,  20,  50  and  200. 
Now  let  r^  and  rj  denote  the  probable  errors  on  the  short  and  long  side  of 
the  curve  respectively.  They  are  C^aud  CF  in  our  figure,  the  first  being 
negative  and  the  second  positive.  If  a  were  negative,  r^  would  be  positive 
and  r^  negative.  Thus  r^  and  a  have  unlike  signs,  while  $'2  aud  a  have 
like  signs.     Hence  ar^  is  always  —  and  ar2  always  +.  We  have  therefore 

— ar^  =  n — 1 — v^  ar^  =  v^ — (n — 1),  (87) 

From  data  thus  obtained  with  the  above  values  of  n,  intermediate  values 
of —  ar^  and  ar^  have  been  interpolated,  mostly  by  Lagrange's  formula. 
All  were  carried  to  four  places  of  decimals,  only  three  of  which  are  shown  in 
Table  III.  As  the  data  were  not  very  near  together,  it  is  of  course  possible 
that  some  of  the  interpolated  values  may  not  be  perfectly  correct,  but  the 
errors,  if  any,  are  too  small  to  have  any  practical  importance.  The  first  dif- 
ferences in  the  series  —  ar-^  are  almost  identical  with  those  for  ar^f  never 
differing  more  than  a  single  unit  of  the  last  decimal  place,  so  that  one  J^ 
column  serves  well  enough  for  both.  If  there  should  be  occasion  to  take 
n  >  200,  we  can  come  very  near  the  truth  with  the  empirical  formulas 

Pi  =  i  —  (.266-f-i/n),  ) 

ri  =  qp.6745e  +  (2-5-5a),  \  (88) 

r^  =  ±:.6745e  +  (2-^5a),         J 

the  upper  or  lower  sign  being  used  according  as  a  is  +  or  — . 
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'o  illuBtrate  the  application  of  the  table,  take  the  amplitudes  in  Table 
for  which  we  have  obtained  4°.29  as  the  most  probable  value.  At  p. 
3  find  a^b  =  6.67.     With  this  argument,  Table  III.  gives 


—ar^   =  1.085, 


— a 
a 


ar^  =  1.879; 
1.086 


— 1.095 

1.879 
1.095 


=  —  .99, 


=  1.72. 


lese  are  CE  and  CF  in  the  figure.  It  is  an  even  chance  whether  am- 
des  below  4°.29  will  be  over  or  under  3°.30,  and  an  even  chance 
her  tho^e  above  4°. 29  will  be  over  or  under  6°.01. 
»  show  what  appears  to  be  the  proper  m'etliod  of  combining  observa^ 
when  the  c.  m.  inequality  is  of  accidental  origin,  we  will  now  find  the 
probable  mean  value  and  probable  error  of  an  angle  ol)served  with  a 
lolite  by  the  method  of  repetition.  The  example  is  taken  from  Mey- 
Wahrscheinlichkeitsrechnunff,  p.  274,  where  it  is  treated,  of  course,  in 
sual  way,  by  the  symmetrical  law  of  probability.  Fourteen  observa- 
are  taken,  each  giving  the  angle  17^  56',  plus  a  number  of  seconds 
a  stand  in  our  Table  IV.  in  the  column  headed  u.  The  number  of  rep- 
ns  to  each  observation  gives  its  weight,  which  stands  in  column  p. 
Qcxt  column  shows  the  products  pu.     The  general  arith.  mean  is 

„^  ==  M  =  1830  =  39".78. 
IPi  46 

btracting  this  from  each  u,  we  get  the  series  of  residuals  v.    These  are 

Table  IV. 


No. 

1 

2 
3 
4 
5 
6 
7 


u 


46" 

31 

42 

45 

37 

38 

27 


.00 
.25 
.50 
.00 
.60 
.33 
.50 


5 
4 
5 
3 
3 
3 
3 


I 


8  43  .33  3 


9 
10 
11 
12 
13 
14 


40 
36 
42 
39 
145 
;40 


.63 
.25 
.50 
.17 
.00 
.83 


4 
2 
3 
3 
2 
3 


.46 


pu 

225.0 
125.0 
212.5 
135.0 
112.5 
115.0 

82.5 
130.0 
162.5 

72.5 
127.5 
117.5 

90.0 
122.5 


V 

6.22 

—  8.53 
2.72 
5.22 

—  2.28 

—  1.45 
—12.28 

3.55 
.85 

—  3.53 
2.72 

—  .61 
5.22 
1.05 


1830.0 , 


136-25 

291.04 

37.00 

81.75 

16.60 

6.30 

452.40 

37.80 

2.88 

24.92 

22.20 

1.11 

54.50 

3.30 

1167.05 


3566.0 

-  9930.4 

603,0 
1280.2 

-  106.6 

27.5 

16666.2 

402.7 

9.8 

176.0 

181.1 

2.1 

569.0 

10.^ 


20396.6 
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to  be  redaoed  to  unit  weight,  before  combining  them  for  the  parpoee  of 
finding  the  law  of  error  of  Uq.  According  to  (60),  the  q.  m.  error  of  anit 
weight  is  \/p  times  that  of  weight  p,  and  the  c.  m.  inequality  of  unit  wei't 
is  i^p'  times  that  of  weight  p.  In  other  words,  in  a  system  of  errors  whose 
weig  t  is  unity,  the  mean  of  the  squares  of  the  errors  is  p  times,  find  the 
mean  of  the  cubes  of  the  errors  taken  with  their  signs  is  p'  times  what  they 
would  be  in  a  system  of  errors  having  the  weight  p.  Hence,  as  is  well 
known,  in  order  to  find  the  approximate  q.  m.  error  £  of  unit  weight  fix>m 
the  squared  residuals,  each  t^  of  weight  p  must  be  multiplied  by  p.  Like- 
wise, to  find  the  c.  m.  inequality  ^  of  unit  weight  from  the  cubed  residuals, 
each  t;*  of  weight  p  must  be  multiplied  by  p'.  The  last  two  columns  in  the 
table  show  the  products  pv^  and  pV.  The  number  of  observations  being 
m  =  14,  we  have  for  the  square  of  the  true  q.  m.  error  of  unit  weight 

,.  =  to']  =  ^^  =  89.77, 
and  as  shown  at  p.  6,  by  virtue  of  the  relation 

the  cube  of  the  true  c.  m.  inequality  of  unit  weight  is 

C.»  =  "^f^  =  li(zi203?6^)  =  _i464.4.  (89) 

*  wt' — 1  195  •  ' 

Then  for  the  arith.  mean,  whose  weight  is  [p]  =  46, 

W         _//64  4  ^  (90) 

These  are  the  (q.  m.  e)'  of  u^  and  the  (c.  m.  i.)^  of  its  possible  errors,  and 
from  them  we  can  construct 'the  unsymmetrical  curve  which  represents  ap- 
proximately the  probabilities  of  all  the  possible  errors  of  Uq. 

By  (39)  we  have 

"==C=='L.692i)  =-'•''"'       i  (91) 

5  =  6,*     =  1.9515.  j 

Since  a  is  negative,  the  curve  has  the  reversed  position.  By  (82)  the 
most  probable  error  of  Uq  here  is 

This  is  more  probable  than  the  error  zero,  or  any  other.  Hence,  for  the 
best  value  of  the  mean  we  must  take  not  Uq  alone,  but 

Uo  -t-  Jn  =  39".78  -j-  O'MS  =  39".96. 
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To  find  the  probable  errors  of  this  result,  we  enter  Table  III.  with  the 

argament 

tt«6  =  1.9515(5.640)2  =  62.1, 

and  there  obtain 

~ar^  =  4  892,        ar^  =  5.691. 

The  probable  errors  are  therefore 

"^^  -    -a    -    5.640  "■    ^  -^^^ 

r,  =      «^2  =     54»1  =-1-01, 
'  a  -5.640  ' 

and  the  most  probable  value  of  the  mean  is  written 

17°  56'39".96+JqJ.  (93) 

We  have  this  final  result  instead  of  17''  56'  39".78±:0  94  as  obtained  by 
the  ordinary  method.  Table  III.  also  gives  the  probabilities  that  the  error 
of  Uq  will  iietll  on  the  short  or  the  long  side  of  the  curve  from  Uq  -f  J^, 
meaning  in  this  case  error  in  excess  or  deflect  respectively.     They  are 

Pj  =  .4663,  P2  =  1— Pi  =  .5337. 

While  (93)  shows  an  even  chance  for  the  error  to  fall  within  the  limits 

+0.87  and  —  1.01,  the  chance  of  its  being  between  0  and  0.87  is  not  the 

same  as  that  of  its  being  between  0  and  —  1.01.    The  probabilities  of  the 

two  events  are 

JPj  =  .2331,  iPa  =  .2669. 

We  may  observe  that  when  the  law  of  probability  is  unsymmetrical,  the 
ordinary  rule  that  probable  error  varies  inversely  as  the  square  root  of  the 
weight,  will  not  hold  good.  The  probable  errors  depend  not  only  on  e  but 
on  {^,  and  these,  as  (60)  shows,  vary  with  the  weight  by  different  laws.  An 
observation  of  weight  j)  is  su[)po8e<l  to  represent  the  arith.  mean  of  p  obser- 
vations chosen  at  random,  out  of  a  set  of  observations  of  unit  weight  suffi- 
ciently numer«)us  to  show  the  unsymiiietric^al  law  of  error. 

If  the  c.  m.  inequality  of  a  set  of  observations  of  equal  weight,  is  purely 
accidental,  the  probable  value  of  ^  is  roughly  expressed  in  termrs  of  e*  by 
the  relation  (80).  When  observations  are  of  unequal  weight,  ^  and  e*  va- 
rying with  the  weight  in  different  ratias,  we  may  consider  (80)  as  approxi- 
mately valid  for  the  average  weight  of  the  observations,  so  that  e  and  ^ 
denote  the  q.  m.  error  and  c.  m.  inequality  for  the  weight  [p]-f-m.  Then 
aooording  to  (60) 


Substituting  these  in  (80)  we  get 


(C.«)  =  ±-^-^^^''\/(15[p]).  (94) 

This  is  the  limit  within  which  there  is  about  an  even  chance  for  (^^  to 
fall  if  the  inequality  is  fortuitous.     In  our  present  example  it  gives 

(C,»)  =  ±  '^l^^  1/ [15X46(89.77)3]  =  1076.4. 

The  actual  value  by  (89)  is  ^,*  ^^  —  1464.4.  The  excess  is  not  very 
great,  and  taken  in  connection  with  what  we  know  of  the  nature  of  theodo- 
lite observations,  it  does  not  justify  the  belief  that  there  was  any  real  want 
of  symmetry  in  the  law  of  error. 

Granting  that  the  true  law  is  symmetrical,  the  most  probable  value  of 
the  observed  quantity  is  the  ultimate  arith.  mean,  that  is,  the  mean  of  all 
the  possible  values,  each  taken  a  number  of  times  proportional  to  the  prob- 
ability of  its  occurrence.  But  this  ultimate  mean  cannot  be  found  withoot 
taking  a  number  of  observations  which  is  very  large  indeed,  or  infinite. 
We  have  to  infer  its  probable  value  from  a  moderate  number,  in  the  forego- 
ing case  only  m  =  14.  Owing  to  the  small  number  of  observations^  the 
distribution  of  the  residual  errors  is  irregular  and  unsym metrical,  and  the 
law  of  error  of  the  mean,  so  far  as  it  can  be  deduced  from  the  observations, 
is  an  unsymmetrical  law.  Hence,  the  most  probable  value  of  the  ultimate 
arith.  mean  is  not  the  apparent  mean  Ug,  1)ut  Uq  plus  the  correction  J^  due 
to  the  c.  m.  inequality  ^q.  The  resulting  value  of  the  mean  and  its  prob- 
able errors  as  exemplified  in  (93)  constitute,  as  it  seems  to  me,  the  best 
determination  we  can  make  of  the  most  probable  value  of  the  observed 
quantity. 

CORRESPONDENCE. 


Editor  Analyst: 

I  desire  to  make  an  additional  remark  in  regard  to  the  paradox  in  the 
Query  by  Professor  Johnson.     (See  Analyst,  No.  2,  p.  44.) 

The  principle  which  seems  to  be  violated  in  the  Ex.  given  is  this: — If  u 
=  /(a, a;), . .  (1)  and  du-^dx ^/^{oy  a?), . .  (2)  and  we  assign  to  a  such  value 
as  will  reduce  u  to  a  constant  or  to  zero,  then  the  same  value  ought  to  reduce 
/'(a,  x)  to  zero.  If  it  does  not,  the  paradox  must  aripe  from  a  misiuterpreta- 
tion  of  the  result,  or  of  some  of  the  singidar  forma  that  enter  into  the  work. 

Now  although  sin  cso  and  cos  cno  may  each  be  regarded  as  zero,  in  the 
sense  that  any  constant  may  be  regarded  as  zero  in  comparison  with  another 
quantity  which  is  infinitely  greater,  we  cannot  admit  0  as  an  absolate  value 
in  violation  of  the  principle  sin*cx>+co8*oso  =  1. 
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The  paradox  clearly  arises  from  a  misinterpretation  of  the  form  a-s-oo. 
If  u  =  tf-^sin  aXf  then  du-^dx  =  cos  ax  \r  true  for  all  definite  values  of 
0,  however  great;  and  there  is  no  difficulty  in  the  in  erpretation  of  the  re- 
sult.   But  when  a  =  cx>  both  u  and  du-i-dx  become  indefinite. 

If  however  a  =  cso  renders  u  infinitesimal,  it  still  remains  a  function  of 
X,  aud  there  seems  to  be  no  good  reason  wliy  we  should  then  expect  du-^dx 
to  equal  zero,  independently  of  x.  Let  u  =  a""^tan  ax,  then  du-i-dx  =  sec* 
ax  which  is  always  greater  than  unity,  though  u  may  be  infinitesimal. 

If  we  write  w  =  a  sin  (x-^a) . . .  (1),  and  du-^dx  =  cos  [x-i-a)  aud  then 
make  a  =  0,  the  paradox  appears  in  another  form.  If  a  =  0  (absolutely) 
then  u  =  0  independently  of  x;  and  if  rc-r-O  is  a  quantity  =  oo  the  para- 
dox remains.  But  if,  as  I  have  attempted  to  show  (see  Analyst,  for  July 
1881),  x-^Q  is  only  a  symbol  of  impossible  conditions,  and  not  one  of  quanti- 
ty, the  paradox  disappears. 

Reject  the  forms  a.0~^  =  oo ,  and  a.oo""i  =  0,  and  substitute  a.o  "^  = 
00 ,  and  a.oo  "i  =  o  ,  a.0~^  =  sign  of  impoi!?sible  conditions,  and  a  host  of 
paradoxes  will  vanish. 

Hole.  00  and  o  are  employed  as  symt>oIs  of  variables,  one  increasing 
without  limit  and  the  other  decreasing  without  limit. 

C.  H.  JUDSON. 

Greenville,  S.  C,  March  10,  1883. 

Correction  of  an  Error  in  Bartlett's  Mechanics. — A  remarkable 
error  occurs  in  Bartlett's  Analytical  Mechanics,  ninth  edition,  p.  178.  The 
solution  of  the  differential  equation 

is  given  as  Vy  =  ae-"*'^% 

(in  which  I  have  written  m^  lor  the  constant  n^(A — C)(C— -B)-=-f -4. JS),  sup- 
posed |)Ositivc)  and  a  and  c  for  a^  and  Cy  the  constants  of  integration.  The 
apparent  presence  of  two  constants  appears  to  have  induced  the  belief  that 
the  integral  thus  written  was  complete;  whereas  it  can  of  (course  be  written 

in  which  r/^c*  is  equivalent  to  a  single  constant.  Thus  the  value  given  is 
only  a  particular  integral,  the  complete  integral  being  of  the  Ibrm 

The  differential  equation  arises  in  the  solution  of  simultaneous  equations 
of  the  first  order  for  the  determination  off,  and  r^,  and  it  may  be  remarked 
that  both  this  and  the  preceding  solution  are  faulty  in  presenting  different 
sets  of  Gon&tants  in  the  values  of  v^and  r,,  or  in  all  four  constants  instead 
of  two.  Wm.  Woolsey  Johnson. 
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NOTE  ON  ANHARMONIC RATIOS. 


BY  PROF.  WILLIAM  WOOLSEY  JOHNSON. 

The  present  note  is  a  continuation  of  my  paper  "New  Notation  for  An- 
harmonic  Ratios",  p.  185,  Analyst,  Vol.  IX;  and  the  sections  and  equa- 
tions are  for  convenience  numbered  consecutively  with  those  of  that  paper. 

12.  As  in  section  2,  the  anharmonic  ratio  which  we  have  denoted  by 

is  regarded  as  the  coordinate  of  P  in  an  anharmonic  system  in  which  the 
coordinates  of  -4,  JB  and  Q,  which  we  may  call  the  fundamental  points,  are 
0,  00,  and  1,  respectively.  Now  if  p,  a,  6  and  7  denote  ordinary  coordinates 
of  the  same  points,  that  is,  their  distance  from  an  assumed  origin  measured 
with  an  assumed  unit  of  length,  we  may  also  write 

P'  a 

b     q 

in  which  p,  a,  6  and  q  are  numbers;  and,  in  accordance  with  the  definition 
of  the  symbol  in  section  3,  we  have 

""-  h     q-  (p^b){a-qY  ^  ^ 

13.  The  results  of  sections  4,  7,  and  8  may  then  be  expressed  as  follows: 
1°.     If,  in  this  symbol,  we  interchange  a  and  6,  we  convert  the  coordinate 

X  into  its  reciprocal,  interchanging  the  fundamental  points  0  and  oc,  and 
leaving  the  point  1  unmoved. 

'     2°.     If  we  interchange  a  and  7,  we  convert  x  into  its  complement,  inter- 
changing the  fundamental  points  0  and  1,  and  leaving  the  point  00  unmoved. 
3°.     If  we  interchange  6  and  5,  we  take  the  conjugate,  interchanging  the 
points  1  and  00,  and  leaving  the  point  0  unmoved.    Thus,  if 


X          P 

*        6 

a 

Re—      ^-- 

X 

P 
a 

b 

Or       1-x        P 

0 

9 

a' 

Jx V 

X 1 

P 

a 
b' 

In  like  manner  we  have 

CRx  -  "^y    p 

X           a 

9 
b' 

RCx  —  / 

1 X 

P 
9 

b 
0' 

in  which  the  fundamental  points  are  cyclically  interchanged. 
14.     We  have  three  special  varieties  of  coordinates. 
I.     When  the  fundamental  point  JS  is  at  an  infinite  distance;  the  ooordi 
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itttee  become  ordinary  coordinates  or  distances  measured  from  A^  AQ  being 
^^  nnit  of  length. 

II.  When  the  fundamental  points  is  at  infinity;  the  coordinates  be- 
come the  reciprocals  of  the  distances  from  Bj  BQ  being  the  unit  of  length. 

III.  When  the  fundamental  point  Q  is  at  infinity;  the  coordinates  be- 
come the  "position  ratios''  of  section  1. 

Id  transforming  the  system  I  to  the  system  II,  tlie  operation  is  R;  the 
points  A  and  B  interchanging:  in  transforming  I  to  III,  the  operation  is 
/;  B  and  Q  interchanging:  in  transforming  II  to  III,  the  operation  is  C; 
A  and  Q  interchanging. 

15.  The  symbol  ^        is  obviously,  from  equation  (7),  a  function  of  p, 

a,  6  and  9,  whose  value  is  unaltered  by  adding  the  same  quantity  to  each  of 
the  letters,  or  by  multiplying  them  by  the  same  quantity;  that  is  to  say,  by 
changing  the  position  of  the  origin  in  assigning  the  ordinary  coordinates  of 
P,  Ay  B  and  Q,  or  by  changing  the  scale  with  which  those  coordinates  are 
measured,  which  is  equivalent  to  changing  the  position  of  the  unit  point. 

16.  But  furthermore  the  value  of  the  symbol  is  unchanged  when  if  for 
its  elements  we  substitute  any  anharmouic  coordinates  of  the  same  points;  or 


z     u        2'     w" 


(8) 


if  a;  =  -  y  =  f    .  etc. 

b     q  b     q 

For,  smoe        x  =  )~, — ,{ ;       ^(  etc.,  we  may  write 

{x' — 6)  (a — q) 

X  =  — , — ^,  y  =  -^,     \y  etc.,  (9) 

whence         x  —  v  =  —   _'-./'*'     -..  /  -^-'  . 

_  (ad  -  (ir)  {x'  -  yj 

Ir^'  +  i)  (ry'  +  S) 

Employing  like  expressions  for  the  other  differences,  we  have 

z     u         (x — z)\y — u)         (a?' — z')(y' — w'j         2'     u'* 
In  particular,  we  may  in  the  equation 

p    a 
6     q 

substitute  for  p,  a,  6,  q  the  anharmonic  coordinates  of  the  points  P,  Ay  B 
and  Q  in  the  very  system  which  this  equation  defines;  we  thus  have 
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X    0 
cx>  1 

as  may  be  easily  verified  by  equation  (7). 

17.  It  is  obvious  that  in  eijuation  (8)  both  Xy  y,  2,  u  and  a/,  y\  Jj  u' 
may  be  anharmonic  coordinates  of  the  same  four  points  referred  to  diflTerent 
fundamental  points;  for  each  member  will  be  equal  to  the  corresponding 
function  of  the  ordinary  coordinates  of  the  same  points.  In  other  words, 
the  anharmonic  ratio  of  the  anharmonic  coordinates  of  four  points,  referred 
to  any  fun<lamental  points,  is  constant,  for  it  is  simply  the  anharmonic  ra- 
tio of  the  four  points.  It  follows  that  the  relation  between  the  anharmonic 
coordinates  of  the  same  point  in  different  systems  is  of  the  form  expressed 
by  equation  (9). 

18.  If  two  lines  L  and  U  be  homograph ically  divided,  and  correspond- 
ing points  -4,  By  Q  and  A',  J5',  Q'  be  taken  as  fundamental  points;  then, 
by  the  definition  of  homographic  division,  the  anharmonic  coordinates  x 
and  a;'  of  corresponding  points  P  and  P'  are  equal.  Hence,  if  non-corres- 
ponding points  are  taken  as  fundamental  points,  x  and  x'  are  the  same  as 
the  anharmonic  coordinates  of  the  same  point  referred  to  diflTerent  funda- 
mental points ;  for  a;'  is  the  same  as  the  coordinate  of  P  when  referred  to 
the  points  on  L  which  correspond  to  the  fundamental  points  taken  on  U. 
X  and  x'  have  therefore,  in  this  case  also,  a  relation  of  the  form  expressed 
by  equation  (9). 

19.  When  the  lines  L  and  U  coincide,  and  P  and  P'  are  referred  to  the 
same  fundamental  points,  the  case  is  equivalent  to  that  last  mentioned,  since 
three  pairs  of  corresponding  points  cannot  coincide,  unless  all  corresponding 
points  coincide.  It  is  possible  however  to  make  two  pairs  of  corresponding 
points  coincide,  and  one  of  these  may  be  a  pair  selected  at  random:  for  if 
this  pair  be  brought  into  coincidence  (the  lines  L  and  U  intersecting  at  any 
angle),  the  corresponding  points  are  in  perspective,  and  a  line  drawn  through 
the  centre  of  perspective  perpendicular  to  either  of  the  bisectora  of  the  angles 
between  L  and  U  will  determine  a  pair  of  corresponding  points  equidistant 
from  the  coincident  pair  at  the  intersection.  When  the  lines  are  revolved 
into  coincidence,  one  of  these  pairs  of  corresponding  points  comes  into  coin- 
cidence, and  we  have  two  paire  of  coincident  corresponding  points,  which 
are  in  fact  the  double  points  of  the  homographic  system. 

20.  If  two  of  the  fundamental  points  are  taken  at  the  double,  points,  the 

relation  between  x  and  x'  is  simplified.    Thus,  if  A  and  B  are  at  the  double 

points,  so  that 

_P    A  ,_^'A_PA 

""  ~  B     q  ^  ~  B     Q~  B     Q\ 
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^herc  Qif  see  section  18,  is  the  point  of  L  corresponding  to  Q  regarded  as 

a  point  of  i'/  then  the  definition  of  x,  equation  (7),  shows  that  the  relation 

18  of  the  form 

a?'  =  mx.  (10) 

This  is  the  simplest  relation  possible,  being  the  form  assumed  by  (9)  when 
j9s=  0  and  y  =  0;  and  is  such  that  x  and  x'  vanish  simultaneously,  and 
become  infinite  simultaneously,  as  should  be  the  case,  since  P  and  P'  arrive 
simultaneously  at  Aj  and  also  simultaneously  at  £. 

Equation  (10)  is  by  equation  (1)  equivalent  to 

AP'  _      AP 
BP'  —  "^  BP' 
whence 

P    A   _    \ 

B    P'         m' 

that  is,  the  anharmonic  ratio  of  two  corresponding  points  and  the  double 
points,  is  constant. 

21.  If  however  we  take  B  and  Q  at  the  double  points,  so  that 

"^        B     q        B     Q' 
then  the  complements  of  the  coordinates, 

'-''  =  £    %     ""^     '-'^  =  B    A\ 
have  the  relation  given  in  equation  (10);  that  is, 

1  —  x'  =  m(l  — x)y 

or  a;'  =  1  — m  +  w'-^>  (11) 

a  relation  of  the  form  (9),  in  which  /*  =  0  and  a-\-  ^  =  o;  and  in  which  x 
and  a:'  take  the  value  unity  simultaneously,  and  became  infinite  simultane- 
ously. 

22.  Again,  if  A  and   Q  arc  taken  at  the  double  points,  so  that 

,_P'    A  _  P    A 
^  ~  B     Q        B^   Q' 

then  the  conjugates  of  the  coordinates, 

X      _  P    A  .  x'      _  P    A 

x—\  —  q     B'    ^  t'-1  ""  Q  7?/ 

have  the  relation  given  in  (10);  thus 

x'      X 

whence  x' =  ,         ,,  (12) 
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a  relation  of  the  form  (9)^  in  which  j9=0  and  a=:Y+8;  and  in  which  « and 
x'  vanish  simultaneously,  and  take  the  value  unity  simultaneously. 

23.  When  two  points  of  X,  whose  distance  is  the  same  as  that  of  their 
corresponding  ])oints  on  L'  have  been  found,  as  in  section  19,  the  lineBZ 
and  L'  may  be  made  to  coincide  in  such  a  manner  that  each  of  these  points 
falls  upon  the  point  corresponding  to  the  other.  If  now  the  iundamentil 
points  A  and  B  are  taken  at  these  doubly  corresponding  points;  in  other 
words,  if  ^  as  a  point  of  L  corresponds  with  i?  as  a  point  of  L',  and  A  v 
a  point  of  L'  corresponds  with  JS  as  a  point  of  X,  we  have 

_  P    A  ,_  P'   A  _P    B 

"^  ^  B     Q'  "^  -  B     Q-  A     Qt' 

since^  as  in  section  18,  x'  is  the  same  as  the  coordinate  of  P,  referred  to  the 
points  of  L  corresponding  to  the  fundamental  points  Ay  B^  Q  r^rded  as 
points  of  U,  Hence  x'  is  now  the  reciprocal  of  the  x'  in  equation  (10), 
and  the  relation  is  of  the  form 

xx'  =  h,  (13) 

in  which  re  =  oo  gives  x'  =  0. 

24.  In  like  manner,  if  B  and  Q  are  at  the  doubly  corresponding  points, 

,_!»   A  _P    A,, 

B   q-  q  B  ' 

and  x'  is  the  conjugate  of  its  value  in  equation  (11).  Replacing  it  therein 
by  x'-T'(x' — I),  the  relation  is  of  the  form 

xx'  =  X  +  x^  +  k,  (14) 

in  which  a;  =  oo  gives  a:'  =  1. 

25.  Again,  if  A  and  Q  are  at  the  doubly  corresponding  points, 

f^  P'    ^  —  P     Q 
"^        B     Q        B,  A' 

which  is  the  complement  of  x'  in  equation  (12);  and  replacing  x'  by  1— a?' 

in  that  equation,  we  have  a  relation  of  the  form 

1  =  X  +  x'  +  kxx\  (16) 

in  which  a;  =  0  gives  a;'  =  1. 

26.  The  infinitely*  distant  points  on  L  and  L'  may  be  regarded  as  al- 
ways coinciding  when  L'  is  superposed  upon  L;  hence,  if  the  points  each  of 
which  corresponds  on  oue  line  to  the  infinitely  distant  point  upon  the  other 
line  are  made  to  coincide,  this  point  of  cx)incidence  and  the  point  at  infinity 
are  doubly  corresponding  points.  Hence  J5,  in  equation  (13),  may  be  at  in- 
finity; but  in  this  case  the  coordinates  be<iorae  distances  from  A,  The  two 
ranges  of  points  now  form  a  system  in  involution ;  equation  (13)  expressing 
that  the  product  of  the  distances  of  corresponding  points  from  A,  the  centre 
of  involution,  is  constant. 
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INTEGRATION  BY  A  UXILIAR Y  INTEGRALS. 


BY  WERNEB  A.  STILLE,  PH.  D.,  HIGHLAND,  ILL. 

When  the  integration  of  a  function  of  the  form  dy  =f{x),dx  is  required 
in  finite  terms,  we  must  reduce  the  function  to  some  one  or  more  of  the  well 
known  fundamental  forms.  By  far  the  most  fruitful  method  of  so  doing  is 
the  substitution  of  a  new  variable;  and  the  real  difficulty  to  be  overcome 
consists  in  the  judicious  choice  of  the  form  of  the  new  variable  in  terms  of  x. 
Very  often  the  reduction  to  any  of  the  fundamental  forms  is  found  impossi- 
ble, or  at  least  all  our  attempts  to  the  purpose  prove  futile  and  we  have  no 
resource  left  but  the  expansion  of  the  function  into  a  converging  series  of 
which  the  single  terms  are  then  to  be  integrated. 

It  would  seem  at  first  sight  that,  although  the  integration  in  finite  terms 
may  be  found  impracticable,  yet  the  opposite  mode  of  procedure  must  yield 
an  abundance  of  new  results  and  must  lead  to  new  fundamental  forms,  viz., 
the  assumption  of  some  new  form  of  the  variable  instead  of  the  variable  of 
the  fundamental  integrals,  which  subst.  would  immediately  yield  new  and 
useful  primitive  integrals  which  might  in  their  turn  be  used  as  we  now  use 
the  primitive  forms  of  the  text-books.  The  great  obstacle,  however,  to  the 
invention  of  new  primitive  integrals  in  this  manner  lies  in  the  fact  that  up- 
on diiferentiatiug  the  new  variable,  the  differential  is  commonly  found  to 
consist  of  more  than  one  term,  so  that,  although  the  aggregate  value  of  the 
integrals  so  arising  is  known,  yet  the  values  of  the  integrals  each  singly, 
are  not  known. 

The  result  of  this  state  of  affairs  has  been  that  to  the  present  day  the  num- 
ber of  differentials  integrable  in  finite  terms  is  quite  limited.  This  is  espe- 
cially true  of  the  so-called  irrational  functions;  and  an  examination  of  any 
collection  of  tables  of  integrals  reveals  the  fieu^t  that  of  irrational  functions 
scarcely  any  are  integrable  in  finite  terms  save  such  where  the  variable  oc- 
curs at  no  higher  power  than  the  second.  Indeed  besides  these  radicals  of 
the  second  degree  scarcely  any  but  the  ^'binomial"  differentials  seem  to  have 
been  studied.  I  purposely  leave  out  of  consideration  the  elliptic  integrals 
and  other  transcendental  functions,  as  not  falling  under  the  forms  proposed, 
namely  those  integrable  in  finite  form ;  my  intention  being,  in  the  present 
paper,  to  treat  of  an  extension  of  the  well  known  methods  of  reduction  of 
differentials  to  the  primitive  forms  by  means  of  other  differentials  of  which 
the  integrals  are  already  known. 

In  order  to  give,  at  the  outset,  some  idea  of  the  method  here  chiefly  to  be 


followed^  I  will  illustrate  the  same  by  the  following  simple  example.    Let 

it  be  required  to  integrate 

,    dx 

y  ~  (H-ir>)|/(l— ««)• 

This  form  readily  suggests  two  of  the  primitive  forms,  namely: 

dx  J         dx 

and 


1+x^  \/{l—x'^)* 

We  will  put 

Since  we  are  at  liberty  to  assign  to  z  any  value  compatible  with  the  lait 
equation^  we  can  put  C  =  0^  so  that 

z  =  arc tgaj,     .•.  a;  =  tgz. 
We  will  now  compare  dy  with  dz,  thus 

dy  ^ 1 ^ 1 

dz        i/{i-x^)        i/{l-t^zy 

J  •        dz  cosz.dz         1 

y  =  J-|/2.arcsin(>/2.8in2)  +  C. 
On  the  other  hand,  we  might  also  have  integrated  in  this  way:    Putting 
dt  =  dx-i-  v(l— a:'),  .  • .  ^  =  arcsin  a?,  .  • .  a;  =  sin  ^. 

dy  _       1       ^ 1 ,    ^        dt 

dt         1+x^         l+sin2<'    ^        l+sin^^' 

r.  y  =  Ji/2.arctg(i/2.tg04-G 
Now,  in  order  to  avail  ourselves  of  the  method  just  illustrated  we  will 
first  extend  somewhat  the  range  of  the  primitive  integrals  of  the  books  and 
then  make  use  of  the  functions  so  found  for  the  purpose  just  indicated.  It 
will  be  seen  in  the  sequel  that  we  can  easily  by  our  method  find  a  great 
number  of  integrals  which  to  find  in  finite  terms  by  the  methods  of  the 
books  would  be  impracticable. 

For  the  sake  of  convenience  I  will  arrange  the  new  primitive  functions 
into  classes,  or  types,  each  corresponding  to  one  of  the  fundamental  forms  of 
the  text-books.  I  would  beg  leaye,  for  this  purpose,  to  retain  the  continen- 
tal notation,  namely  arc  sin  x  for  sin^^a;  and  arc  tga;  for  tang~^a;&c.,  which 
notation,  it  will  be  seen^  is  more  suitable  for  our  purpose. 

A.    The  type  arc  sin  x. 

The  following  integrals  are  easily  verified  by  differentiation.  The  con- 
stant of  integration  is  omitted.  The  inversion  of  the  integral  function  is 
subjoined  in  each  case^  since  with  it  we  shall  <!hiefly  have  to  deal. 


\ 


-V    -.>»-«' I 
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_- =  --  arc  8in  ar*  ==  y ;  .  • .  a:  ==  ( sin  ^   )  . 

|/a;|/(l— a?)         1  ^*  \       2  / 

/dx  2         .  /  •    2  \*        . 

_^j__^  =  ^arcsma:    =^y;  r .  x  =  [sin  ^y^^  =  Bmy. 

•  ■•■••••••  • 

r    a!«"-i<£r  2        .    _«.  /  .    n  \4 

J  ^TT^^  =  n"""""^  =2^'  •'•''  =  r°  2^)"' 

here  n  is  any  positive  or  negative  integer  or  friction. 
Similarly : 

— -, -T^  =  — 2  arc  sin  x"^  =  y ;  . ' .  a:  =  j-, — =— -y. 


xx/{x  —  l)  ^'  (siniy) 

r        dx  ^  _2 


arc  sm  a?  ^  =  y ;  . ' .  a?  = 


;dx                    2         .      _ix- 
: TT  =  arcsma?  ^"=  w;  .'.a?  =  ,  .    ,  ,. ; 


a?i/(a?2_l)  2  ^'  (siny) 

/da?  2        .      ^  1 

x\/{x^ — 1)  3  (sinfy)'* 

1 

here  n  may  be  any  positive  or  negative  integer  or  fraction. 
Similarly^  when  putting  (as  is  customary)  i  =  \/ — 1, 

JT/xi/ll+x)  "^  —2i.arc sin (i.a^)  =  y;  ,  • .  a?^  =  — isin  ^iy. 
J  l/a  +x^)  "^  — 2*-*^csin(i.ar  )  =  y;  r.x    =— tsinty. 

.Q    .   ^T  =  — -t.arc8m(».a^")=y;  .-.  a^"=  —  tsm^iy. 
And  so  also : 

J  «l7(»TT)'  "^  2t.arc8in(i.a;-«)  =  y;  .•.«-'<  =  isin  {».Jy). 
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The  following  forms  belonging  to  the  same  type  are  also  easily  verified 
by  differentiation : 

Again: 

71 r-7 rr-. — :  =  — V — 2.arc  sm  \   -- —  =  y ;  .  * . 

{l-xyxi/{l+x)  ^  Ml-x      ^  si„»(|y^_2)-i 

"^      8in'(iyj/-2)+l- 

( 7r-;;jrr/7Tj::;5i  =  — i/— 2.arc sm  -^ -  i--,  =  y ;  .  • . 

J  (!-«»)  1/(1 +a!»)  \l-a;«  sin'C  yi/-2)-l 

sia»(  yi/— 2)+l 

•  •«•  •  •  •  •  •  •  ■  •  ••• 

(l-ar),/(l+«-)  -"^  Vl-ar      ;^rin«(ly^_2W 

"       8in«(iyi/-2)+l" 
Again : 

7(2^11^)=   ^^^^^^ y;.-.x  =  a(l+8.n   y). 

/7(2^I^  =  *''^"°^  =  ^'  .•.a:»=a(l+8in2y). 


=  i.arc  am =  y;  .  • .  a;*  =  a(l  +sm  ny). 

And  again : 
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B.    The  ttpk  abo  to  x. 


/(2W^)  =  ^rctgv^(H-x-)  =y;  .•..•=tg«(ly)-l. 

C.    The  type  log  x. 
The  foUowiDg  primitive  integrals  are  also  easily  verified  by  differentiation. 


fxi/(!^-l)[a^'+y/{!^—l)2~    -^SJ^  +  I^     «•)    }—»;••• 


«•  = 


«" 


1—2^*' 


The  application  of  the  foregoing  formulse  I  begin  with  two  fanctions  com- 
monly treated  in  the  text- books.  This  will  lead  to  a  comparison  of  methods. 
Next  I  shall  proceed  to  the  integration  of  functions  not  found  in  the  books. 

The  function 

is  usually  treated  in  the  books  by  means  of  a  formula  of  reduction  and  the 
two  cases  where  m  is  odd  or  even  are  separately  considered.  This  function 
at  once  calls  to  mind  the  elementary  form 

,   dx 

from  which  z  =  ai*c  sin  a; ;  a;  ^  sin  2.    Hence 

"^  =  «•*  =  sin** ;  .  • .  dy  =  sin"*;;  dz. 

First  let  m  be  an  odd  number,  for  example  m  =  6,  then 

dy  =  sin  z  (1 — co&hydz  =  (1 — 2  co&h+oos^z)  Bin  zdz; 

m 

y  =  — QO&Z'\'i(tO^Z-\-\cQtfz. 

This  mode  of  treatment  of  /sin"^z  dz  evidently  applies  to  all  cases  where 
m  is  odd.     Now  let  m  be  an  even  number,  for  example  m  =  4^  then 

dy  =  sin*2  dz  =  \{1 — cos  2zfdz  =  J(l — 2cos  22+co8'22i)ck, 
and  expanding  cos^2z  as  beforci 

dy  ^  J(| — 2cos  2z+ Jcos  Az)  dz, 
the  integration  of  which  is  obvious.     The  method  just  employed  for  m=an 
even  number  is  applicable  to  all  cases  of  that  kind.    And  let  it  be  noticed 
by  the  way  that  all  integrals  of  the  forms 

focxTxdXf  /sin*a?da?;  /sin"'iccos*a?da; 
may  be  found  with  equal  facility  as  the  above  and  without  recourse  to  for- 
mulae of  reduction  when  m  and  n  are  positive.  And  I  would  mention  also, 
in  passing,  that  the  same  simple  methods  are  still  applicable  in  /sin'^x  dx 
and  foos'^x  dx  when  m  is  negative.  For  when,  in  this  case,  m  is  odd,  the 
multiplication  of  numerator  and  denominator  by  cos  x  and  by  sin  x  respect- 
ively, readily  suggests  the  further  proceeding;  and  when  m  is  an  even  num- 
ber the  passage  to  the  cognate  imaginary  angles  by  the  substitution  sin  x  = 
—  ttgiy,  .'.cosa  =  l-^cost^,  .•.(&  =  dy>-^costy>  reduces  this  case  to 
that  where  m  is  odd,  so  that  the  formula  of  reduction  given  in  the  books 
becomes  needless. 

For  the  sake  of  comparison  of  methods  let  us  (lastly)  consider  the  funct: 

d     —       a^dia? 

^  ""    V{2ax—x') 
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(n  being  any  integer)  which  is  commonly  also  treated  by  a  formala  of  reduc- 
tion, as  is  well  known.  We  take  in  connection  with  this  fanction  one  of 
our  primitive  forms,  viz.: 

dz  =  — -TT sx;  .•.  2  =  arc  sin :  x  =  all  +  sin  z)i 

l/(2ax — a?^)    fe  a 

.•.    g.,  V*  =  a*(l+8in2;)*; 

y  =  ay(l+sin2)*di, 
which  evidently  comes  back  to  the  forms  just  treated  and  is  integrable  with- 
out any  difficulty. 

We  now  proceed  to  the  application  of  our  elementary  integrals  to  other 
forms  not  commonly  found  in  the  books. 
Let  it  be  required  to  integrate 

-     dx 

^  ~   |/(r— x«)  [v/(l  +  a;«)  +  a;|/2]* 
This  fanction  suggests  the  elementary  form 

,    _  V2.dx  _  V2.dx 

il+a?)l/{l-a?)         i/(l-^*J7(l+a?)' 
^rhich  gives 

2 

Now  dy  may  be  written  thus 

^         (i+aj*)  V(l— as^JCv/Cl  +x'')+xi/2'] 

dx  ' 


11— x^  .  11— x^  I 

=  arc  sin  ^jjp^,;  .-.sin^  =  y^^_^_^,;  oosz  =  x^- 


^         |/21-f-cos2'         ^         -^      ^^  ' 

/dx  _     1    f  /i         •      jl— ^^\ 

Let  it  now  be  required  to  integrate  the  similar,  but  more  general  form: 

,    dx 

Here,  putting  c  ==  6  V2,  we  can  write 

,    dx 

'"•(l^".)v-(I+..)(<.+^J||,/ 

Again  comparing  with 


we  have,  when  €?^Vy 


+  «' 


At         ^         dz  .       _    1  1  /6+aoos«\ 

^""'72a+6co6z'  •   •  ^  -  72  /(a2— 62)'"'''^  Va+6  cos  J 

1  /c+ai/2.cos2\ 

=     ,,^  , — =r.arccos( — '—^ J: 

|/(2a'--o")  \ai/2  +  c.cos  z  ' 


/db  1 

l/(l-ar*)[ii7(r+fl?)+^  ""  7(2a*-(?) 

X  arc  cos  /^^+«l/2.rr  i/[2-s-(l+a^)]\ 

=     ,.o\_,,arccos(-— ^J+^\H  \ 

when  2a^>o*.    Id  case  2a'<o*,  we  have: 

/dx  1 

|/(1— a;*)[ai/(l  +2^)+ «c]  ~  |/(c«— 2a') 

J    /2a+c  i^l  +.T2)+r/(c«— 2a2  )i/(t^^)\ 
^V  a]/2.|/(l+ic2)+c:a:  A 

It  is  DOW  readily  seen  that  the  method  just  employed  amounts  to  therab- 
stitution  of  a  new  variable,  for  we  have  int^rated  in  terms  of  z  what  was 
given  in  terms  of  x.  Hence  all  functions  integrable  in  terms  of  z  become 
int^rable  also  in  terms  of  a;.    Thus,  taking  again 

a*  =  — 7T-*-nrv7i 5\7  .    .  2;  =  arcsm^l  -. — ^ ;  .*.  sm 2  =^/, =; 


.  • .  cos  z  =  a:|/2-5-v^(l  H-a:*),  let  it  he  required  to  int^rate  in  terms  of  a?. 

,   _         dz  •    t/ =  6  sin 2  a       /•      dz' 

^  ""  (a+6  cos  zf '  '   '^      {b^^^{a+b"c^z)    b^^^^j  ^H^ro^z 

This  gives  dy  = -« wi-r-  2  \  r~v  k 


|/(1  —  «^)  (l+a;2)  [aH-6a;|/2-=-  |/(1  +  a:')P 


l/(l— x*)  [a^ +(262  +  a«)a;2  4.2v/2.a6a?  |/(1 +a?»)] ' 

/cfe  1    X 

V'(l— i2y[^+ ("262 +a»>2  + 2^/2.06^^  ""  772 

ft  V(l-:g^) 4.   1    _«_      nrccosfV(l+?')±av^^\ 

(6«_a»)[av/(l+a:»)+"6v/2.a:]^|/2(a»-^*jl  \ai/{l-\-2?)+bi/2jt/ 

In  this  manner  the  function  z  which  we  have  here  chosen  will  lead  to  a 
considerable  number  of  new  integrals,  especially  when  the  trigonometric 
functions  in  terms  of  2  are  taken  and  expressed  in  terms  of  a;,  as  above. 

[To  be  continued.] 


Bv  the  following  example  the  ordinary  method  is  pureuetl  t!ll  the  eecond 
Jare  of  the  root  is  fouud.     We  then  find  the  triple  product  (t.  p.)  by  plac- 
r»g  the  second  figure  of  the  root  to  the  right  of  three  times  the  preceding 
part  of  the  root  and  multiplying  this  by  said  second  tigure,  and  so  on  for  all 
ll  the  triple  products,  finding  one  from  the  other.     Thus: 
Jet  trial  divisor  +  1st  t.  p.  =  Ut  complete  divisor. 
1st  complete  divisor+lst  t.  p,-f-6'+2nd  t,  p.  =  2od  complete  divisor, 
lad  complete  diviaor+2nd  t.  p.  +  c*+3rd  t.p.  =  3rd  com.  divisor,  &c., 

»  each  t.  p.  two  figures  to  the  right  under  the  preceding  divisor;  6,  c 
,  being  2nd,  3rd  &c.  figures  of  the  root. 
ich  complete  divisor  is  used  as  a  trial  divisor  for  the  next  figure  of  the 

The  constant  left  hand  figures  of  any  divisor,  used  a 
will  determine  as  many  more  figures  of  the  root, 
EIXAMPLE.— To  find  the  cube  root  of  2  to  fourteen  plat 


2(1.259921 

1  

728 

)272000 
225125 


Pirst  trial  divisor 

t.  p.  =  32X2  = 
com.  divisor     = 
8tt.  p.+4  +  2d  t.  p., 
lad  complete  divisor.     460i25 
tad  t  p-|-26  +  3d  I.  p.,    218831 
3  complete  divisor,     4721331 
d  t.  p.+81  +  4th  t.  p.,     3731211 
(th  complete  divisor,     4^6864311 
>th  t.p.+8l+5lht.p.,       34765144     4282778799 
(th  complete  divisor,     47621196244      )100242201 000 
,th  t.  p.+  4  +6th  t.  p.,  79375561     95242392488 

"       mplete  divisor,     476219899891)1       )49l 
th  t.  p.-f  0  -f  7th  t.  p..  3779762       4762198998961 

^h  complete  divisor,     4762202778723         )2376095I3O39 
lividing,  we  have  2376095  -^  47622028  =  .04989487  +  .   This  united 
le  root  above  gives  f  2  =  1.25992104989487+. 


—so- 
infinitesimal  quantities.  It  cannot  however  be  so  used  unless  it  can  be 
shown  that  no  error  will  result  from  such  use  in  the  particular  case.  In 
this  ease  when  a  =  oo,  u  =  actual  zero  or  an  infinitesimal,  that  is  u  s= 
0  -f-  a  or  some  infinitesimal  between  l-S-a  and  —  1-^a,  these  infinitesimals 
depending  for  their  values  upon  a  and  x.  And  the  rate  at  which  these  infin- 
itesimals change  their  values  is  du-i-dx  =  cos  ax,  for  all  values  of  a  and  x. 
When  a  is  infinite,  that  is  greater  than  any  assignable  number,  then  a  is 
indeterminately  great,  and  by  consequence  indeterminate;  cos  ax  is  the  co- 
sine of  an  arc  in  a  given,  circle,  the  arc  being  as  indeterminate  as  a,  and 
therefore  cos  ax  is  indetermiate  both  in  *'form"  and  value,  and  from  the 
given  conditions  can  no  more  be  affirmed  to  be  zero  than  any  other  value 
between  +1  and  — 1.  There  being  no  preference  or  reason  for  the  termiDS- 
tion  of  the  arc  ax  in  one  part  of  the  circumference  rather  than  another. 
Mathematics  having  to  deal  with  truth,  like  the  "Scripture  is  of  no  private 
interpretation". 

DIFFERENTIATION  OF  THE  LOGARITHM  OF  A  VARIABLE. 


e"'  =  1  -\-dx+  !i^  +^"   +&C.,  or  ^'  =  1+dx; 


BY  PROF.  LABAN  E.  WARREN,  COLBY  UNIV.,  WATERVILLE,  ME. 

To  differentiate  the  logarithm  of  a  variable,  let  y  =  e*; 

.  • .  a?  =  loge  y ;  .'.dx  =  d{\og,  y). 
y+dy  =  e'-^^',  dy  =  6'+*^— 6*  or  t/y  =  €"{^--1), 

2!  ^  3! 

dy  =  6^(1 +da? — 1),  or  dy  =  e*(/a?  =  ydx^  or  dx  =  dy-^y, 
but  dx  =  rf(log^y); 

.  • .  <i(log,y)  =  dy-^y,  differential  of  Napierian  logarithm, 
logioy  =  ^Oogey);  .•.  d(logioy)  =  md(log.y); 

.  • .  rf(logio  y)   =  m-^,  differential  of  common  log. 

•7 

SOLUTIONS  OF  PROBLEMS  NUMBER  TWO. 


Soi.tJTioNS  of  problems  in  No.  2  have  been  received  as  follows: 

From  Prof.  L.  G.  Barbour,  434;  Prof.  W.  P.  Casey,  430,  431,  433;  G. 

E.  Curti.s,  429,  434;  Geo.  Eastwood,  431 ;  Wni.  Hoover,  429,  430;  Prof. 

P.  H.  Philbrick,  429,  430,  431,  433,  434 ;  Prof.  E.  B.  Seiu,  430, 431, 433, 

435;  Prof.  J.  Scheffer,  428,  430,  431,  433. 


Vv     - 
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428.  By  Geo.  LQley,  A.  M.  —  ''Two  circles^  of  given  radii,  J?  and  Bi, 
touch  a  straight  line  on  the  same  side;  a  third  circle  of  radius  B^  touches 
sach  of  them ;  find  the  position  of  the  circles  B  and  B^  and  the  radius  of 
i  fourth  circle  such  that  it  shall  touch  the  same  straight  line  and  each  of 
the  three  given  circles/' 

SOLUTION  BY  PROP.  J.  SCHEFFER. 

Denote  the  radius  of  the  required  circle  by  a?,  the  distance  of  its  point  of 
iontact  with  the  straight  line  from  the  points  of  contact  of  the  circles  B  and 
Bj  with  the  straight  line  respectively  by  y  and  z.  From  the  centre  of  the 
nrcle  B^  let  fall  the  perpendicular  u  on  the  straight  line,  and  denote  the 
distance  of  its  foot  from  the  point  of  contact  of  the  circle  x  with  the  straight 
line  by  t,  then  we  have  at  once  for  the  determination  of  the  five  quantities 
tf  yi  Sy  tj  u  the  five  equations : 

{B  +B,)^  =  {y+ty+{u-B  )\  (1) 

{B,  +  B,)^  =  {y^t)^+{u^B,)\  (2) 

{B  +a?)2  =  f+(B  —xY,  whence  f  =  4Bx,  (8) 

(B^  -\-xy  =  z'  +(i^l-^)^      "       z^  =  4B^x,  (4) 

(Ra+a:)^  =  e  +{u  —xi\      "  ^+u»=  i2|+2iZ,a;  +  2ua?.(6) 

Expanding  (1)  and  (2)  and  substituting  the  values  of  y,  z  and  t*+u*  from 

(3),  (4),  (6)  we  obtain  the  two  equations : 

2^(B  x)xt  +  {x—B  )u==  B  Bj— 2/2  x—B^x,  (6) 

2  v(Bix)  X  t  +  {x—B^)u  =  B^B^-'2B^x—B^x,  (7) 

whence,  afler  some  easy  reductions :  ' 

—    (/-R-i/'-Ri^a?^         ^  B^x+2xy'(BB^l—B^i/(BBj^)      ,gv 
■"  [|/(B^j"-i]l/x   "  \/{BB^)^x~ ""'     "^  ^ 

Substituting  these  values  of  t  and  u  in  (5),  we  obtain  the  quadratic  eq'n 

{l/B+i/B^)^,x^+4B^  ^/(BB^yx  =  ABB^B^, 
whence 

x-2^(RR  R  ^,^-VR^-\r^/iR+Rx+R2+2  ARR,)-] 

The  values  of  y,  2,  <,  u  can  now  be  derived  respectively  from  (3),  (4),  (8). 
If  Bj  =  i2,  =  B,  we  get  x  =  Jfi/5— l).i2. 

429.  By  Prof.  AL  L,  Comstock, — "A  cone  of  given  weight  W^  is  placed 
with  its  base  on  an  inclined  plane,  and  supported  by  a  weight  FP  which 
hangs  by  a  string  fastened  to  the  vertex  of  the  cone  and  passing  over  a  pul- 
ley in  the  inclined  plane  at  the  same  height  as  the  vertex.  Determine  the 
conditions  of  equilibrium." 


X 


SOLimON  BY  PROF.  P.  H.  PHILBRICE,  lOWA  STATE  UNIT£BAlTT. 

Let  i  =  Z  BAC,  r  =  EH  =  radius  of  base  ■ 
of  cone,  nr  =  altitude  of  cone,  /i=  coefficient  of  I 
trictiou,  iV  ^.normal  [>ressureof  thecone  on  the  I 
plane,  and  F  =  friction  between  the  cone  and  V 
the  plane. 

Resolving  forces,  normal  to  the  plane, 
N  =   ir'Bini+  IFcost;  .-. 
F  =  ftN=^f4^W'sxai+   Wcoai);   (!)■ 
parallel  to  the  plane,       F+  W'cosi—  H'^BinO  =  0.  (2) 

From  (1)  and  (2)  we  get 

tani  =  eK±Jf^:  (31 

Taking  moments  about  E,  observing  that  OH  =  \  VH,  we  get 
W{nr cos i  —  r sin t)  =  or  <  \V{r coat  +  Jnr sin »),  or 
W'in  —  Ian  i)  =  or  <  W(l  +  Jntan  i),  (4) 

=   W+     T»"tani 
"   <    W>~JTVWn{  '** 

If  W  =  0  (5)  gives  71=  or  <  tant,  ornr  =  or<  rtant  =  ffi>,  and  the 
string  passes  through  Eor  some  point  t)et\veen  £and  H. 

If  11^'  =  0,  n  =  or  <  -  (4-Man  t)  or  Jnr  tan  t  =  or  <  — r  =  HD  and 
the  perpendicular  through  the  center  of  gravity  of  the  cone  must  pass  thro' 
D.  If  n  =  CM,  (hat  is,  if  the  base  of  the  cone  is  inappreciable  in  compari- 
son with  the  height,  either  (4)  or  (5)  gives  If  ^  ^  IF  tant,  or  W'xnroosi 
~   Wx  ^nrsio  i,  that  is  the  moments  of  If  and  IF  about  H»n  eijual. 

430.     By  Prof.  Milvaee,  Add-Ran  Col.  Texas. — "Given  two  fixed  points  A 
and  B,  one  on  each  of  the  axes  of  coordinates,  at  the  respective  distances  a 
and  b  from  the  origin  ;  if  A'  and  B'  be  taken  on  the  axes  bo  that  0A'+ 
OB'  =0A  +  OB,  find  the  locus  of  the  intersection  of  AB'  and  A'B'* 
SOJ-DTION  BY  PROP.  W.  P.  CABEY,  SAN  PRA NCISCO, CAL, 

Let  AG  =  a,  BO  =  A,  A'O  =  a+p,  then  will  B'O  =  b—p,  from  the 
conditionB  of  the  problem.  • 

The  equations  of  AB'  and  A'B  are  rcsi>ectively, 

a    b—p  a+p    b 

or  Aar  +  oy — ai-J-p(o— a:)  =  0,  bx+ay—ab+piy—b)  ^  0. 

Subtracting,  p{a — x)^p(i/ — A),  or  z+^  =  a-|-6,  the  eq.  of  the  locos. 


I  therefore  the  coordinates  of  the  centre  of  the  square  are 


AD+^z  =  ■ 


.  (1),  and  |z 


The  values  (1 )  and  (2)  substituted  in  the  equation  of  the  given  cun 
produce  the  equation  of  the  locus  required.     SubelitutiDg  them  in  t 
eral  equation  of  a  conic  Ay'-i-Bxy-\-C3?+I}jf-^-Ex-\-F  =  0,  we  o 
equation  of  the  iocus, 
(^a'-(-Ba*+Ch'-f2Z>a  +  2£'a-)  4F)y^-\-{2Ba*+4Ca^-^4Ea}xy-i-40Afl 

+  (2Da*+2Ea'-}-»Fa)y  +  4Ed'x+4Fa'  =  0, 
which  is  the  equation  of  a  conic  section,  and  is  an  ellipse,  hyperbola  o 
rabola  according  as  (Ba  +  'lEj*  is  <,  >,  or  =  ^C[Aa*-\-2Da-\-4F), 


434.     By  Prof.  De  Volaon  Wood.-^  "Find  a  number,  the  mantisea  a 
logarithm  of  which  equals  the  number." 

80LDTI0N  BY  PROP.  PHILBRICK. 

If  p  13  small  and  m  the  modulus  of  a  system  of  logarithms,  we  havf 
proximately,  log{l  —  p)  =  —  mp  ^  —  1  +  (1  — ^P)t  1  — "■'P  ^ 
maotiBBa. 

Now  {1 — mp)  —  (1  —  p)  =  p(l— m)  =  e  say,  which  approBcheaQ 
approaches  0,  or  1  —  p  appmat^ee  I ;  hence  unity  ia  the  number  s 

In  the  common  syatena  m  =  .4343  and  e  —  .5G57p;  in  the  Napimiaa 
Bystem  m  ^  1  and  e  =  0. 


435.     By  Prof.  E.  B.  Seitz. — "Find  the  average  area  of  a  triangle  drawn 
on  the  surface  of  a  given  circle,  having  its  base  parallel  to  a  given  liue,  Mtd   i 
Its  vertex  taken  at  random," 

SOLUTION  BY  THE  PROPOSER. 

Let  0  be  the  center  of  the  given  circle,  and  I 
MNP  a  triangle  drawn  o»  the  surface  of  the 
circle,  having  the  side  UN  parallel  to  a  given 
line. 

Produce  Jl/iV,  (brmiiiK  the  chord -4/^:  drsnv 
the  chord  CD  through  P  parallel  to  AB,  and  I 
draw  the  radins  OE  perj>en<licnlar  to  AL 

Ut  OA  =  T.  BM  ^  X,  MS  ^  y,  ZAOEW 
=  e,  and  Z  COE  =  f.     Then  AB  =  2r6in  6,  CD  = 
rcoetf,  OK=r 
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area  MNP  =  ^MNxHK  =  iry(cos  ^— cob  0)  =  u,    when  y<0, 
"  "  "  =  iry(co8  0 — cos  ^)  =  u^ ,  when  f>0. 

The  limits  of  ^  are  0  and  J;r;  of  f,  0  and  0,  and  0  and  n;  of  a;,  0  and 
2r sin  fl  =  a;';  and  of  y,  0  and  x:    Therefore  the  required  average  is 

Jo  {   fQ^ur'sinYdf  +  f^  2u^r^\n^<pdf  I  C"  Crsm  0d0dxdy 

fofofl  /o  ^  ®^"  9.2T^in^ipdipdxdy 

+  C  (cos  tf — cos  ^)  sinY^^f^  I  j      j    sin  dcWdirrfy 

=  r     -|    J    (cos  f — cos/?)8in'frf^+  r  (cos^— cos^)sinYd?  I 

xsin*W* 
512r» 
525;r' 


=  r!  r*"  r3(;r— 2d)co8  ^+4sin  tf+28in  tf  cos'tflsin^^dd  = 


436.     No  solution  received. 

Note  by  W.  E.  Heal.— The  values  of  -4,  JB,  C,  &c.,  given  by  me  at 
page  56  (Analyst,  No.  2)  should  be 

A  =  6«[aMa*+6')a:7tanV-4a*6»V+4a'6"x^ 

B  =  4[a%V+ft^*a^'l~a*ftVH6>^]tanV— 8aWa?;+l*6a*6V;. 

C  =  [2a^6»-2a*6V+6')(o''l'+6V)+6a^6Va'+6«)V>l^tanV 

— 4(aW/'+aWa;^+24a«6V;«. 
D  =z  4[a*6»(aH6')*a?>l«— a«6«(a*+6»M]tanV— 8a»6«a?;+16a«6*ir>l». 
E  =  a*[6*— (a2+6«)>l7tanV— 4a'«6*>l'^-4a»W;^ 
Also  in  lines  2  and  9  of  same  page  ^'a'y"  should  be  a^. 


PROBLEMS. 


487.  ^  Prof.  Qwey. — AE,  AK  are  two  indefinite  given  straight  lines, 
Cmd  J7  given  points  in  them,  and  P  a  given  {K)int  in  their  plane.  Req'd 
to  draw  through  P  two  straight  lines,  PJB,  P/),  intersecting  AE  and  il-BT 
in  jB  and  8^  Respectively,  and  containing  a  given  angle  RPS^  so  that  PCX 
8H  may  be  equal  to  a  given  magnitude. 


.  .J 
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438.  By  Prof,  F,  H,  Loud. — ^Two  equiangular  parallelograms,  OACB 
and  OA'OB'  are  so  placed  that  the  equal  angles  AOB  and  A' OB*  ooin- 
cide.  The  sides  of  the  former  figure  are  constant,  those  of  the  latter  are 
variable,  subject  to  the  condition  A'O+OB'  :  AO+OB  ::  area  OA'CF 

:  area  OACB,     A'O  meets  BC  in  2),  and  B'C  meets  AC  m  E.    Show 
that  DE  passes  through  a  fixed  point,  and  determine  the  point. 

439.  By  Prof,  NichoUon, — Solve  geometrically  the  following : 

On  a  line  whose  length  is  a  are  two  points  x  distance  apart;  what  is  the 
average  value  of  a;  ? 

440  Selected, — A  lamina  is  bounded  on  two  sides  by  two  similar  ellip- 
ses, the  ratio  of  the  axes  in  each  being  m,  and  on  the  other  two  sides  by  two 
similar  hyperbolas,  the  ratio  of  the  axes  in  each  being  n.  These  four  carves 
have  their  principal  diameters  along  the  coordinate  axes.  Prove  that  the 
product  of  inertia  about  the  coordinate  axes  is 

(ga_fl/a)  (j9^— j9^^) 

where  aa'^  ^^'  are  the  semi-major  axes  of  the  curves.     (Bouth's  Rigid  Dy- 
namics.) 
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ERRATA. 


On  page  74,  line  4,  for  '•1076.4",  read  d=  1076.4.  [**podtiv0". 

**      "    75,  lines  12  and  13  from  bottom,  dele  parethesis  before  "in"  and  fiUir 
"      "    85,  line   12,  for  "2",  read  1. 
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THE  ANALYST. 


UBTBOD  OF  DEMONSTRATING  CERTAIN  PROPERTIES 
OF  POLYNOMIALS. 


BY  E.  L.  HE  FOREST,  WATERTOWN,  (.OSS. 

former  articles  of  mine  (see  Analyst,  Vol.  VII,  p.  39  and  Vol.  IX, 
41),  it  has  been  sbown  tbat  when  the  coeffioientfl  of  a  polynomial  are 
irded  as  parallel  forces  acting  positively  or  negatively  in  any  coordinate 
I  at  points  whose  rectangular  coordinates  are  proportional  to  the  tx- 
lents  of  the  variables,  the  lever  arm  of  the  system  of  forces  with  respect 
le  coordinate  planes,  its  "radius  of  gyration"  or  "qnadratic  radius"  with 
!Ct  to  coordinate  planes  passed  through  the  centre  of  forces  of  the  system, 
ita  "cubic  radius"  also,  are  such  that  if  we  multiply  two  or  more  poly- 
lisU  t<^ether,  the  arm  and  the  radii  for  the  product  can  be  found  ^m 
s  of  the  factors  in  a  very  simple  manner.     This  has  received  an  impor- 
application  to  the  subject  of  probability.     The  coefficient  or  force  at 
point  is  regarded  as  the  probability  that  an  error  which  occurs  will  fall 
lat  point.     Since  probabilities  are  always  positive,  and  parallel  forces 
ig  in  one  direction  may  be  represented  by  the  force  of  gravity,  and  grav- 
is proportional  to  mass,  the  coefficient'^  uf  the  polynomial  may  be  conc'd 
the  masses  of  a  system  of  material  points.     The  centre  of  forces  then 
aes  tbc  centre  of  gravity  of  the  system.     It  is  the  point  whose  coordi- 
in  any  direction  is  the  arithmetical  mean  of  the  corresponding  coordi- 
of  all  the  points  of  error,  each  taken  with  a  weight  proportional  to  the 
i>ility  of  its  occurrence.     The  sum  uf  the  probabilities  of  all  poesible 
1 16  unity,  that  is,  certainty.    We  shall  assume  that  whether  the  coeffi- 
ts  of  a  polynomial  represent  probabilities  or  not,  their  algebraic  sum  is 
unity.     This  does  not  impur  the  generality  in  any  case,  every  poly- 
being  reducible  to  this  form  by  dividing  it  through  by  the  algebraic 
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sum  of  its  coefficients.  The  methods  of  demonstrating  the  propertieB  \ve 
have  referred  to  have  hitherto  been  special  and  restricted,  bat  we  shall  now 
show  that  they  can  all  be  replaced  by  one  which  is  both  simple  and  com- 
prehensivCi  giving  many  new  properties  which  could  not  well  be  otherwise 
proved. 

Let  the  polynomials  have  three  variables  r,  a,  t,  with  exponents  a,  b,  c 
proportional  to  the  coordinates  z,  y,  z,  locating  the  points  anywhere  in  space 
^f  three  dimensions.   The  properties  for  one  and  two  dimensions  are  special 
.cases  under  this,  and  will  not  need  separate  proof.     Using  a  notation  simi- 
lar to  that  of  Analyst,  IX.  34,  we  can  write  the  first  polynomial  factor 

w  =  vj  =  - ^  m  -^  2*:  =  -„  (i„, ,. ,  r Vr),  (1) 

the  coefficient  L  of  each  term  being  distinguished  by  sub-indices  equal  to 
the  exponents  of  the  variables  in  that  term.  The  units  of  measure  in  the 
Xy  j/j  z  directions  are  Jx,  Jy,  ^z^  which  may  be  taken  of  any  convenient 
magnitude  or  even  infinitesimals  dxj  dy,  dzy  and  are  not  necessarily  equal  to 
each  other;  and  a,  6,  o  are  numbers,  positive  or  n^ative,  integral  or  frac- 
tional, such  that  for  any  point 

-  X  =  adxy         y  =  6Jy,         z  =  cJz.  (2) 

•  The  number  m  is  taken  so  large  that  a,  6  or  c  will  not  exceed  it  The 
polynomial  (1)  can  be  understood  to  include  all  the  points  in  a  rectangular 
'bicfck.  When  any  points  are  not  to  be  included,  we  only  have  to  suppose 
that  for  each  of  them  the  coefficient  L  is  zero.  We  may  take  m  large  enough 
.to  include  either  of  two  polynomial  factors  u  and  v.  Denoting  the  coeffi- 
cients in  V  by  i',  we  write 

«  Ve=:in       Vft  =  w       Va=m     (Tf  f«0^M 

«'  —  c  =  — m  ^  6  =  — w  —  a  =  — »i  V-*^  «,  6.  c  '    <»  ^  /• 

liCt  /  denote  the  coefficients  in  the  product  of  u  and  v,  then 

Since  the  limits  of  summation  in  either  factor  will  remain  the  same 

throughout  our  present  investigation,  and  those  in  the  product  likewise,  we 

will  omit  writing  them  and  merely  suppose  that  the  summation  extends  to 

all  the  terms  in  the  polynomial.     Also,  to  save  repetition,  we  omit  to  write 

the  sub-indices  o,  6,  c  after  i,  L'  and  Z,  and  we  denote  2)lS  by  S^  and 

IS  by  2*2.     The  two  polynomials  now  are 

u  =  I^{Lj^8'tr),  V  =  l^iL'r^'fff),  (8) 

and  their  product  is 

tit?  =  l'^{lr^^q.  (4) 

We  shall  not  regard  the  coefficients  exclusively  as  forces  or  masses,  but  as 
quantities  which  are  located  at  points  in  space,  and  which  are  to  be  multi- 
plied into  certain  powers  or  products  of  their  coordinates.   Adding  together 
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all  the  products  thus  obtained  in  any  one  polynomial,  we  call  their  sum  a 
momepi  of  the  system  of  coefficients.   For  instance,  denoting  the  coordinates 

as  in  (2), 

2l^(Lx)  =  l\{aL)4x 

is  the  X  moment  of  the  coefficients  L;  that  is,  the  sum  of  the  products  formed 
by  multiplying  each  L  into  its  abscissa  x.    Likewise 

I^iLx^y)  =  2'3(a'6i)(Jx)»Jy 
is  the  x^y  moment;  and  so  on. 

The  variables  are  independent  of  the  coefficients,  and  of  each  other.  Dif- 
ferentiating (3)  and  (4)  with  respect  to  r  and  multiplying  the  results  by  r, 
we  get 

^{•(S)+«(l)]  =  -•(*■'"■  J 

As  these  relations  are  true  for  any  values  assigned  to  the  variables,  we 
may  assume 

r  =  1,  8=1,  t  =  1,  .-.  u  =  1,  r  =  1,  (6) 
since  by  hypothesis  1\L  =  1,  1\L^  =  1-  Then,  denoting  by  (du-^dr)l 
Ac.  what  du-7-dr  <&c.  become  when  r  =  «  =  <  =  1,  we  get  from  (5) 

The  first  member  of  the  last  equation  being  the  sum  of  those  of  the  two 

first,  we  have 

2j^{aI)Jx  =  i:^{aL)Jx+I^{aLyx,  (8) 

that  18,  giving  aJx  its  value  from  (2),  the  x  moment  in  the  product  is  equal 
to  the  sum  of  the  x  moments  in  the  two  factors.  This  is  the  theorem  re- 
specting the  lever  arms.  (Analyst,  Vol.  VII,  p.  80.)  When  the  sum  of 
the  masses  in  a  system  is  unity,  the  statical  moment  of  the  system  is  nu- 
merically the  same  as  its  lever  arm.  By  diffisrentiating  (3)  and  (4)  with  re- 
spect to  8  and  t,  we  could  get  relations  like  (8)  for  the  y  and  z  moments. 
But  owing  to  the  symmetry  of  (3)  with  respect  to  a,  6  and  c,  what  is  proved 
for  one  coordinate  direction  is  proved,  mutatis  mtUandiSj  for  all.  Hence  we 
have 

With  polynomials  of  only  two  variables  the  points  for  each  are  all  in  one 
XY  plane.     Omitting  t  sftid  c  from  (3)  and  (4),  we  get  as  above 
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I,ilx)  =  2,{Lx)+l\{L'x),    I,ily)  =  i\{Ly)+I,iL'y).      (10) 

(Compare  Vol.  YII,  p.  46.)  And  with  only  one  variable,  the  pointB  bang 
ranged  along  a  straight  line  or  z  axis  (Vol.  YII^  p.  22), 

I{Ix)  =  I{Lx)  +  I{IJx).  (11) 

We  have  hitherto  supposed  that  the  origins  of  coordinates,  or  places  of 

^0.0.0  ^^^^  ^'t.o.o  ^°  0)  ^"^  ^)>  are  taken  anywhere  at  pleasare,  bat i 
great  advantage  will  be  gained  by  taking  them  so  that  the  sam  of  the  pro- 
dacts  Lx  on  one  side  of  the  origin  is  equal  to  the  sum  of  those  on  the  other 
side;  and  likewise  for  the  L'z^  the  Lt/y  &c.  This  reduces  the  lever  arms  to 
sero,  and  locates  the  origins  at  the  txintres  of  forces  of  the  two  systems,  which 
are  the  centres  of  gravity  when  tho  coefficients  7.  and  U  are  positive  and 
regarded  as  masses.     It  gives 

v,(ia:)  =  0,         v,(iy)  =  0,        I^{Lz)  =  0,\         .,^. 
v,(i'x)  =  0,    ^    J3(i'y)  =  0,         2's(i'«)  =  0./  (^^' 

.  The  points  thus  determined  will  henceforth  be  taken  as  origins.    Then 
by  (2),  (7)  and  (9)  we  have  in  the  two  factors 

(£).=»•       (S).  =  ».       (a).=»-l      „„ 

and  consequently  in  the  product 

I^{Jx)  =  0,         X^{ly)  =  0,         ^,(&)  =  0,  '    (14) 

the  origin  of  coordinates  or  place  of  /^^  q,  ^  in  the  product  being  thus  the 
centre  of  forces  of  the  whole  system  of  coefficients  2,  in  the  same  sense  as  the 
origins  in  the  factors  are  centres  of  forces  for  L  and  L'.. 

Now  differentiating  (6)  with  respect  to  r  and  multiplying  the  results  bj 
r,  we  get 

and  giving  the  quantities  the  values  from  (6)  and  (13), 

(S").+(S). = ^*"'-      J 

Consequently 


\ 
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ind  applying  (2)^  we  have  in  the  three  coordinate  directions, 

The  x^  moment  in  the  product  of  two  polynomials  is  equal  to  the  sum  of 
the  x^  moments  in  the  two  factors,  when  the  origins  are  at  the  centres  of 
forces;  and  the  like  is  true  for  the  y^  and  2*  moments.  This  is  the  theorem 
respecting  the  radii  of  gyration,  or  quadratic  radii  (An.,  Vol.  VII,  p.  81). 
When  the  mass  of  a  system  is  unity,  its  moment  of  inertia  is  numerically 
equal  to  the  sqeare  of  its  radius  of  gyration.  The  theorem  holds  true  also 
when  the  moments  are  taken  not  with  respect  to  the  coordinate  planes,  but 
with  respect  to  the  coordinate  axes  or  to  the  origin.  (Vols.  VII,  p.  82  and 
LX,  p.  67.)  If  the  points  for  each  polynomial  are  all  in  one  plane,  (17)  re- 
duces to 

l\{lx^)  =  I,{Lx^)+y,{L^x^),  S^y^)  =  I,{Ly^)+i:^{Ly)  (18) 
(Vol.  VII,  p.  78);  and  if  all  are  in  one  straight  line  (VII,  p.  22), 

I{lx^)  =  l\Lx^)+ I{L'x^).  (19) 

This  property  of  polynomials  affords  the  simplest  explanation  of  that 
"law  of  great  numbers,"  so  important  in  the  theory  of  probability.  It 
proves  rigorously  that  with  any  given  law  of  facility  of  error,  the  "quad- 
ratic mean  error"  of  the  arithmetical  mean  of  n  observations  varies  in- 
versely as  Vn.  (Vols.  VIII,  p.  4  and  IX,  p.  168.)  Hence,  by  increasing 
the  number  of  observations,  we  can  diminish  indefinitely  the  probable  er- 
ror of  the  mean. 

Next,  differentiating  (15)  with  respect  to  r  and  then  multiplying  by  r, 
we  get 

'(s)+»"(S)+"(sr")  =  ^.(°*^'^' 

==  2'8(o»/rVf). 
By  means  of  (6)  and  (13)  this  is  reduced  to 

»{(£?).+(ii).}+S?),+©.=-.(''*'). 

and  consequently 


(20) 
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I^ia'DiJx)'^  =  2',(a«i)(4c)»+2'8(a«iOW, 
80  that  applying  (2),  we  have 

The  a?  moment  in  the  product  is  equal  to  the  sum  of  the  a^  moments  in 
the  two  &ctoTB;  and  so  too  for  the  j^  and  the  z^  moments.  In  space  of 
two  dimensions  (21)  becomes 

I^ilx^)  =  I^{Lx^)-\-2^{L'x»),  S^{ly»)  =  I,{Ly*)+I^{Ly),  (22) 
and  in  space  of  one  dimension 

I{lx^)  =  I{Lx^)+l\L'x^).  '  (23) 

This  is  the  theorem  respecting  the  "cubic  radii'\     (Analyst,  IX,  161.) 

Relations  such  as  these  can  be  proved  for  moments  of  the  4th  and  higher 
orders,  only  they  will  not  be  quite  so  simple.  Differentiating  (20)  with  re- 
spect to  r,  multiplying  by  r  and  applying  (6)  and  (13),  we  get 

'{ca.+[£].}+«{[a.+[^'].}+e"]. 

and  consequently  by  help  of  (16), 

I^{lx*):=I^{Lx*)-j£^iL'x*)+62^{Lx')I^{L'x').     '      (24) 

The  a^  moment  in  the  product  is  equal  to  the  sum  of  the  oc^  moments  in 

the  two  factors,  plus  6  times  the  product  of  their  on^  moments;  and  similarly 

for  the  j/^  and  s^  moments.      In  space  of  only  one  or  two  dimensions  the 

relation  is  of  corresponding  form.     In  the  same  way  it  can  be  shown  that 

....  (25) 
In  general,  the  moment  of  the  nth  order  in  the  product  will  be  expressed 
in  terms  of  the  moments  of  the  nth  and  lower  orders  in  the  two  facton. 
Hence,  if  some  of  the  coefficients  L  and  L'  are  negative,  in  such  manner  as 
to  reduce  to  zero  the  moments  of  all  orders  up  to  and  including  the  nth  in 
both  fiu;tors,  the  same  moments  in  the  product  will  also  be  s»ro.  If  thejr 
are  zero  in  any  one  polynomial,  they  will  be  zero  in  all  the  powers  of  that 
polynomial.  This  is  the  property  which  I  otherwise  demonstrated  in  An- 
alyst, y  1, 145  and  YII,  106.  The  quantities  there  denoted  by  &»,  &a  are 
the  same  as  E{al'L\  &c.,  in  our  present  notation. 


(28) 


II«zt  let  (5)  be  differentiated  with  respect  to  «. 
8  we  have 

=  i'j(a*ir-<'('), 
applying  (6)  and  (13), 

,  ■.  l'g(abl)JxJy  =  l\{cUiL}JxJy+  ~\{abL')JxJi/, 
for  the  three  coordinates  taken  two  and  two, 

l',{b:y)=l\lLxy)-\-S,{L'xy),  l\ih^)  =  l■^{L^z)+l\{L'xz).^ 

nie  an/  moment  in  the  product  in  equal  to  the  sum  of  the  xt/  moments  in 
two  factors;  uod  so  also  for  the  xx  and  yz  momeols.  For  points  in  a 
le,  (28)  reduces  to  the  single  relation 

v,(irj)  _  l\(f.x!,)  +  l\{L'xy}.  (29) 

•ain,  dilTereatiatiDg  either  (15)  with  respect  to  s  or  (26)  with  respect  to 
Dultiplying  tile  results  liy  8  in  tlie  one  case  or  r  in  the  other,  and  apply- 
(6)  and  (13),  we  find 

-ii»«"i  ,  r'i'»~i      V/.A/.    r<''«"i  j_r<i'''"i  ~i 
*aJ  t + Id^dJ  ,  =  -»'"  "'■    L*  aJ . + L-paJ . 

=  i',(a'6i'), 

.5,(Wj,)  =  i',(iA)  +  -.(i'»^)-  (31) 

lie  a:*^  moment  in  the  product  is  equal  to  the  sum  of  the  x'y  moments 
the  two  factors.     The  same  is  true  of  the  x%  xif,  -^z,  x^  and  yi' 
oente.     For  points  in  a  plane  these  six  are  reduced  to  two, 
f,(ZrV)=-i-,(i^)  +  ^',(i'x'y),  ^■,(£n^)=i',(LV}  +  ^'a(''V)-  (32) 

it  as  now  differenliafe  (26)  with  respect  to  t,  multiplying  the  results  by 

\  apply  (6)  and  (13);  this  gives 

.  i',(l»y.)  =  ,S',(ii.v>)  +  ^JJ-'M- 


(30) 
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The  xtfz  moment  in  the  product  is  equal  to  the  sum  of  the  xyt  momenti 
in  the  two  factors. 

It  is  evident  that  snch  properties  as  (17),.  (21),  (28),  (31)  and  (34)  oanbe 
readily  extended  to  the  product  of  any  number  of  polynomial  fitctors,  the 
moment  in  the  final  product  being  equal  to  the  sum  of  those  in  all  the  fiic- 
tors.  If  a  polynomial  is  raised  to  the  nth  power,  the  moment  for  that  power 
is  n  times  as  great  as  for  the  first  power. 

We  have  hitherto  supposed  that  the  rectangular  coordinate  axes  are  taken 
in  any  convenient  directions,  provided  only  that  the  origin  most  be  at  the 
centre  of  forces,  which  is  the  centre  of  gravity  when  the  coefficients  L  and 
L'  are  all  positive  and  r^arded  as  the  masses  of  material  points.  But  in 
finding  the  law  of  probability  of  errors  in  space  of  two  or  three  dimensions, 
the  equations  are  simplified  when  we  assume  the  axes  to  coincide  with  the 
"free  axes/'  or  principal  axes  through  the  centre  of  gravity.  (  Akalybt, 
VIII,  43  and  IX,  38.)  All  the  moments  in  (28)  or  (29)  are  thereby  re- 
duced to  zero.     Then  by  (27) 


\drdsfi         "'    \drdtit  '    \d8dtji~    ' 

{drdsfy-^'  XcTr-diU-^'  XdTdifi-^'j 


(35) 


The  positions  of  the  free  axes  can  be  found  for  any  given  polynomial  bv 
known  methods  applicable  to  bodies  of  three  dimensions,  for  which  see  chap- 
ter II  of  Vol.  II  of  Poisson's  Traite  de  Mecaniqiie.  For  points  in  a  plane 
the  formula  will  be,  as  in  the  Analyst  above  cited, 

where  <p  is  the  angle  which  a  free  axis  makes  with  the  assumed  X  axis,  and 
has  two  values  differing  by  90^.  The  moment  in  the  nupierator  of  (36)  is 
of  the  same  form  as  those  in  (29),  while  the  moments  in  the  denominator 
are  like  those  in  (18).  When  (36)  is  applied  to  the  nth  power  of  a  poly- 
nomial, both  numerator  and  denominator  will  be,  as  we  have  shown,  n  times 
&s  great  as  they  were  for  the  first  power,  so  that  the  value  of  f  will  be  un- 
changed ;  that  is  to  say,  the  free  axes  of  the  material  points  I  in  the  expans'n 
will  make  with  the  assumed  axes,  the  same  angles  which  those  of  the  points 
L  did  in  the  given  polynomial.  This  is  an  improved  demonstration  of  the 
property  which  I  inferred  from  somewhat  different  considerations  in  An- 
alyst, Vol.  VIII,  p.  48.  A  similar  property  holds  true  for  powers  of  a 
polynomial  of  three  variables,  occupying  points  in  space  of  three  dimensions. 
(Vol.  IX,  p.  67.)  According  to  the  formulas  given  by  Poisson,  it  is  mani- 
fest that  the  position  of  the  free  axes  is  not  changed  when  the  moments 
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]  as  data,  of  the  Bsme  form  ss  those  in  (17)  and  (28),  are  all  multiplied 
J  8  ooBBtant  number. 
The  positions  of  tho  free  axes  in  the  final  prodnct  of  au^  number  of  differ- 
Ibt  polynomial  factors  will  be  given  by  the  same  formulas  aa  above,  when 
t  the  moments  used  we  eiibslitiite  the  sums  obtained  by  adding  together 
e  corresponding  moments  for  all  the  factors. 

When  the  free  axes  are  taken  as  coordinate  axes,  simple  properties  like 
e  we  have  already  found  can  lje  demonstrated  for  moments  of  still  higher 
T>.  By  the  same  proc^>s&  of  differentiation  and  multiplication,  and 
applying  (6),  (13)  and  (35),  it  is  found  that 

S^iJx^y)  =  l^{Lx^y)+^^{L'xiy),  (37) 

B  like  being  true  of  course  for  the  3?z,  xy*,  y'z,  is*  and  yj*  moments.     It 
I  also  found  that 

l\(b^z)  =  l-,{L:r'yz)  +  l\(L'x^2),  (38) 

e  aame  being  true  of  the  ryh  and  xyi?  moments. 
I  For  the  form  I'y'  the  relation  is  more  complex,  namely 

S,{h^y>)  =  ^\(Uy)-i-^\,(L'ir'y')+l\{I^)l\iLy) 

+  l\iLj^)l\(L'a^).  (39) 

I  The  like  holds  true  for  the  s's'  and  i/V  moments. 


COBRESPONDENCE. 


HiiUor  Analyst: 
If  not  trespassing  too  much  upon  your  space  permit  me  to  reply  in  a  few 
rords  to  the  letters  of  Mr.  Adcock  and  Prof.  Judson,  in  the  last  number  of 
e  Analvbt. 

Hr.  Adoock,  after  quoting  from   my  original  statement  of  the  paradox, 

S^aow  if  a  =  c*a,  M  —  0  independently  of  x",  adds  "This  I  deny."     Hie  first 

WOT  begins,  "When  u  =  0,  independently  of  z  it  is  not  a  function  of  *", 

I  which  it  seems  that  he  was  at  that  time  content  to  accept  the  equation 

=  0.     It  IS  difficult  to  see  what  he  wishes  now  to  substitute  for  this  eq'u, 

r  he  goes  on  to  say,  "In  this  case,  u  =  actual  zero,  or  an  infinitesimal." 

te'haps  he  means  only  to  deny  t  e  clause  "independently  oi'x";  for  he  re- 

irks  "the  rate  at  which  these  infinitesimals  change  their  value  it  da -i-  dx 

;."    But  this  is  a  mere  restatement  of  the  paradox;  viz.,  that  u  has 

Bflalte  rate  of  change,  and  yet  no  finite  change  in  value. 

^Mr.  Adeock's  "private  interpretation"  of  the  form  cosco,  as  "indetermi- 
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nate  both  in  form  and  value/^  agrees  with  my  own,  as  expressed  in  my  last 
letter  as  well  as  in  the  original  statement  of  the  paradox;  viz.,  that  oos  oo 
is  an  ^^essentially  indeterminate  form/'  Neverthelss  he  will  not  deny  that 
there  is  some  interest  attaching  to  De  Morgan's  ''private  interpretation"  of 
the  same  form. 

In  this  connection^  it  should  be  stated,  in  reply  to  Prof.  Judson's  remark 
that  we  cannot  admit  zero  as  the  value  of  sin  co  and  cos  co  'Mn  violation  of 
the  principle  sin'eo+cos'co  =  1",  that  the  writers  who  take  this  view  ex- 
pressly state  that,  by  their  principles  of  interpretation,  sin'  cso  is  not  to  be 
regarded  as  the  square  of  sin  oo,  but  as  the  mean  value  of  sin^rr,  which  is  \, 

Again,  De  Morgan  finds  sec  oo  =  0  (not  equal  to  the  reciprocal  of  cos  oo] 
and  tan  oo  =  i/ — 1 ;  but  he  appears  to  violate  these  principles  by  citing  as 
a  verification  of  these  last  values  the  fact  that  they  satisfy  the  equation  sec' 
00  =  tan'  00  -f  1. 

Prof.  Judson  states  very  clearly,  in  his  last  letter,  the  ''principle  which 
seems  to  be  violated  in  the  example  given/'  i.  e.  that,  when  we  assign  to  a 
such  a  value  as  will  reduce  it  to  a  constant  or  to  zero  then  the  same  value 
ought  to  reduce  the  derivative  with  respect  to  a;  to  zero.  This  is  certainly 
what  we  naturally  expect,  and  what  we  usually  find  to  be  the  case.  Never- 
theless I  maintain  that  the  principle  as  stated  not  only  "seems  to  be",  bat 
is  violated,  in  opposition  to  Prof.  Judson's  opinion  that  the  paradox  must 
arise  from  a  misinterpretation  of  the  form  a-^oo.  In  support  of  this  Prof. 
Judson  says  that  when  a  =  oo  u  "becomes  indefinite."  This  certainly  is 
not  true  in  the  sense  in  which  du  -r-  dz  becomes  indefinite,  and  therefore  I 
suppose  means  infinitesimal,  in  which  case  we  are  told  "it  still  remains  a 
function  of  x  and  there  seems  to  be  no  good  reason  why  we  should  then  ex- 
pect du-7-dx  to  equal  zero,  independently  of  a;."  The  phrase  "it  still  remains 
a  function  of  x"  is  here  misleading;  for  u  is  no  longer  a  function  o( x  in  the 
sense  that  its  value  changes  with  x  by  any  finite  amount,  and  it  is  simply 
the  fact  that  it  does  not  change  its  value  by  any  finite  amount  that  leads  us 
to  expect  that  its  derivative  should  reduce  to  zero. 

If  we  examine  the  principle  as  stated  above,  we  shall  I  think  find  that 
though  generally,  it  is  not  universally  true,  and  shall  see  why  it  fails  in  the 
case  in  question.  When  a  function  has  an  actual  (not  zero)  rate  of  change, 
the  ratio  of  its  increment  to  that  of  x  has  an  actual  limiting  value  which 
measures  this  rate,  and  is  the  derivative  found  by  the  ordinary  rules  of  dif- 
ferentiation;  whence  we  naturally  assume  (what  is  in  fact  generally  true) 
the  converse  theorem;  that  when  the  rate  is  zero  the  derivative  is  also  zero. 
But  to  prove  this  in  any  case,  it  is  necessary  to  show  that  the  difference  be- 
tween the  actual  increment  of  the  function  and  the  product  of  the  derivative 
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bj  the  increment  of  x  (the  second  term  in  the  expansion  by  Taylor's  Theo- 
rem) vanishes  in  comparison  with  this  product.  This  is  not  necessarily  true 
when  the  second  derivative  is  infinite,  which  is  the  case  with  the  function 
in  question.     This  is  made  clear  })y  writing  out  the  development,  thus 

sin  a(x+h)         sin  ox   ,  t  .  h^ 

^ — ■ — ^  =  +  cosoor.A  —  aB\nax,-pr- —  .  . . 

a  a  2 

The  actual  increment  of  the  function,  consisting  of  all  the  terms  of  the 

aeries  after  the  first,  is  indeed  zero,  because  the  function  does  not  change  its 

value  when  x  is  replaced  by  x-{-h;  but  it  is  not  true  that  the  coefficent  of  A 

is  the  limit  of 

•«ma(a>  +  A)_»ma»-[^^ 

a  «    J 

because  the  result  of  dividing  the  terms  which  follow  the  second  by  h  does 
not  vanish  with  h. 

Of  course  if  with  Mr.  Todhunter  and  other  writers  we  define  the  deriva- 
tive or  "first  dififerential  coefficient''  as  the  limit  of  the  ratio  written  above, 
we  are  compelled  to  reject  the  equation  du-i-dx  =  cobmx  when  a  =  oo.  If 
on  the  other  hand  we  admit  this  equation,  because  it  results  from  the  rules 
of  difierentiation,  we  cannot  deny  that  the  first  derivative  is  a  measure  of 
the  rate,  unless  the  higher  derivatives  are  fifnite. 

Wm.  Woolsey  Johnson. 


c 


JEditor  Analyst: 

I  submit  the  following  correction  of  an  error  in  Bartlett's  Mechanics, 
ninth  edition,  p.  398,  equations  (580). 

From  the  equation 

the  author  deduces  by  int^ration 
whereas  it  should  be 

de 

where  a,  is  the  constant  of  integration.  The  corrected  equation  may  be  de- 
duced directly  from  equations  (530)  of  that  work.  The  other  two  equat'ns 
of  (580)  should  be  corrected  in  the  same  manner. 

De  VoLfiON  Wood. 


^.-  =  n/{a*-e), 
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INTEORATION  BY  A  UXILIAB Y INTEGRALS. 


BY  WERNEB  A.  8TILLE^  PH.  D.^  HIGHLAND,  UiL. 

[Gontinaed  from  page  88.] 

Let  it  now  be  required  to  integrate 

J  da? 

We  know  from  our  elementary  forms  that  when 

,          2x.dx    .1 
tfu  =  rt  then 

u  =  arc  tg  a;' ;  .  • .  «  =  i/(tg  u). 

On  the  other  hand,  when 

J  da? 

av  = 


1  +  a?* 
V  is  a  well  known  intq;ral.    Now 

dv  _^  J^ 1  ,     J    __       du 

di~  ^~   2|/(tgw)^  •   '  2i/(tgu)' 

C-A'L.  =      1     i^/l+T/(2.tgu)-t-tgu\        1    „,etrK(^'^g^^^ 
Jl/(tgu)       .2|/2  ^U— i/(2.tgt/)+tgu;^  V2       ^V  1— tgu;* 

This  last  equation,  in  connection  with  our  elementary  int^rals,  leads  to 

a  number  of  new  integrals.    Thus,  for  example  take 

J  da?  ,        .     x^ — a  X    o  3?* — a 

du  =  —y.- 5^,  .  • ,  u  =  iarc  sm  ,  .  • .  tg  2u  =  — -j^ ^t, 

l/(2a— a?2)'  2  a      '  ^  a:i/(2a— a;^) 

•    _*f._  -  ^  a?^(2a-a:^y^.  ^ 

*   V(tg2w)        |/(2a  — a;2)'   i/(a?*'' —  a)  ' 

l/x.dx /*     du 

(2a-a?2)«{a:«— a)«  ~  J  7rtg2w)' 
Taking  the  same  integral  in  connection  with  the  elementary  form : 

^xdx  a? 

Qy  =  t/(1— a;*/  •'•  y  =  "«"°«*»  .•.«»=8my,  . • .  tg y  = -^^^^-^ 

/cte        X  r    dy 
(1=^  ~  * J  7r<«y)' 

Taking  the  same  integral  in  connection  with  the  elementary  form: 
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...  J?!+I  =  -tg2y.  ....V(t«2y)  =  M^; 
\    x^  yx 

dy  dx  '    i/x       , 

V (<«  2y)  ~  (2a;2+l)v^(x»+l)-(?q:i)5'  ''*°~ 


Before  proceediDg  to  the  further  employment  of  our  elementary  int^rals 
for  the  integration  of  other  functions,  I  propose  to  demonstrate  the  fruitful- 
nes8  of  our  method  by  showing  that  all  (or  nearly  all)  the  int^rals  known 
in  finite  form  and  contained  in  the  larger  collections  of  int^rals  are  found 
by  our  method  without  resorting  to  the  decomposition  into  partial  fractions 
and  without  the  process  of  rationalization.  For  these  integrations  the  twelve 
or  fifteen  fundamental  integrals  of  tha  text-books,  when  used  as  auxiliary 
int^rals,  suffice.  It  will  be  seen  that  our  results  are  different  in  form  from 
those  found  by  the  ordinary  method,  and  at  the  same  time  better  adapted  to 
numerical  computations,  inasmuch  as  they  allow  of  more  extensive  use  of 
the  tables  of  logarithms  and  of  circular  functions.  I  shall  follow  the  ar- 
rangement of  Mindin^s  ''Int^raltafeln'\ 

1°.    Rational  Functions. 

The  first  six  tables  of  Minding  contain  the  (unctions  of  the  form 

,    x'^dx 

^  ""  (a  -f  6a:)*' 

where  m  and  n  are  positive  integers,  m  from  1  to  6  and  n  from  1  to  10.   In 
all  these  cases  we  take 

.♦.  a  +  6ar  =  e*";    »  =  ( t -^-6) («»•  —  a). 
This  gives 

dv  _         »"  _   1  (e*-— o)* 

du         (a  +  6aj)"-i        6"  e<"-»>*"  ' 
the  int^ration  of  which  presents  no  difficulty.     In  order  to  apply  this  to  a 
special  example,  let  it  be  required  to  integrate 

do  —      ''"^       then  ^  =        ""^         —    1  (e^— g)' 
(a  +  bx)»'  du        (o  +  6aj)7  ~  6«  ~^~' 

of  which  the  integration  is  so  simple  as  to  require  no  further  remarks;  and 
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the  lists  of  integrals  of  the  above  form  already  calculated  become  needlesi. 
This  result,  it  is  readily  seen,  is  likewise  found  by  the  substitution  a+6a;=«. 
Tables  VII  to  XIII  (of  Minding)  contain  the  functions  of  the  form 

,    dx 

where  m  and  n  are  positive  whole  numbers,  m  from  1  to  7  and  n  from  1  to 
8.     In  all  these  cases  we  take 

1  dx  1  I   (a-\'hx\ 

xla  +  bxy  a  ^\    x    /' 


a  a.«"* 


.  •  •  a+bx  =  := v-— ;  X  = 


1  —  6.6'-'  1  — 6.c«-' 

This  gives 

dv  _  1  _  (1— fe.g--)*'-!   (i_6.^)»-i 


du        a;"'-i(a+6aj)— 1         a"»-i.e(m-i)au-        ^n-i        f 

which  is  integrable  without  any  difficulty.     By  way  of  an  example  of  this 
kind,  let  it  be  required  to  integrate 

,  dx  .M        dv  1 

dv  =  -- — -r— L  -\«>  *°®"  J-    = 


x^(a  +  6aj)«'  du        x^{a+bxy ' 


^12  g6«u 


du. 


Here  the  integration  is  so  simple  as  to  require  no  further  remark.  Again 
it  appears  that  the  tables  of  integrals  already  calculated  become  superfluous 
when  our  method  is  employed;  whereas  the  integration  by  the  ordinary 
method  of  decomposition  in  such  an  example  as  we  have  just  treated  would 
involve  considerable  labor. 

Tables  XIV  to  XIX  contain  integrals  of  the  form 

""  ~  J  {a  +  bx^r' 
where  m  and  n  are  positive  whole  numbers,  m  from  1  to  5  and  n  from  1  to 
8.     In  all  these  cases  we  take 

,  dx  1  W      |6\ 

du  =  — .  -    - ;  .'.  u  =     7/-rT  arctgfa?^/-); 

.'.  a+bx^  =  a.8ec?[y{ab).u'];  x  =   i/{a'r'b).tg[y{ab)M']. 
This  gives 

For  example,  let  it  be  required  to  integrate 

x^dx  dv  x^ 


dv  = 


(o+6«»)8 '        du        (o+6a;«)« ' 


— Ill— 

.  • .  cfo  =r  — -  8in*  [w|/(a6)]  cos'  [M|/(a6)]  du, , 

the  int^ratioD  of  which  presents  no  difficulty. 

Now  let  6  be  negative,  so  that  (putting  a'  and  6'  as  constants)  it  is  reqM 
to  integrate : 


dv  =  — , 

In  this  case  we  take 

dx  ...  1    I   /a+6a?\ 


dn  = 


a' — 6^0?' 

_a/«2'^'*  — 1\ 

For  our  present  purpose  it  is  more  convenient  to  employ  the  equivalent 
geometric  functions;  this  gives 


a' 


a?2  =  —  ^j-tg2(i.a6M);  a^  —b^x^  =  a^.sec^{i,(d)u). 

Let  it  be  required,  for  example,  to  integrate 

J  x^dx  dv  a?* 

dv  =    .^  ^  8in*(i.a6u)co8*(i.a6w)du, 

the  int^ration  of  which  presents  no  difficulty. 
Tables  XX  to  XXVI  contain  the  integrals  of  the  form 

/dx 
x'^"\a+bx^y' 

where  m  and  n  are  positive  integers,  m  from  1  to  5  and  n  from  1  to  7.     In 
all  these  cases  we  may  again  take  for  auxiliary  integral 

.'.  X  =  |/(a-5-6) tg [wv/(a6)]  ;  a+bx^  =  a 8ec2[w|/(a6)]. 
Let  it  be  required  to  integrate,  for  example, 

dx  dv  1 


dv  = 


a?«(a+te')3  '  •      du        x^{a+bx'^y  ' 

dv  =  6^.£2!!!l!ivl(^] 

a**sin®[u]/(a6)]' 
and  the  integration  presents  no  difficulty.    I  omit  for  the  present  the  forms 

/»    x'^dx        j^j    /- dx 

as  we  shall  have  to  treat  them  in  connection  with  auxiliary  integrals  not 
now  to  be  employed.^ 
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Tables  LIT  to  LVI  of  Minding  treat  of  the  forms 


"^h 


-{-  bx  +  ox^f 

where  m  and  n  are  positive  whole  numbers,  m  from  0  to  6  and  n  from  1  to 
6.     In  all  these  cases  we  take 

a+bx+cx^'  '   '  i/iiac-'b^)      ^\i/{4ac^b^)l 

so  long  as  4ao — 6^  is  positive.     This  gives 

2cx-{-b  =  i/(4ac— 62)tg[u|/(4ac— 6*)]  =  a.tg(ua); 

1  a^ 

X  =  o-[®-*g  (^^)  —  *] ;  a  +  bx  +  ca^  = 


2^L  -^       /         jf  4c.co82(att)* 

Let  it  be  required,  for  example,  to  integrate 

/•        x^(lx  ,, 

^  =  {a+bxlcx^y  =  ^[«.tg(«u)-6]«^[4o.cos«(a«)]«; 

r  =  ^    J  ^  r[^*tg(^^) — ^y  cos^ {au).du,  the  integration  of  whidi 

needs  no  discussion. 

When  m  is  negative,  so  that 

/dx 
x"'(a+bx+cx^f 

is  required,  the  substitution  x  =  (l-^i)  gives 

du--       -* •    •    u  = -? arete/'      ^+^     V 

a.tg(Ja.w)  —  6  t^  ^  2o        ^     '' 

which  gives  very  simple  results  where  m  >  2n  or  m  =  2n. 

II.    Irrational  Functions. 

The  number  of  irrational  functions  integrable  in  finite  form  and  found  in 
the  collections  of  integrals  is  quite  small.  The  chief  difficulty  in  the  way 
is  the  rationalization  of  the  functions,  which  is  often  attempted  in  vaio. 
We  will  integrate  without  resorting  to  rationalization.  Minding  begins 
with  integrals  of  the  form 

_    /^"^(a+bxYdx 
J     \/(a+bx)    * 
where  m  and  n  are  positive  integers. 


when  V  =    C ; .  —  ,  -v5  then 
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In  all  these  cases  we  take 

J  dx  2  /  —  ,- 

du  =  —^  --_;  .•.  M  =  |-i/a-f6a?; 
y{a-\-bx)  0        ' 

.• .  a  +  6a;  =  J6'w';  a?  ==  J6u' — (a-r-6). 

Tills  gives  rft;-f-du=  a;*"(a+6a;)".     Therefore 

the  integration  of  which  is  exceedingly  simple. 

When  n  is  negative  the  same  process  applies  without  modification.   Thus 

x^dx 
+tey~v  (a  +  6a:)' 

dv  a;""         _   /6u2  __a\"*^/62u2\" 

du  ~  ■(^+  6a;)-  ""   I  4"       6J     *  V   4  J   '   . 
which  presents  no  more  difficulty  than  the  foregoing  form. 
When  x^  occurs  in  the  denominator,  we  take 

3^[a  +  6a;)  Vo  *'\i/(o+6x)+/o/ 

It  is  more  convenient,  however,  to  operate  with  the  equivalent  goniome- 
tric  functions,  and  we  have 

y{a-\-bx)  =  i.  ^aXg{i.\u  4/ a);  x  =  — (a-^6)sec'(^.Aa  |/a), 

and  the  integration  of 

J  rfa? 

av  = 


a:"'(a+6a;)"|/(a  +  6a;) 
is  easily  performed  in  terms  of  u. 
We  now  come  to  the  form 

/x'^dx 
(a+6a?+oa:*f  \/{a+bx +c?)' 

where  m  and  n  again  are  positive  integers.    Here  we  take  the  aux.  integral 

/•  dx  i  .    /.      2ca:+6     \ 

This  gives 

2ca?+6  =  — ii/{4ao — 6*)  sin  (i.W]/c)  =  — i,)9  sin  (i.wj/c) ; 

X  COS  {i.u\/c)  =  a.cos  (i.ni/c). 
Now  we  have 
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du        {a  +  bx+ex^y         \     2c)       [a.co8(i.U]/c)i*     ' 
the  intention  of  which  can  be  performed  hj  well  knowu  methods. 

Ifi  for  example, 

/x^dx 
{a+bx+cs?j^  -[/{a-^bx+oa^} 
is  required,  we  have 

dv x^  _      1    [i.j9  sin  {i.U\/e) +bY 

du  ~  (a+bx+cx^)^   "  (2o)*     [a.co8(i.u/c)]3     ' 
which  is  easily  integrated  by  well  known  methods. 

When 

/dx 
xr{d+bx+(^y  ^a+bx+cx^) 
is  required,  we  take  the  auxiliary 

r dx 1  .    /.      2a+6a?     \ 

J  X  ^{a+bx-^cx^)        i/a  \  x  j^^{4ae — 6^)/' 

which  gives 

1         —  t4/(4ao— 6^)  .    /.      /  X      b 


=v(^-><^»^'"'' 


X 

and  leads  to  very  simple  results  when  m  >  2n. 

I  will  now  present  one  example  of  the  ''binomial"  class  of  int^rals  to 
show  the  treatment  without  rationalization,  which  example  I  take  irom 
Sohnk^a  Collection  of  Problems.     It  is  required  to  integrate 

/S2.dx 
x^(l—x)V 
When  rationalizing  in  the  usual  way  this  function  gives  rise  to  a  rather 
complicated  expression  for  the  intt^ral.     We  take  as  auxiliary 

du  =  — --, r",  .  • .  M  =  2  sin a:^, .  • .  a?  =  sin'iw ;  i/(l — x)  =  cos  Jt*: 

X\/(l — X) 

dv  ^        32         ^ 32 

'  du         x\l — a?)*         sin'Ju.cos^Jtt* 

To  integrate  this  last  function  in  the  simplest  way  we  take 

[To  be  oontinoed.] 
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CUBIC  EQ  UA  TI0N8. 


BY  PROF.  L.  G.  BARBOUR,  RICHMOND,  KENTUCKY. 

Several  years  ago  the  writer  published  in  the  Analyst  (Vol.  V,  pp 
73-79)  a  method  of  solving  numerical  equations  of  the  3rd  deg.  with  three 
real  roots,— of  which  two  might  be  equal.  The  present  paper  will  extend 
the  same  general  method,  so  as  to  solve  equations  having  two  imaginary 
roots.     The  et^uations  considered  are  of  the  form 

x^  ±  px  ±:  q  =  0. 

I.  x^  — px  +  q  =  0.  The  roots  are  of  the  form  A+Bi/ — 1,  A — • 
jB|/ — 1,  — 2 A.    Construct  an  equation  from  these  roots.    We  get 

a;8  _  (3^a  _  ^)^  ^  (^2  ^  ^1^2^  =  0.      • 

Let  B*  =  mA\  then 

x^  —  {S  —  m)A'x  +  (2  +  2m)J»  =  0; 
.  • .  p  =  (3  —  m)A^ ;     5  =  (2  +  2m)  A^ ; 

.   P^  _  (3— m)«. 
•   '  g2         (2+2m)2' 

.  • .  3  logp  —  2 logg  =  3  log  (3-r-w)  —  2  log  (2+2m). 
We  now  make  a  table  with  m  as  the  argument,  taking  it  =  .001,  .002, 
&c.,  successively,  up  to  3.  In  the  second  column  write  the  differences  be- 
tween 3  log  (3  —  m)  and  2  log  (2+ 2m).  In  this  table  we  find  the  value  of 
3  logp  —  2  log  q  in  the  2nd  column,  and  thus  get  the  value  of  m  in  the  1st 
column,  as  we  find  a  number  from  its  logarithm  in  the  ordinary  logarithmic 
tables.  Then  since  (3  —  m)A*  =  p,  A  =^  l/[p  -^  (3  —  m)];  B^  =  mA*; 
B  =  A\/m.    Test :  (2 + 2m) A ^  =  9,^ ' .  log  ^  =  J  log  5  —  J  log  (2— 2m). 

II.  aj3  —  pa;  —  7  =  0.  The  roots  are  —A—B\/ — 1,  —A  +  B\/—l , 
+  2il.     The  equation  constructed  from  these  roots  is 

a;8  _  ^3  __  m)A'^x  —  (2  +  2m)^8  =  0; 
.•.p  =  ;3  —  m)il*^  and  5  ==  (2  +  2m)-<l^,  as  before.     The  difference  is 
that  when,  as  in  this  case,  q  is  negative,  the  signs  of  the  roots  will  be  re- 
versed, as  above  indicated. 

III.  a;^  +  pa?  +  g  =  0.  Construct  the  equation  from  the  roots  A  + 
J?l/— 1,  A—Bx/^\,  and  —2A.     We  again  get 

x^  —  (3il'— JB^Jx  +  {A^+E^2A 
=  x^  —  {Z-m)A'^x  +  (2  +2m)A^. 
But  since  p  in  this  case  is  positive,  it  is  necessary  and  sufficient  to  write 

x^  +  {m  —  Z)A^x  +  (2  +  2m)A^  =  0. 
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Id  .cases  I  and  II,  m  <  3,  or  at  most,  m  =  •).  In  case  III,  m  >  3  or  at 
least,  m  =  3.  In  fact  there  will  be  one  place  common  to  the  two  tables, 
viz.,  when  m  =  3.  Then  3  log  (3 — m),  or,  in  the  other  tabic,  3  log  (m — 3^ 
=  3  logO  =.  (x>;  and  the  tabular  method  cannot  be  used.  The  solution  in 
this  instance,  however,  is  easy  enough,  foF  p=(3 — m)A*  =  0,  and  the  equa- 
tion becomes  x^  -^  q  ^=  0;  from  which  the  roots  are  readily  iound. 

This  second  table  is  constructed  from  the  formula  3  log/>  —  2  log  9  = 
3  log  (wi — 3)  —  2  log  (2+ 2m).  Ascending  values  are  assigned  to  m  from  3 
up  as  high  as  may  be  needed. 

IV.  x^  +70x  —  q  =  0.  The  roots  are  —A+B1/—I,  —A—By/^l, 
and  +2A ;  .' .  x^  +{m''3)A^—{2+2m)A^  =  0.  The  same  table  is  used 
as  in  case  III. 

General  Bemarks. 

If  p  is  +>  in  ^^6  equation  under  consideration,  there  must  be  2  imagi- 
nary roots.  But  if  p  is  — ,  there  may  be  3  real,  unequal  roots,  or  3  real 
roots,  of  which  two  are  equal ;  or  one  real  root  and  two  imaginary  and  un- 
equal ;  or  one  real  root  and,  perhaps  we  may  say,  2  equal  imaginary  roots. 
The  discrimination  is  effected  thus  :  If  (p^-^q^)  >  -V,  i-  e*?  3  '^g  ?>  —  2  log 
q  >  .8293038,  there  are  3  real,  unequal  roots.  If  it  be  <  .8293038  there 
are  2  imaginary  unequal  roots.  But  if  it  =  .8293038,  two  of  the  roots  are 
e(|ual  and  are  ordinarily  considered  real.  However,  if  we  choose  to  regard 
B  as  =  0,  we  may  treat  this  as  coming  under  the  head  of  imaginary  roots; 
A+B\/ — 1,  and  A — By,^ — 1  becoming  equal  when  J5  =  0. 

Proof: — It  is  evident  that  3  log  (3 — m)  —  2  log  (2-|-2mj  reaches  a  max- 
imum when  VI  =  0.     Then  3  log  3  —  2  log  2  =  log  ^. 

In  my  former  article,  the  table  was  constructed  by  the  formula  3  lo^  ( 1  + 
a+a^)  —  2  log  (a+a^) ;  . ' .  by  differentiating  for  maximum  and  minimum, 
a  =  1,  —  J  or  —  2.  It  was  shown  that  when  a  =  1,  there  are  two  equal 
and  real  roots ;  and  the  same  is  true  when  a  =  2  or  —  J.  In  our  present 
inquiry,  when  m  =  0,  mA^  =  £*  =  0,  . '  .*  the  roots  are  A,  A^  — 2.4  ;  or 
— ^,  —A,  +2A. 

The  method  of  procedure  then  is  this :  Observe  the  sign  of  p  in  the  given 
equation ;  if  it  is  — ,  then  find  3  log  p — 2  log  5,  eitiier  in  the  old  table  for  3 
real  roots,  which  extends  from  -{-00  down  to  log  -Y-  ^=  82930772831 ;  or 
else  in  the  first  of  the  new  tables  subjoined,  which  extends  from  .82930772- 
831  down  to  — 00,  If  it  falls  in  the  old  table,  the  argument  is  a ;  the  roots 
were  called  r,  s,  and  ^ ;  r*  =  p-=-(l-|-a+«*),  . '  •  h'g  ^  =  J  'og  p  —  J  log  (1 
+a+a^) ;  a  =  ar;  t  =  r-f «,  but  with  the  opposite  sign. 

The  signs  of  r,  8,  and  t  arc  determined  by  that  of  q.     If  q  is  +f  ^  and  8 


V 
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4-f  and  i  — .  If  5  is  — ,  r  and  8  are  — ,  and  t  +.  In  other  words  r 
1  9 always  have  the  same  sign  as  q;  t  has  always  the  opposite  sign.  The 
l^tiv^  values  of  a  are  not  employed,  since  they  give  no  new  results. 
In  the  same  way  if  (/  is  +,  the  imaginary  roots  are  -\-A  +  £i^^ — 1,  and 
A  —  Bi/ — 1.  The  real  root,  corresponding  to  t,  is  —  2A.  But  if  q  is 
,the  rootsare— -4— JS^/-  1,  — ^-f  JB|/— 1»  and  +2 A, 
Again  if  p  is  +,  look  only  in  the  second  subjoined  table,  No.  Ill,  ex- 
uding from  — CO  up  as  far  as  we  need  it. 

It  is  interesting  to  note  that  if  p  is  — ,  we  may  by  changing  q  arbitrarily, 
value  and  sign,  get  an  equation  with  three  real  roots,  all  unequal,  or  two 
ual ;  or  one  real  and  two  imaginary ;  but  if  p  is  -|-,  there  is  no  help  for 
;  two  roots  must  be  imaginary. 
In  table  II,  m  is  the  argument;  (3— m)-4*  =  p ;  mA*  =  B^; 

/.  log^  =  Kioep-^og(3— m)], 

log-B  =  log  -4+ J  log  m. 
In  table  III,  m  is  the  argument ;  (m— 3)-4'  =  p ; 

.  • .  log  ^  =  J  [log  p— log  (m— 3)], 
log  B  =  log  A  +  J  log  m. 

The  use  of  the  tables  is  best  explained  by  actual  examples.  In  the  f br- 
er article  one  or  two  examples  were  worked  out  in  full.  It  was  found 
at  the  results  were  true  for  5,  6,  or  7  places  in  equations  having  three  real 
ots.  I  have  very  recently  tried  the  method  on  a  few  problems  from  Prof, 
eiitwortli's  "Complete  Algebra."  On  p.  608,  under  the  head  of  Trigono- 
etric  Solution  of  Equations,  he  says  "Take  the  difficult  equation 

a:3  —  ^f  x  +  T^  =  0." 
Solving  by  trigonometry  he  gets  re'  =  0.42855,  a;"  =  0.66670, :»'"  = 

1.0952.^. 

By  tlie  method  proposed  in  this  paper,  3  log  fjf — 2  log  ^4^=;B917182.  . 
•oni  the  table  we  get,  by  proportional  parts,  a  =  .6428582,  .  • .  r  ==  .66- 
6626;  8  =  .42857182  ;  t  =  —1.09523808.     The  exact  roots  are 

r  =  §  =  .666  ;  «  =  f  =  .428571428571 ;  ^  =  f  f  =  1.09523809. 
The  value  of  t  is  usually  the  most  cxat.     By  a  simple  interpolation  in 
i  table,  the  value  of  a  c:in  be  found  more  closely,  giving  the  roots  a  little 
irer.     Since  8  =  ar,  a  =^  «-7-r,  we  find  the  exact  value  of  a  =  hJ^  -r-  §  = 
[28571428671  +  . 

On  p.  510  Prof.  W.  gives  as  "the  true  values,"  0.42857,  0.66667,  —1.0- 
24. 

One  defect  of  the  method  of  this  article  is  that  it  gives  results  true  to  only 
)r  6  or  7  places.     By  an  extension  of  the  method  closer  results  could  be 
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obtained,  bat  they  are  seldom  needed.     Tt  is  seen  above  that  the  actual  re- 
sults are  nearer  true  than  those  whieh  Prof.  W.  deems  sufficiently  exact 

On  p.  496  he  says  *4n  rare  cases  two  of  the  roots  are  so  nearly  equal  thtt 
Homer's  Method  carried  out  as  above  will  not  find  them  both.  Take  fw 
example  x^  +  \\x^  —  102a;  +  181  =  0, 

in  which  we  have  found  that  there  are  two  roots  between  3  and  4.    Ho^ 
ner's  method  pives,  for  the  first  trauBformeil  equation, 

ys  +  20y^  —  9y  +  1  =  0. 

Since  the  coefficient  of  y'  is  large,  it  is  best  to  neglect  y^  only/'  That  is, 
the  equation  2()y* — 9y+l  =  0  must  be  solved. 

This  plan,  if  my  memory  serves  me,  is  employed  by  Newton  in  similar 
cases.  From  curiosity  I  tried  this  problem  by  the  aid  of  the  tables.  At 
the  outset  we  encounter  the  unavoidable  difficulty  of  removing  the  second 
term  of  the  equation.  This  defect  is  inseparable  from  the  method.  The 
removal  can  be  accomplished,  however,  without  much  trouble,  by  Horner^s 
Synthetic  Divisor,  or  by  substitution.  Then  by  the  regular  use  of  the  table 
the  roots  arc  found  to  about  5  or  6  places.  One  root  is  3.22963.  Prof.  W. 
gives  3.22952.  A  (;uriourt  application  of  the  tabular  method  has  been  made 
to  a  problem  in  Ncwcomb's  Algebra,  p.  192. 

\/{x+a)  X 

|/(x— a)         a 

This  gives  x^  —  ax^  —  a'^x  —  a^  ==0, 

or  removing  the  second  term, 

y8  —  ^a^y  —  f  ?«»  =  0, 

in  which  case  x  =  y  l-Ja.    Also  p  =  —^a^  ;  q  =  — j^A.     Therefore 

in  which  a  is  eliminated.  Proceedin^^  then  as  usual,  we  get  3  log  J  — 2  log 
^^  =  .0779705.  Since  />  is  — ,  we  look  in  the  2nd  table,  and  find  m  bet'n 
.648  and  .649.  By  proportion,  m  =  .64833392;  3  —  m  =  2.35166608. 
Log  p  =  .1249387.  Log  (3— m)  -=  .37137566.  Difference  =  1.75356304. 
I^g  A'  =  1  [log  ;>-l(»g  (3— m)]  =  T.87678152  +  loga ;  A'  =  .75  29767a 
Log 5'  =  log A'+  i  logm.  iJ'  =  .6062906a;  2A'  =  1.5059534o.  Hence 
the  roots  of  the  (H|uation 

are  —.7529767a  — .6062906ai/— 1,  — .7529767rt  +  .6062906ai/— l,a«d 
H- 1. 5059534a.  The  roots  of  the  ori;i;inal  equates  are  found  by  adding  Ja  = 
.333a  to  each  of  these.  We  get  —.4196434a— .6062906a |/—1,  —.41964- 
34a  +.60629()6a|  ^—1,  and  +1.83928671a. 

Let  us  now  test  one  of  these  roots,  say  the  last  given.     By  subetitutioo. 
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l/(1.83928671o+ffl)-^l/(.83928671o)  =  1.83928671o-i-a, 
V'(2.83928671)-f-i/(.83928671)  =  1.83928671. 
.-.  i  1<^ 2.8392867 1— i log .83928671  ahouW  ~  log  1.83928671. 
Now  i  1<«  2.83928671  =    .22660925 

id  i  log   .83928671  =  1.96195515 


id  log  1.83928671 


Diff.   =    .2646541 
=    .2646495 
L^g.  error 


.0000046 
In  numbers,  1.8393063  —  1.8392867  =  0.0000196. 

Table  II.  Table  III. 

a*  —  pa;  ± g  =  0.  a;'  — px±q^O. 


m 

{3-m)A'=p 

.0 

<8293038  '. 

.1 

.7023486   i 

.2 

.5810516   1 

.3 

.4641448   ; 

.4 

.3506039 

.5 

.2395774  • 

A 

.1303336 

.7 

.0232256 

.8 

1.9146631 

.9 

—1.8070907 

1.0 

1.6989700   ! 

1.1 

—1.5897622 

1.2 

—1.4789121 

1.3 

—1.3658311 

1.4 

—1.2498776 

1.5 

—1.1303339 

1.6 

1  0063774 

1.7 

—2.8770436 

1.8 

2.7411677 

1.9 

—2.5973221   , 

2.0 

-2.4436975   ' 

2.1 

2.2779441 

2.2 

2.096^100 

2.3 

-  3:8962063 

2.4 

—3.6694360 

25 

—3.4067139 

2.i> 

—3.0916150 

2.7 

—4.6929004 

2.8 

-4.1414628   i 

2.9 

—5.2158108   1 

3.0 

00. 

TO  I  {m-S)A*=p 

3.0  —00. 

3.1 ;  —5.1723722 

3.2-  —4.0645314 

3.3  j  —4.5623668 

3.4  —4.9172146 

3.5  —3.1884260 

3.6  i  —3.4068782 

3.7  —3.5890383 

3.8  —3.7447276 

3.9  —3.8802753 

4.0  -2. 

4.1  :  —2  1069777 

4.2  i  —2.2034770 

4.3  —2.2912184 

4.4  —2.3715364 

4.5  -2.4454885 

5.  ;  —2.7447275 

6.  i  —1.1391077 

7.  '  —1.3979400 

8.  —1.5863650 

9.  1  —1.7323938 

10.  :  —1.8504487  | 

11.  —1.9488476  " 

12.  1   0.0327809 

13.  !   0.0556855 
20.  I   1.4448481   , 

Use  of  Tables.— In  Table  II,  find  m ;  then  (3-»i) 
XA*  =p;  .-.log^  --=}[logp— log(3— «i)]. 

B*  =  mA*, .  • .  log  B  =  i  logm+log  A. 

In  Table  III,  find  m ;  then  (m—Z)A*  =  p ; .  • . 
log  A  =  J  [log p— log  (m— 3)].  B«  =a«  in  T.  II. 


I     . 


—120— 

The  accuracy  of  the  work  may  be  tested  by  the  formula,  log  A'  =  ^logg 
— log{2  +  2m)]  =  T.87678151,  the  value  obtained  above  being  r.87678162 

The  equation  y^  — f^^y+yf^*^  =  0  has  3  real  roots  and  may  be  solved 
by  the  old  table.  In  general,  if  the  exponent  of  the  literal  part  of  the  ab- 
solute term  be  \  the  exponent  of  the  like  literal  part  of  the  term  containing 
the  Ist  power  of  the  unknown  quantity,  the  present  method  will  solve  the 
equation.  Thus  such  equations  as  a;^±Ja"^ar±|-a  =  0,  or  as  x^±.^^'x± 
^^a^"^"  =  0,  are  easily  managed.     Also  such  as  . 

^/ll.iriS        V23.V27  _ 
■"|/16.i/19    ""V26.»V29 
offer  no  difficulty. 

Considering  the  table  previously  furnished  (see  p.  79,  Vol.  V)  as  No.  I, 
we  designate  the  foregoing  tables  as  Nos.  II,  and  III.  No.  II  is  calcula- 
ted by  the  formula  3  log  (3  -m)— 2  log  (2+2m);  No.  HI,  by  the  formnla 
3  log (m— 3)— 2  log  {2+2m).  In  No  II,  i>  is  — ;  in  No.  Ill,  p  is  + ;  and 
in  both  cases  there  are  two  imaginary  roots. 


Another  Solution  op  Prob.  435  (see  p.  94),  by  R.  J.  Adcock.— Let 
m'  =  the  number  of  points,  arranged  uniformly  in  any  manner,  on  a  unit 
of  surface,  then  m  =  average  number  on  a  unit  of  length.  The  number  of 
bases  3fiV^(see  figure  on  p.  94)  on  chord  AB  equals  the  number  of  positions 
of  two  points  on  AB,  =  \n^AB^  =  |mV  =  2f/iV'sin*tf.  (Math.  Monthly, 
No.  1,  Vol.  I.)  Hence  the  total  number  of  triangles  with  bases  on  Ah  is 
2m'f*'8in'l?  x  ;rmV  =  27rm*r*sin'tf. 

While  AB  passes  through  the  number  of  positions  wrrf.cos  fl,  the  number 
of  triangles  on  it  will  be  2;rmVsinWd.  And  it  will  be  in  all  its  positions 
while  d  changes  from  0  to  ;r.     Hence. 


/ 


2;rwi«r«sin»«dl?  =  2m«r6(  —  ^sin*^  cos  9  —  ?cos  (?)+  C  =  f  ttiii^W 

0 

=  number  of  triauirles. 


The  numl)er  of  constant  bases  MN  =  y,  on  AB  is  m(o— y),  and  their  sum 
is  m{c — y)y.     Hence  the  sum  of  all  bases  on  -45  is 


/. 


vi^{c — y)ydy  =  \m'^c^  =  ^m^r'^sin^ff. 

0 

Now  \m  multiplied  by  the  square  of  perpendicular  to  AB  from  any  point 
in  the  circumrercnce  equals  sum  of  altitudes  in  that  perpendicular.  There- 
iore  the  sum,  of  all  altitudes  of  ea  -h  triangle  havint^  base  on  AB,  \{vii?'^it) 
multiplied  by  the  sum  of  the  two  volumes  descrilied  about  AB  as  an  axis 
by  the  two  segments  of  the  circle  made  by  chord  AB ;  that  is 


on  AB.     Hence  §m*r^i;rcos9+2sin  ff 
triangles  on  AB.    And 


um  of  altitudes  for  each  base 
fi5— jsiD»ff)8m3tf  =  8um  of 


C  '  |m  ^r^x 9tn*S  cos  tf-i-2 sin*?— 2fl sin*ff  cos  tf— jsin'tfy? 


avenge  area,  the  88me  ob  ioaad  by  Mr.  Seitz  in  his  correctec!  reault. 
e  Errata,  p.  128.] 


BCOmiDERA  TION  OF  SOL  UTION  OF  PROS.  2-39.  (P.  48,  VL) 


BT  CHAS.  H.  KUMUELL,  D.  S.  COABT  flUBVEY,  WASH.,  D.  C. 

TflERE  were  three  solutions  of  this  problem  published,  the  fini  one  fur- 
Uehed  by  me  and  supported  by  the  Editor,"  the  gecood  by  Mr.  Adcock  and 
Ehli  third  by  Prof.  P.  E.  Chase.  A  thorongh  inveetigatioo  of  the  law 
f  error  in  two  dimensions,  which  I  am  making  at  present,  has  however 
Bwnvinced  me  that  Prof.  Chase's  solution  is  the  only  correct  one.  In  this 
olution,  formula;  are  used  which  Sir  John  Herschel  developed  in  his  Tjec- 
B  on  target  shooting.  The  proof  ho  gives,  though  I  now  admit  it  to  be 
Brfectly  correct,  failed  to  convince  me  of  my  error.  Kecently  I  thought  of 
bveetigating  the  matter  from  a  new  point  of  view,  I  regarded  shooting  as 
Dpouncled  of  two  independent  operations,  viz.,  sighting  and  leveling,  and 
Bsame  that  errors  in  sighting,  i.  e,,  deviation.^  x  from  the  vertical  y-axis 
1  errors  in  leveling,  i.  e,,  deviations  y  from  the  ar-axis  each  lollow  the  or- 
<f  law  of  error,  bo  that  if  e,  =:  mean  error  of  sighting  and  i^=  mean 
r  of  leveling,  then 

'-'Jl  will  Iw  seen,  bj  referring  lo  p.  50,  Vol.  VI,  Ihal  our  "BuppoTl"  of  Mr.  Kointiieira  ■»- 
M  roiufiVianof.  We  ih^re  stated,  and  stilt  assert,  that  the  solution  U  correct  "if  the 
JF  =  «— ""^  reprtseDta  the  relation  between  an  error  and  ita  probability." 
[•Zt  lit  obrioii^  however,  thai,  in  tai^l  ahuoting,  thi?  equation  does  not  represent  that  rcla- 
i;  tot  it  is  apparent,  from  a  mete  statement  of  the  case,  that  the  center  of  the  target  is  not 
%  Hkelj  to  be  liit,  by  any  single  shot,  as  a  contiguous  concentric  circle;  and  hence  a  veTjr 
Uderiation  Irom  the  center,  of  a  lingle  shot,  is  not  themut  probable- — Editor. 
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dx 


«xi/(2;r) 


e    ^  » /  =  probability  of  error  ±  a?  in  sighting,       (IJ 

_d^-{f^2^/)^        «  «      «     ±y  in  leveling,       (J,) 

consequently  ^^  «— («*-*-20— (y*-«-2e,*)  ^  probability  of  hitting  the 

■  point  (a?,  y).   (2) 

I  shall  not  consider  here  the  general  case  any  further^  but  assume,  which 

is  practically  sufficient,  e,  =  c^  =  e.    Transforming  (2)  to  iwlar  coordinates 

by  assuming  a;  =  r  cos  a  and  y  =  r  sin  a,  when  dxdy  must  be  replaced  by 

r  dr  da,  we  have 

-^— er-2^  =  probability  of  hitting  the  point  (r,  a),  (3) 

T  dr         ^' 
and  — --_6"~2£«  =  prob.of  shooting  a  dist.  r  from  center.  (4) 

This  probability  has  a  maximum^  viz,,  if 

0  =  ;^-i^  •'•  ^=*«i  (5) 

which  means,  that  if  we  divide  a  target  record  in  (infinitesimal)  rings  of  eq'l 
width,  then  the  one^  whose  radius  =  e,  will  contain  the  greatest  number 
of  hits.     This  is  then  the  most  probable  shot. 

Integrating  (4)  from  the  center  to  the  distance  r,  we  have,  if  n  =  total 
number  of  shots  and  n^  =  the  number  of  hits  on  circle,  radius  r, 

^  =  1  —  «-^;  .  • .  £  =     ^     ._I__-^.^.  (6) 

n  ^  1/2/ [n-5-(n-n,)]  ^  ^ 

We  have  then  ne-^-n  =  1 — er^,  or  wp  =  0,395  . .  n  =  |^  nearly.  (7) 
If  then  we  count  ^n  shots  nearest  the  center,  then  the  farthest  of  these 
will  be  the  most  probable  shot  nearly ;  and  it  is  obvious  that  this  is  the 
most  accurate  value  of  it  we  can  expect  to  obtain  by  simply  counting  shots, 
because  shots  at  this  distance  will  be  nearer  together  when  revolved  on  the 
same  line  than  anywhere  within  or  without. 

Herschel  employs  another  quantity  for  comparing  skill  in  shooting,  viz , 
the  radius  of  a  circle  which  should  receive  half  the  number  of  shots.  This 
circle  I  call  the  even  chance  circle,  and  if />  denotes  its  radius  we  have  in  (6) 

J  =  «    ^'^         ';  ,-.p  =  ei/{2l2)  =  1.177.. e  (8) 

Eliminating  e  from  (6)  and  (8)  we  have 
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•••''='>/C4f)='>iC-^)-     <'»> 

This  agrees  with  Herschel's  formnJse  which  Prof.  Chase  employs. 

I  abstahi  from  developing  the  more  accurate  formalae  for  determining 
these  constants  from  the  sum  of  the  squares  of  the  distances,  or  from  the 
Bum  of  the  distances  (the  string),  also  in  the  case  of  stray  shots,  and  give  in 
conclusion  the  most  probable  shots  of  the  marksmen  A  and  B.      They  are. 

For  marksman  A,      £„  ==         '  =  5.292. 

For  marksman  B,      e,  =  __-^^^^^  =  4.664. 


Problem  436.--'^Iutegrate  the  equation 

x'^'jf{aydx  -f  bxdy)  =  x*^*y''\a'ydx  +  b'xdy)J^ 

Solution  by  Prop.  W.  W.  Beman. — Evidently  a?""'-!^-*-!  is  an  in- 
tegrating factor  of  the  first  member,  whence  an  integral  o{  x'^y^iaydx+bxdy) 
=  0,  is  log  (ajV)  =  c,  or  a?"y*  =  C. 

The  general  form  of  int^rating  factor  of  the  first  member  is,  then. 

In  the  same  way  we  may  obtaiji  a  general  integrating  factor  for  the  sec- 
ond member,  aj-w-iy-nr-i  ^(a?**^*). 

That  these  two  may  be  equal,  we  must  have 

Let  fipe^jt)  =  (^y*r>  <^(^y*)  =  (^VJ'i  ^  *^^  *  being  indeterminate.    Then 

ajit'+i  y'+i  (ajY/  =  x^+i  y*+i  («•/)*• 
.'.  m''\'ar  =  m-\-a^%y      n'+6r  =  n+6'«/ 

__  a\n — n') — b\m — m')  o(n— n^)— 6(m— mQ 

^ '^bZIab'  '  ~  a'b^ab' 

The  integrating  factor  becomes 

.-.  tT-^ '!f"-^{aydx-\-hxdy)  =  ai^-^  y*'-^{a'ydx+b'xdy). 

Int^rating,  1  aT  y*'  =  -»""  y""  +  C. 

When  a'b  =  cJ)'  the  equation  is  immediately  int^rable. 

This  solution  is  based  upon  that  of  a  special  form  of  the  equation  given, 
found  io  Hoiiel's  Calcul  Infinite'simal. 
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SOLUTIONS  OF  PROBLEMS  IN  NUMBER  THREE,  j 


SoLUTiONa  of  problems  id  No,  3  have  been  received  as  followa: 
From  Prof.  W.  P.  Casey,  437,  438;  Prof.  H.  T.  Eddy,  440;  Pro 
Hall,  440;  E.  H.  Moore,  Jr.,  438 ;  Erueet  G.  Merritt,  438. 

437.  By  Prof.  (hset/. — 'M£,,i4£"  are  two  indefioite  given  straight  lines, 
Csnd  /J given  points  in  them,  and  P  a  given  point  In  their  plane.  Beq'd 
to  draw  through  P  two  straight  lines,  PB,  PD,  intersecting  AE  and  AK 
iu  R  and  8,  respectively,  and  containing  a  given  angle  RPS,  ao  that  t 
SH  may  be  equal  to  a  given  magnitude." 

80LDTION  BV  THE  PROPOSER. 

Let  AE,  AK  be  two  indefinite  straight  I 
lines  given  in  position;  C,  IT,  given  point';  I 
in  them,  and  P  a  glv'n  poiul  in  their  plane;  I 
and  let  PH,  PS  be  drawn  meeting  them  in  f 
R,  S,  BO  that  BC  X  HS  amy  be  =  a  given 
sjiace,  Jl'i  and  the  z  RP8  =  a  given  an- 1 
gle. 

j4»(«/ym.— Join  PC;  it  is  given  in  posi- 1 
tion.    Through  P,  H,  draw  PO,  DHO,  | 
parallel  to  AE,  PC,  respectively;  .-.  O  iw 
a  given  point.     Produce  RP  to  meet  DO  | 
in  N.     Now  RCX  ON  =  PCX  CO  and  h 
therefore  given,  and  RC  X  US  is  given; 
therefore  the  ratio  of  OA' to /TS  is  given.  | 
Angle  RPS  is  given,  .  ■ .  /  NPS  is  given.  I 

Make  Z  OPG  =  Z  NPS,  then  PG  i; 
position  and  6  is  a  given  point.     Make  ^  I 
PGF=  PON=  a  given  angle,  therefore  ■ 

G^ie  in  position,  and  triangles  PON  had  PGF  are  similar,  and  OS 
: :  PO  :  PO,  i.  e.,  in  a  given  ratio,  and  the  ratio  of  ON :  US  is  given, . 
the  ratio  of  OF :  HS  is  given. 

Through  if  draw  UQ  parallel  to  GF,  .•.  HQ  is  \a  position.  VnwST 
parallel  to  HQ,  and  GY  parallel  to  PS,  meeting  SY  in  Y.  Through  Y 
draw  JiYM  parallel  to  AK,  and  through  P  draw  PQ  parallel  to  AK,  ,'■ 
PQ  is  in  position,  and  Q  is  a  given  point.  Join  HY  and  pTodu< 
meet  PQ  in  if  and  draw  HL  parallel  to  PS.    Then  GF=SY=I. 


X  K  is  given ;  heooe  HQ  :  QZ  ia  given  an  J  HQ  is  giveo,  .  ■ .  QZ  is  given 
u)d  Q'ma  eiven  poiut,  . ' .  /  ia  a  given  point  and  and  PZ\b  a  given  line. 
Bot  qzy.  YL  ^  XYxZV,  and  YL  =  GH,  a  given  line,  also  XY=  HS 
=  VP,  .-.ZVx  VP=QZXGH,  a  given  apace,  t,udZP\s  ^Wcn,.-.  V 
ia  a  given  point  and  VH  is  in  position,  hence  PS  \a  in  position  and  so  is 
r  I'Jt,  and  the  problem  is  solved  geometrically. 


4S8.     By  Prof.  F.  H.  Loud. — "Two  equiangular  parallelt^rams,  OA  CB 

1  OA'CB'  are  so  placed  that  the  equal  angles  AOB  and  A'OB'  coin- 

The  sides  of  the  former  figure  are  constant,  those  of  the  latter  are 

mrUble,  subject  to  the  condition  A'O+OS'  :  JO-f  OB  ::  arm  OA'CB' 

I  OACB.     A'C  meets  BC  in  D,  and  B'C  meets  AC  in  E.     Show 

t  DE  [)asscs  through  a  fixed  )>oiut,  and  delertiiine  the  point," 


-*,i,.„r. 

la  of  rl.t 
I  C,  n..,l 

iiV 

EttNl-> 

ITO.  UEBRl- 

IT,  C1HNEI.I 

.  UNIV.,  ITHACA,  N.  Y. 

1 

|H 

B 

MM 

lof  (-"  Ik 

^  aj'aini 

hvn,   troiji 
tondilioii- 
eprolileni. 

■ 

1 

Ml 

a +6^ 


«'y' sin  JOS  :  uisin  AOS,- 


■  (a+t)xy  =  «*!■='+/), 


{a-\-b)r' 


(2) 


e  coordinates  of  D  are  (o,  y'),  and  of  E,  {x',  b).     Substituting  in  tlie 
piiatioD  of  a  line  through  two  points  (Xj,  y,)  and  [!i^,  y,) 


\(o+4)i'- 


=  («  —  !')- 


(») 


EqaatioD  (3)  repreMenta  a  line  passing  through  E  nnd  the  fixed  jwiol 
[ab^{a  +  b),  n6-H{a+6)],  but  it  is  also  the  ecj'n  -.f  the  linei)K  Henc  tlie 
line  DE  passes  through  the  point  P  whose  coordinates  are  a6-T-(a+6)  awl 

Cor,  From  eq'n  (1)  it  ia  seen  that  the  locus  of  Cis  an  hyperbola  whose 
center  is  at  P  and  whose  asymptotes  are  parallel  to  OB  and  OA. 


439,     By  Prof.  Nicholson. — "Solve  geometricaUy  the  following : 

On  a  line  whose  length  is  a  are  two  points  x  distance  apart;  what  is  the 
average  value  of  a?" 

No  solution  of  this  problem  has  heen  received.     It  may  however  readily 
be  solved  as  follows  : 

Let  X  be  any  distance  Ab  ^^  bo,  estimated  I 
from  A(AB=a).     Then  19(0  —  a:)x  =  area 
bBi'c  =  the  sum  of  the  distances  of  the  two 
points,  which  being  taken  (or  all  values  ol  x,  I 
from  0  to  a,  will   represent  the  volume  of  i 
triangular  pyramid  whose  base  is  the  area  ol 
the  triangle  BCD  {D  being  vertically  abovi 
B],  and  altitude,  BA  =  u,  and  is,  therefore 
J'l*.     This  divided  by  la',  the  whole  num.  I 
ol  positions,  gives  Ja  for  the  required  average.  | 

440     SdecUil.—" h.  lamina  is  bounded  on  two  sides  by  two  similsrdN^" 
see,  the  ratio  of  the  axes  in  each  being  m,  and  on  the  other  two  sides  by  tw 
similar  hyperbolas,  the  ratio  of  the  axes  in  eaeli  Ijeing  n.  These  four  curves 
have  their  principal  diameters  along  the  coordinate  axes.     I'rove  that  the 
product  of  inertia  about  the  coordinate  axes  is 
(a--»")(p--f<") 

f^'  are  the  semi-major  axes  of  tlie  curves."     (Koutli's  Itifjii! 
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But  u  =  a?^  +  ni^y^f        v  ==  x'^  —  n^y^ ;  therefore 

SOLUTION  BY  PROP.  ASAPH  HALL. 

The  ratio  of  the  axes  of  the  curves  being  given,  we  may  write  the  eq'ns 

x^  +  m^y^  =,  u;        x^  —  n^y'  =  v. 

The  product  of  inertia  is  given  by  the  integral  fxydxdy^  and  we  have  to 
transform  this  to  the  variables  u  and  v.     The  partial  derivatives  are, 

dx  n^  dx  m' 

Su  ""  2a?(TO2+nay'  do  ~  2a:(m«+n2j  ' 

dy  1  rfy  — 1 

dSi  ""  2y(m2+n«)'  do  ~  2y(m^+n2)  " 

Fonning  the  known  determinant  for  the  transformation  we  have^ 
Cxyd^cdy  =  "^ Cdudv  =  (£=^(^1^. 

linee  the  limits  of  u  are  a?  and  a'*,  and  of  v,  /S*  and  ^''. 


Bek ABK8  ON  "New  Rule  for  Cube  Root." — We  published  on  page 
)8,  No.  3y  what  purports  to  be  a  new  Rule  for  Cube  Rcx>t,  and  were  not 
iwarei  at  the  time,  that  substantially  the  same  rule  had  been  published  be- 
fore ;  and  we  have  no  doubt  the  author  believed  it  to  be  new,  and  original 
srith  him. 

The  same  Rule,  in  effect,  may  be  found  at  page  32,  Vol.  I  of  the  Mathe- 
natical  Monthly,  published  in  Nov.,  1859,  at  Cambridge,  Mass.  The  editor 
[J.  D.  Runkle)  there  says,  "In  the  Nouvelles  Mathe'matiques  for  January, 
1858,  we  find  the  following  method  for  extracting  the  cube  root  of  numbers, 
virhich  ought,  on  account  of  its  easy  application,  to  be  generally  used.  The 
^itor  remarks,  in  the  April  number,  that  the  method  had  previously  been 
given  in  a  work  entitled  Calcul  pratiques,  in  which  it  is  claimed  as  new. 
The  reader  will  find  the  same  procees,  entitled  a  new  method,  in  the  Amer- 
ican edition  of  Young's  Algebra,  published  as  long  ago  as  1832.  It  may 
ilso  be  found  in  some  of  our  arithmetics ;  and  many  teachers  undoubtedly 
already  know  and  use  it.'' 


PROBLEMS. 


441.     By  Wm.  Hoover,  A,  -If.,  Dayton,  Ohio,  — A  cone  revolves  around 
its  axis  with  a  known  angular  velot^ity.    The  altitude  b^ins  to  diminish 
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and  the  vertical  angle  to  increase,  the  volume  being  constant.     Show  that 
the  angular  velocity  is  proportional  to  the  altitude. 

4l2.  By  Prof.  Casey. — ABN  is  a  given  circle,  Z>,  ^and  O  are  given 
points  in  the  same  plane.  It  is  required  to  describe  a  circle  passing  through 
D  and  F  and  intersecting  the  given  circle  in  the  points  6,  Hy  so  that  the 
triangle  GOH  msiy  be  of  a  given  magnitude. 

443.  By  0.  H.  Merrill, — In  cutting  the  maximum  rectangular  parallel- 
opipedon  from  a  frustum  of  a  cone,  five  pieces  are  cut  off.  Find  the  vol- 
ume of  each  of  these  pieces. 

444.  Selected  by  Prof,  H.  T,  Eddy. — Given  the  five  equations, 

yi'+yaHys'  =  3a»,  * 

yi+ya+ya  =  o. 

Eliminate  o^^^s  ^zVzf  ^^^  show  that 
(R  )uth'3  Dynamics,  4th  E  lition,  Article  38.) 
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ERRATA. 


On  page  169,  line  21  (Vol.  VI),  in  the  exponent  of  c,  for  tr  read  oi. 
138,  line  13  from  bottom  (Vol.  IX),  for  6»,  read  63. 
85,  lines  10,  11,  12,  14  and  15,  read  for  exponents  of  z  m  the  last  eqfn 

of  the  several  lines,  respectively,  2,  3,  n,  2,  n. 
95,    "      6,  8,  and  10,  divide  each  fraction  before  /  by  2. 
" ,  line   7,  insert  y  before  dy. 

10,  for  512r«-^-5257r,  read  256r*-*-526ir. 

3,  for  yj,  read  y*. 
23,  for  (2— 2ni),  read  (2+2m). 

4,  for  -=  00,  read  =:  —  00. 
15  from  bottom,  for  }^a,  read  ffa*. 
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102, 
115, 
116, 
118, 


ti 


II 


«( 


11 


II 


11 


119,  at  liead  of  Table  III,  for  — px,  read  -\-pz. 


THE  ANALYST. 


CIRCULAR  COORDINATES. 


BY  PROF.  WTLLIAH  WOOLSEY  JOHNBOK. 

By  an  extennion  of  the  idea  of  the  "position  ratio"  of  a  point,  refer- 
to  two  fiindamentet  poinle  A  and  B,  any  point  in  a  plane  may  be  deter- 
led  by  the  romplex  ratio  of  its  position  ratio.     Put 
AP 


£P' 


-  p{cas  d  -^  ieiad)  ^  X  -{-  iy; 


(I) 


B.  if  r  and  r'  are  the  lengths  of  the  lines  AP  snd  BP,  the  usnal  inter- 
lation  of  the  ratio  of  directed  lines  gives 


and 


:  BPA. 


Tie  real  fjnaDtities  p  and  6  may  be  taken  as  a  system  of  coordinates 
logous  to  the  ordinary  polar  syBtem;  and  x  and  y  may  be  taken  as  a  cys- 

of  coordinates  liearing  to  this  last  system  the  same  relations  [see  eq.  {!)]» 

X  ^  p  cos  S,  y  ^  p  sin  0, 

I  connect  the  ordinary  rectangular  and  polar  coordinates. 

The  locua  of  S  =  a  is  obviously  a  circle  passing  through  A  and  B, 

le  segment  of  which  (say  the  upper  segment  in  Fig.  1)  the  angle  BPA, 

idered  as  reckoned  from  PB  towards  PA,  ia  a,  and  in  the  other  segm't 
lUSt  be  tiikcn  as  negative  and  fl  =  a,  or  else  p  is  jMisitive  and  S  ^  ff  +  a. 
i  locus  of /»^  a  is  also  a  circle,  being  the  locus  lor  which  the  ratio  r-i-r' 
Dnalant,  that  is.  the  circle  described  on  CD  as  a  diameter,  where  Cand  D 

AB  harmonically  in  the  ratio  />.  These  circles  cnt  at  right  angles;  f<T, 
i  {ft  the  centre  of  the  latter,  OA.OB  =  OC  =  OP',  hence  OP  le  tan- 
I  to  the  circle  BAP.  Thus,  in  the  /»  8  system,  a  point  P  Is  determined 
he  intersection  of  two  circles  which  cut  at  right  anglen,  the  second  jwint 
DterHectiori  P',  being  distinguished  Irom  P  either  byregardiog  p  as  d^- 
n  or  by  adding  180°  to  6. 
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3.  If  we  draw  a  tangent 
to  the  ff-rircle  at  A,  8  is  tlif 
inclination  of  this  tangent 
to  the  direction  BA  pro- 
duced. 6  is  iu determinate' 
at  each  of  the  pointa  B  and 
A;  8  =  0  represents  the  in- 
finite circle  through  B  A  ; 
that  is,  tf  ^  0  not  only  on 
the  straight  line  BA,  but  m 
«very  infinitely  distunt  p't. 
/>  ^  0  and  c\3  respectively 
at  A  and  B,  the  point- 
where  8  is  indeterminale. 
/>  ^  1  is  the  equation  of  tht 
straight  line  bisecting  BA 
at  right  angles,  and,  since 
this  is  to  be  regarded  as  an 
in6nite  circle,  ^  =  1  at  ev 
ery  infinitely  distant  point 
We  ehould  however  in  this 

system  speak  of  Ike  pohtt  and  not  tke.  Ihie  al  trijinil^,  and  tbe  ooordi 
this  point  are  p  ^^:  l,  8  ^0. 

4.  If  the  fundamental  point  B  be  removed  to  infinity,  the  S-eit 
comes  a  straight  line  making  an  angle  d  with  the  axis  BA,  and  the 
ultimately  has  A  for  its  centre;  p  becomes  infinitefiinial,  but  tnultip 
by  the  constant  infiuite  factor  r',  we  have  the  ordinary  polar  coordii 

5.  Proceeding  now  to  the  x  y  coordinateB,  the  locus  of  x 
ifl  also  a  circle;  for,  if  the  circle  whose  diameter  is  BA  cuts  r'  \a  B^ 
rcosd;  hence  if 

x  =  piyxd=  -p-   =-gp  (2) 

be  constant,  the  line  BP  bears  a  constant  ratio  to  BR,  and  P  describes  a 
locus  similnr  to  that  of  if,  in  other  words,  a  circle  whose  diameter  u  BX, 
where  X  is  that  point  of  BA  whose  position  ratio  is  the  given  value  of  t, 
since  At  X  x  ^  p  =  AX-t-BX.     Since 

1_,  —  ^^—-AX  _  BA 

BX  BX' 

the  diameter  of  this  ciro 


BX  = 


BA 


-331^^ 


The  loca*  of  y  = 


a  constant  U  also  a  circle ; 
y  :=:  oBin(?  ^ 


(4) 


;  for  let 
AR 
LP 

^coiwtant;  tbra  einct  AR  is  perpendicular  to£P,a  point  iJ'on  BJt  such 

^ABR'  ^  j4ft  will  describe  a  circle  equal  to  BRA  and  touching  BA; 

<9,  SP  having  a  constant  ratio  to  BR',  P  will  describe  a  aimtlar  curve. 

■  ihls  urcle  cut  the  jierpendicular  tn  BA  through  B  in  Y,  eq'o  (4)  gives 

AB 

BY' 


y  =  - 

•  the  diameter  of  this  circle  is 


BY  =^  =  t.  (6) 

y       y 

-  and  y-circl«s  cut  at  right  angles;  thus  the  z  y  coordinates  detet- 
9-B  point  afi  the  variable  intersection  of  two  circles  which  cut  also  in  the 
1  twiitt  B.     When  B  is  removed  to  infinity,  the  arcs  PX  and  RA  be- 
Pltniglit  lines  perpendicular  to  BA,  and  PB,  a  straight  line  parallel 
%SAf  (he  values  of  x  and  y  vauiah,  but  being  multiplied  by  the  infinite 
lor  r",  become  RP  and  AR  [equations  (2)  and  (4)]  which  are  now  ordi- 
f  reciangular  coord inatea. 
I'S.     Negative  values  oCj  correspond  to  points  within  the  circle  i  =;  0,  or 
■  flO",  whose  diameter  ia  AB.     a:  =  1  is  the  equation  of  the  perpeodic- 
r  BY,  but  X  =  1  also  at  every  infinitely  distaut  point;  the  coordinates 
f  the  "point  at  infinity"  are  x  ^  I,  y  =  0. 
I  7.     If  we  put  1 — X  ^  Xj,  equations  (3)  and  (5)  become 

''  =  m-  "=  h'  **' 

J  the  coordinates  [x^ ,  y)  are  ihe  recipnwals  of  the  diameters  of  the  circles. 

ropping  the  suffix,  1  =  0  and  y  ^  0  now  represent  the  rectangular  axes 

hersecting  at  B,  but  their  iuterseclion  is  not  the  jwlnt  (0,  0),  since  the  p't 

L  y)  is  dfiined  us  the  variable  intersection  of  the  circles,  which  is  now  the 

int  at  infinity. 

\h.     It  is  evident  that  P  is  the  foot  of  a  perpendicular  from  B  upon  XY; 

lod  y,  the  reciprocals  of  the  intercepts  upon  the  axes,  are  Dr.  Booth's  tan- 

^Ual  coordinates  ot  this  line,  and  they  are  the  ordinary  rectangular  coor- 

lates  of  the  pole  of  this  line  wiih  respect  to  B,  which  is  the  inverse  point 

■  J',  B  being  the  centre  of  inversion.     In  fact,  if  x',  y'  are  the  rectangular 

Inates  of  P  we  have  x'.BX=  BP*  =  z"-|-y",  and,  comparing  with  (6), 

(8) 


iB"-t-y' 


I  and  similarly  y  =    -y,-     -^, 


which  are  also  the  relalioM  between  the  ooordinatcs  of  inirene  pointL  TbtM 
tlie  circubr  coordinates  of  P  are  the  rectangnhu^  cuordinatea  of  the  invene 
point* 

9.  It  follows  that  the  equation  of  a  curve  in  circular  coordioaleB  is  the 
same  as  that  of  its  inverse  in  rectangular  coordinates.  Thon  the  equation  of 
the  firvt  degree  in  circular  coordinates  may  be  written  in  the  fonn 

fnx  +  mf  +  e  =  0; 
the  corresponding  rectangular  equation  is 

showing  that  the  locus  is  a  circle  passing  through  B^  and  making  BA  aa 
angle  whose  tangent  is  — {n-irm).    On  the  other  hand,  the  equation 

*^  +  y*  +  w*  +  wy  =s  0 
in  circular  coordinates  is  the  general  equation  of  the  sraight  line  not  pamog 
through  B;  while  the  general  equation  of  the  circle  retains  the  same  fimi 
as  in  rectangular  coordinates* 

10.  Let  us  now  suppose  that  the  position  of  P  is  determineil  not  simplj 
by  its  position  ratio,  but  by  the  ratio  of  its  position  ratio  to  that  of  a  third 
fixed  point  Q  referred  to  A  and  B,  that  is,  by  the  anharmonic  ratio 

PA  _  AP.AQ 
B  Q~  BP'  FQ' 

Denoting  as  before  the  position  ratio  of  P  by  pe^  ^  and  denoting  t  at  of 

Q  by  />«t^«,  we  have  for  the  value  of  thb  expression^ 

P  A  ^   p^i(9'^.)  _  g  +    ty 

B  Q"^  p^^  flJo+W 

and  if  we  put 

I  ^  =  Re^  =  Jf  +  iY, 

it  is  evident  that  the  locus  of  i2  =  constant  and  of  9  =  constant  are  circles 
of  the  />-  and  ^-systems  respectively,  but  12  is  a  fixed  multiple  of  the  ratio 
of  the  lengths  of  ^P  and  £P,  and  6  is  the  angle  between  the  tangents  at 
A  of  the  circles  APB  and  AQB. 

Since  X+iF  =  ?-  +4^  =  ??o_+»yo  =  jy^g-^o 

^o-i-»yo      V  +  yo       V  +  yo 

the  locus  of  jr=  a  constant  is,  by  §  9,  a  circle  passing  through  B  and  touch- 
ing at  that  point  a  fixf  d  line  which  makes  with  BA  the  angle  whose  tang't 
18  — [xq  -t-  yg).  In  like  manner,  the  locus  of  F  =  a  constant  is  a  circle 
which  touches  at  £  a  line  inclined  to  BA  at  an  angle  whose  tangent  is  y^ 
-T-aTg ;  that  is,  a  line  perpendicular  to  that  touched  by  the  Xcircles.  Fur- 
thermore, a  linear  relation  between  A' and  Y  is  equivalent  to  a  linear  relation 
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nco  X  and  y  and  repvesents  a  circle  j>assnig  through  B.  In  fact,  the 
A'  y  beirs  to  the  system  z  y  the  same  relations  that  connect  two  or- 
ry  rectangular  tyBtema  with  the  snnie  origin,  to  which  systenis  indeed 
reduce  when  B  is  removed  lo  infinity, 

I,     Four  points  on  the  same  circle  have  a  real  anharmonic  ratio.     In 

icular  the  anharmonic  ratio  of  tlie  section  of  AB  by  PP'  in  Fig.  1  is 

The  points  P,  P'  are  therefore  harmonic  conjugates  with  respect  to 

B,  and  reciprocally  A,  B  are  harmonic  conjugates  with  respect  to  P,P'; 

18,  when  two  circles  cut  orlhoyonuUij,  the  polnta  in  which  a  iliamela-  of 

[CuU  (he  circtnnference  of  ihe  other  are  harmordc  canjupalet  wilh  respect  to 

oinia  of  iTJicrsection. 

I.     Th«  harmc 

!  of  points  ^B.CZ*  I 

bIho  the  following! 

erty  analngoue  (o  a 

erty  of  the  ha r- 

Ic  range;  viz.,  if  Ol 

ie  middle  point  o/l 

OCand  ODmakfM 

I  angles  with   OA  I 

OC.OD=  0A\ 

I.     If  three  circ/fsl 

McA  other  orlhogo- 

^.ftSiD  Fig.  2,  rAeiVl 

%l»  of  intersect  Ion  I 

threepairgofpoinfg  AB,  CD  and  EF each  of  which  ia  a  /lair  of  har- 

jlie  conjugates  wilh  respect  to  either  of  the  other  pairs;  for  the  centre  of 

"rcle  ie  on  the  radial  axis  of  the  other  two. 
in  the  same  figure  the  position  ratios  of  Cand  £,  with  respect  to  ..4 £, are 
tl  in  modulus  and  their  arguments  differ  by  90°,  hence  their  ratio  is  i 
i  thefiix  anharmonic  ratios  of  four  points  thus  situated  being 

.,  -».  1+*.  -2~'  -2-'  ^-^- 
The  real  anharmonic  ratio  of  four  jwints  on  the  circumference  of  a 
iile  is  the  same  as  the  anharmonic  ratio  of  the  pencil  formed  by  joining 
points  to  any  point  of  the  circumference,  a  property  by  which  the  an- 
ionic ratio  of  four  points  on  a  circumference  is  generally  defined.  But 
obarmonic  ratio  of  the  concycHc  points  is  not  the  same  as  that  of  the 
U  formed  by  joiaiog  the  points  to  an^  point  as  in  the  case  of  the  recti- 
;  but  it  is  to  be  noticed  that  when  the  radius  of  the  circle 
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becomes  infinite,  any  finite  point  may  be  r^arded  as  at  an  infinitoBimal 
tance  from  the  circumference  relatively  to  the  infinite  radius. 

16.  There  is  a  special  case  of  the  complex  anharmonic  ratio  which  is 
worthy  of  notice,  in  which,  as  in  the  case  of  the  harmonic  ratio,  there  are 
less  than  six  different  values  of  the  anharmonic  ratio.  In  the  harmonic  ra- 
tio, there  are  in  fact  three  difierent  values,  viz  ,  — 1,  2,  and  },  the  first  of 
these  numbers  being  its  own  reciprocal,  the  next  being  (in  the  nomenclataie 
of  my  articles,  Analyst  Vol.  IX,  p.  185,  and  Vol.  X,  p.  76)  its  own  con- 
jugate, and  the  third  its  own  complement.  The  only  other  case  in  which 
there  are  but  three  difierent  values  is  that  of  1,  0,  and  oo,  which  cocun 
when  two  of  the  four  points  are  coincident.  In'  the  case  in  question  how- 
ever there  are  but  two  difierent  values,  namely  J  ±  i*V3>  each  of  which  is 
at  once  the  reciprocal,  complement  and  conjugate  of  the  other.  If  the  fun- 
damental points  Af  B  and  C  are  given,  two  points  P  and  P'  may  be  found 

such  that 

PA  ,  P'A 

BC  "^  BC 

shall  have  these  two  values,  and  then  each  of  the  anharmonic  ratios  of  the 
points  ABCP  or  ABCP'  will  have  one  of  the  two  values,  so  that  the  inter- 
change of  any  two  points  of  the  four  has  the  same  efiect.  Since  for  these  val- 
ues, which  are  e±i»'*',  i2  =  1  (see  §  10)  />  =  />o ;  hence,  denoting  the  sides  of 
the  triangle  by  a,  6,  c  and  the  distances  from  P  to  the  vertices  A^B^  C  by 
a',  6'  and  c',  we  have  aa'  =  bb'  =  ce' ;  and,  since  S  =  di  J?r,  the  difference 
between  the  angles  BCA  and  BPA  (reckoned  in  the  same  direction),  QAP 
and  QBP,  etc.,  is  in  each  case  equal  to  60°. 

If  ABC  is  an  isosceles  triangle,  P  and  P'  are  on  the  bisector  of  the  angle 
opposite  the  base.  If  one  of  the  angles  of  the  triangle  is  60°  or  120°,  one 
of  the  points  is  on  the  side  opposite  this  angle;  but  if  the  triangle  is  equi- 
lateral this  point  is  at  infinity,  the  other  being  the  centre  of  the  triangle. 


ON  THE  DIVISIBILITY  OR  NON-DIVISIBILITY 

OF NUMBEBS  BY SE VEN. 


BY  ALEXANDER  EVANS,  ESQ.,  ELKTON,  MARYLAND. 

The  test  for  divisibility  by  seven  has  been  considered  in  relation  to  the 
number  of  digits  composing  the  dividend :  As  "for  two  or  three  figures; 
for  three  or  four  figures ;  for  five  figures ;  for  five,  six,  seven  or  more  figures* 

A  writer,  after  so  treating  the  subject,  says,  "the  various  tokens  of  seven 
are  not  so  difficult  to  remember  as  at  first  may  appear". 
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In  the  examples  of  the  proceeses  of  Arithmetic  and  Algebra,  by  the  Soci- 
ety for  the  Diffusion  of  Useful  Knowledge,  the  author,  at  page  two,  says, 
division  by  seven  is  ''according  to  no  rule  sufficiently  simple  to  be  useful." 

The  writer  of  this  article  submits  the  following  rule: 

Multiply  the  right  hand,  or  units  digit,  by  nine,  and  deduct  this  product 
from  the  remaining  digits,  treat  the  remainder  in  the  same  way,  multiply- 
ing its  units  digit  by  nine  and  deducting  the  product  from  the  remaining 
digits,  until  a  number  is  arrived  at  which  is  evidently  divisible  or  not  divisi- 
ble by  seven ;  according  as  the  one  or  the  other  occurs  the  original  number 
isi  or  is  not  divisible  by  seven. 

Examples. 


1.         2121 

9    =1X9 

27       =  3X9 

7 

Hence  2121  is  divisible  by  7. 


13433 
27 

1316 
54 

77 


=  3X9 
=  6X9 


Hence  13433  is  divisible  by  7. 
This  process,  though  only  given  as  a  rule,  and  not  for  its  practical  use- 
fulness, is  often  easier  when  ''working  in  the  head"  than  the  direct  method. 


99009 
81 

SSTF 
81 

900 

3 


=  9X9 
=  9X9 


Hence  99009  is  not  divisible  by  7. 

If  12  be  used  as  a  multiplier  instead  of  9,  then  the  above  rule  becomes  a 
test  for  divisibility  by  11.  Also,  22  is  the  multifilier  and  test  for  divisibilisy 
by  13;  and  39  is  the  multiplier  and  test  for  divisibility  by  17, 

It  will  be  observed  that  the  kast  test  multiplier  has  not  always  been  used; 
this  is  because  the  least  does  not  always  lead  quickest  to  the  result 

For  divisibility  by  every  prime  number,  test  multipliers  may  be  found. 
A  list  extending  as  far  as  43  is  given  below. 


For  divisibility  by    7, 

U                     il 

"  11, 

i€               a 

"  13, 

il              It 

"  17, 

ti             ti 

"  19, 

it              ti 

«  23, 

u               tt 

"  29, 

if        •     a 

«  37, 

tt              tt 

«  43, 

test 

multipliers^ 

2 

;    9 

;  16,  <&c. 

it 

li 

;  12i 

;  23,  Ac. 

tt 

9, 

;  22; 

;  35.  <&c. 

tt 

5, 

;  22; 

;  39,  <<fec. 

tt 

17; 

;  36; 

;  55,  An. 

tt 

16; 

;  39; 

;  62,  &c 

it 

26; 

;  55; 

,  84,  Ac 

tt 

11; 

;  48; 

;         &c. 

tt 

30: 

;  73; 

&e. 

For  an  art.  on  this  subject  by  Prof.  Brooks,  see  Analyst,  Vol.  II,  p.  129. 


^ 
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DIFFERENTIA  TION  OF  EXPONENTIAL  AND 
LOGARITHMIC  FUNCTIONS. 


BY  WILLIAM  T.  JORDAN,  WATEKYILLE,  MAINE, 

To  differentiate  y  =  e'.  (1) 

y  +  dy  =  e^  =  e.^.  (2) 

Now  eP  =  1,  and  as  dx  is  infiDitesimal,  ^  will  be  but  an  infiniterimal 
greater  than  f^  and  as  a;  is  our  variable,  ^  will  be  written  1  +  cb;  •*. 

^  =  1  +  di,  (8) 

Substituting  this  value  of  e^  in  (2)  we  have 

y  +  dy  =  e*(l  +  di)  =  e*  +  edx.  (4) 

Subtracting  (1)  from  (4),  we  have 

dy  =  e'da?.  (6) 

To  differentiate  y  ss  a'  with  reference  to  the  Napierian  system^  we  have 

a  =  c»  V.  (6) 

Substituting  e^**V  for  a  from  (6),  we  have 

y  =  €io«^ «.  (7) 

Differentiating  as  above  we  have 

dy  =  c^^^-'log.ada?;  (8) 

but  a  =  «*  V,  .  • . 

dy  =  a'log^adx.  (9) 

To  differentiate  y  ^=  a'  (10)  with  regard  to  any  system.  We  have,  if  f 
be  the  base  of  the  system,  a  =  e^^**^^'^"*.-  Substituting  this  value  of  a  in 
(10),  we  have 

y  =  e^V^^..  (11) 

Defferentiating  as  before,  we  have 

dy  =  e<»^^*"5-^'%(log.ada?)-&-m..  (12) 

Nowa  =  €<^V^"^"*.;  .-. 

dy  =   ^^y^.  (13) 

To  differentiate  the  logarithm  of  a  variable,  let  y  =  t^,  therefore 
^  a?  =  logj^;  r.iix  =  d(log.y).  (14) 

Now  dy=^e'dXf  .*.  from  (14)  dy=ydx;  •'.  dx^^dy-^y^  but  (2r=s<f(logjf)i 

.•.d(log.y)  =  l^.  (15) 

Let  2;  be  the  base  of  any  aystem,  then  logj^  =^s(Iog«y),  •  *  •  c/(1c^^)s:fli 
X  (log«y), . ' .  cf(log^)  =  m«(dy-^),  the  differential  of  a  logarithm  in  any 
system. 


1 
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INTPORATION  BY  AUXILIARY  INTEGRALS. 


BY  WERNER  A.  6TILLE,  PH.  D.^  HIGHLAND,  ILL. 

[Oontinaed  from  page  114.] 

Wb  have  seen  that  all  (or  nearly  all)  the  int^rals  contained  in  the  larger 
(X>lleetion8  may  be  found  with  far  less  labor  than  by  the  methods  of  the 
books  when  simply  employing  the  ordinary  primitive  int^rals  as  auxilia- 
ries, in  our  present  sense  of  the  word.  When  the  integration  of  a  function, 
do  =  f(x).dx,  is  required  we  take  for  auxiliary  such  primitive  function  du 
s=  f{x),dz  as  may  appear  most  suitable,  then  w^  form  the  expression  dv-r-du 
in  terms  of  u  and  integrate,  thus  finding  v  in  terms  of  u.  Now,  our  new 
primitive  int^rals  were  devised  for  the  purpose  of  enlarging  the  range  of 
int^rable  functions  and  to  facilitate  the  intention  of  iunctions  already 
otherwise  iut^rable.  This  latter  remark  applies  also  to  that  class  of  func- 
tious  known  as^'binomial^'  which  we  have  thus  far  only  slightly  touched  upon 
and  which  by  means  of  our  method  become  integrable  without  the  laborious 
process  of  rationalization  and  decomposition  into  partial  fractions. 

When  a  binomial  is  proposed  for  int^ration  it  is  convenient  to  employ 
different  auxiliaries,  varying  with  the  nature  of  the  constant  quantities  oc- 
curring in  the  proposed  iunction.  For  illustration,  let  it  be  required  to 
int^rate 

or* 
Here  it  is  convenient  to  take  the  auxiliary 

.-.-^  =  1— 8in6u;  oosSu   =  -^i/{2ai'—l); 

X  X 

dv         2a?«— 1  OK 

.••  -r-  =        ,^      =  cos^Su: 
du  «*•  ' 

V  s=  fcoB^budu 

the  integration  of  which  needs  no  further  remark.    Again,  let  it  be  required 
to  integrate 

J  dx 

^^  =  — mj    A 5"Tr* 

»«(»*  — Ijf 

Here  we  take  for  auxiliary 
du  =  —^——;  .-.urrrjarctgi/la;*— 1);  ••.«  =  sec2tt, 


/ 
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rcoB32u- 
•/8in»2u     ' 

which  is  int^rable  without  any  difficaltj. 

If  we  wished  to  extend  the  ordinary  reference-tables  of  int^rals,  so  as  to 
give  new  forms,  one  mode  of  so  doing  would  be  to  write  the  same  integnb 
contained  in  the  tables  in  terms  of  our  own  variables  by  substituting  oar 
variables  for  z*  One  example  of  this  kind  will  suffice.  Take  the  well 
known  integral 

/du  1  ^  /6+acostt\  ,  f^i|x 
i =  —rrm — rsrarccos  I— ^ ).  {a'>6'.) 
a  +  6.costt        i/(o2— 62)            \a+bQ08u)    ^  ' 

Now,  putting  u  =  — arcsinj/[(l — «^)-^(lHra?^)], 
do  =  ^2.dr 


••/ 


l/2.dx  1 


'  =  /; 


[ai/(l+a?2)+6aji/2]i/(l— a?*)         V(a»— 6«) 

xarccos  Fb  Va+^')+^^n. 

A  great  variety  of  new  forms  of  integrals  is  obtained  by  the  substitution 
of  such  forms  as  X;  tg  f ,  1  +  ib  tg  f ,  i/  (1  +k  tg  f ),  &c.  for  the  variable  x  in 
those  integrals  belonging  to  the  goniometric  types.  Thus  take  the  ordin- 
ary primitive  form 

*      dx  •  • 

w(i—x^\  ~  ^^s^**^*  .•.a?  =  siny, 

and  make  x^^higip^  then 

ooi»fl/(l— P.tg^f)  ~  J  7[(l-Jt»)+2cos2^+(P+l).oo8"2fJ 
Putting  cos  2^  =  < ;  .  • .  2df  =  — [€tt-^i/(l— <*)],  we  have 

y  =  -/tti +oi/[(i-^+ ^ + (Jt^+ m  ^  ^«^°(**«<^) 

=  arc  sin  ^  ifc  V[(l— «)h-(1+^)]  }. 

This  formula  may,  of  course,  be  used  as  a  primitive  or  auxiliary,  and  it  is 
easy  to  develop  by  means  of  it  a  great  number  of  new  int^rals.  The  sim- 
plest method  again  would  be  to  express  in  terms  of  t  any  integral  known  in 
terms  of  y. 

Treating  in  the  same  way  any  of  our  primitive  forms  we  arrive  at  the 
corresponding  new  forms  which  in  their  turn  may  be  employed  aa  anxilii- 
ries.    As  an  example  of  the  kind^  take 
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^  =  77. 


°"  ;  .'.y  =  ^taKtgi/{l+x)',.'.2+x=     ^ 


Patting  a?  s  X;  tg  ^y 

kdip k  d<p 

co8Y(2+*tgf)|/(l+itgf)      (2oo8f+i8inf)i/(coB'+*8iiifocii6f5 
d  thisy  putting  ooe  f  =  ^,  gives 

lich  equation  may  be  used  as  an  auxiliary. 

Another  fruitful  method  of  finding  new  integrals  is  the  oombination  of 

r  elementary  forms^  so  as  to  express  the  one  in  terms  of  the  other.    As 

example  take 

/dx  1  .      II — x^ 


2xdx 


d  compare  it  with 

dv  _  1 


=  arc  sin  re*;  r .  x^  =^  sinu; 
1 


2x1/(1  +  x^)        2|/(8in  tt)|/(l+sinu) ' 
d  comparing  this  again  with 

(j^Y  =  —sinu;  .-.  i/(8inu)  =t  (jqi^)*'  ^*  ^°** 

1    /«  eft 

»  =  1  .__        _ 


(,+.,^a-nfj=-J)Jri-(|^)i] 


<ft 


A  great  number  of  new  integrals  are  found  by  the  differentiation  of  such 
nations  as  y  =  arc8in(Gur^+&a;l)y 

y  =  arcsin(oa?~^+6a?i), 

y  =  arcsin(oa?""^+6a?'^+crt), 

&C  &C.  &C. 

d  then  using  the  int^rals  so  found  as  auxiliaries. 


4 

— I40U- 
LA  W  OF  RANDOM  ERRORS. 


BT  B.  J.  ADCOCKy  BOfiEVIIiLE,  ILLIN0I8, 

Let  the  anknown  error  in  position  of  one  meMored  determination  of  a 
point  in  space  be  d^  then  the  point  sought  may  be  anywhere  on  the  sor&oe 
of  the  sphere  whose  centre  is  the  observed  point  and  radias  i.  Therefore^ 
by  the  definition  of  probability^  the  probability  that  any  point  on  this  snr- 

&oe  is  the  one  sought  is  7—^1  where  m  is  the  number  of  points  on  a  unit 

of  surfiuse. 

Since  then  each  random  error  gives  a  number  of  liable  positions  propo^ 
tional  to  its  square,  therefore  the  probability  that  any  one  of  the  total  num- 
ber of  liable  points,  resulting  from  n  measured  determinations  of  a  point  in 
space,  is  the  one  sought,  is 


y  = 


where  8(jP)  is  the  sum  of  the  squares  of  the  random  errors  belonging  to  tbe 
n  points  given  by  measurement  or  observation.  Hence  of  all  points  result- 
ing from  the  n  unknown  errors,  that  which  has  the  greatest  probability  is 
the  one  which  makes  8(!P)  a  maximum,  that  is,  it  is  at  the  centre  of  gravity 
of  tbe  given  points,  and  its  probability  is 

_  1 

where  S{d^^  is  the  sums  of  the  squares  of  the  distances  from  the  given  p'ts 
to  their  centre  of  gravity.    Hence 

where  a?,  by  problem  200  (Analyst,  Vol.  V,  page  91),  is  the  distance  from 
any  one  of  the  4;rmS(^)  points  to  the  centre  of  gravity  of  the  n  observed 
points,  and  y  is  the  probability,  frequency  or  density  of  errors  at  magnitude 
X.     Hence 

where  z  is  the  number  of  errors  included  by  x.    Hence 


V 
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From  the  similar  triaoglea  OfB  and  CAN 

±  =  __?+y_,  or  aV-ay  =  a*m'+2am^+my, 

m  ,/(c>— y') 

whence  (in'^o*)a'+(m*-f  a*)y'+2am*y  =  0. 

Sabstituting  the  value  of  ^  from  (1)  we  have 

(m'— c*)o»-f  (m'+o')(-— rV  +2am'(^-n)  =  0, 

or  (m*— c*)a'+(m'+a*)  (/.-'— 2aifcn4-aV)+2a*m'(/:— an)  =0, 

which  by  expansion  and  reduction  becomes 

{m'-t-n'— c*K— 2n(*+mV+['nV+2A)+(f]a*— 2faitR'a+ifcS»*  = 
from  which  to  find  a. 

Note. —  This  problem  has  been  known  in  schools  under  the  fbtldl 
form.  A  tree  of  known  height  n,  standing  oo  a  side  hill,  was  brokea  fl 
by  the  wind,  and  while  still  clinging  to  the  stump  its  top  touched  the  g 
at  a  distnce  a  from  the  foot  of  the  stump.  The  perpendicular  distanced 
the  foot  of  the  tree  to  the  broken  over  part  was  measured  and  found  b 
m;  required  the  height  of  the  stump. 


Demonbthation  of  the  Theobem  op  Apollonius  and  I 
CAL  BY  W.  E.  Heal. — 1.     I^et  ODD'O'  \»  a  quadrilateral; 
taken  in  opi-oeite  eidea.     The  diagonals  of  I 
the  quadrilateraU  ODD'O',  ODP'A,  0'-\ 
D'P'A  intersect  in  p'ta  that  lie  in  a  strai'i 
line,  CRC. 

2.     In  any  quadrilateral  AB'RS  let  a  p'l 
B  be  joined  to  two  opposite  vertices,  j4.  fi.  | 

The  lines  DD',  OC,  O'C  joining  the  inteiitw.tnm  ol  oppuwiie  nidae 
original  quadrilateral  and  of  the  two  derived  quadr'Is  meet  in  a  point,  J 

To  prove  1,  produce  D' D.  O'O  to  meet  in  P.  The  lines  ABCD,  PD^ 
cutting  the  pencil  A  OD  give  lABCD]*  =  IPD'FD^.  The  lines  PD 
cutting  the  pencil  A O'D' give  [Pi>'P'/>]  =  lAD'C'B'] ;  .-.  [/IBC 
lAD'CB'l  The  poiote  A,  B,  C,  D;  A,  R,  C,  U  having  the  same  a 
ratio  and  one  point,  A,  cammon,  the  lines  BU ,  CC',DB  joining  tbe  ( 
corr.  points  meet  in  a  point  R;  .' .  C,  R,  C  are  in  the  same  straight  1 

To  prove  2,  join  R,  A.     The  lines  ABCD,  ABCD  cutting  the  { 
^flDgive  lABCD^=lADrCB].   The  pencils  OOA  0(7/)' havi 
sameanh.  ratio  and  one  ray  00'  common,  the  intersections  D,P',jy^ 
other  corr.  rays  lie  in  a  straight  line   That  is  DI/,  OC,  O'C  meet  in  tji 

•The  nolMion  [ABCD]  dcnoWa  the  anhannonic  ratio  of  A,  B,  C,  D. 


VSASr  METHOD  OF  COPUTJNG  LOGARITHMS  TO  MANY 
DECIMAL  PLACES. 


BY  WERNER  A.  STILLE,  PH.  D.,  HIGHLAND,  ILL. 

rTHoSE  who  have  had  occaaioQ  actually  to  compute  logarithma  to  10,  12 
vmore  placee  of  decimals  will  have  found  it  a  matter  of  considerable  labor 
men  aay  of  the  IbrmulEB  given  in  the  books  was  cmptojed,  a  task  moreover 
Bereio  nrrora  are  easily  made.  The  following  very  smple  method  may 
i^fore  prove  of  advantage  in  making  these  calculations.  In  all  the  bboka 
ntiag  of  the  subject  of  logaiithms,  bo  &r  aa  my  knowledge  extends,  it  ia 
1  that  the  fundamental  formula 

f  s  not  adapted  to  numerical  fiomputations  except  when  x  is  lesa  than  unity, 
Ebecaofle  for  valuer  of  x  greater  than  1  the  series  is  divergent.  Yet  this  very 
rnriea  ser\'es  our  purpose  best  when  observing  that  Ig  £  =  J^  Ig  (^)  and  that 
I'Jg (a&)  =^  Ig  a  +  Ig  6-  It  will  presently  be  seen  that  for  our  purposes  it  is 
ft  Veil  first  to  compute  the  log.  of  a  few  of  the  first  prime  numbers,  2,  3,  5,7. 

I  begin  therefore  with  Ig  2.    Since  Ig  2  ^  i 'g(^'}  ^^  may  operate  thus: 

Ig  2  =  J  Ig  8,  but 

Ig  8  =  Ig  [lO(i-A)]  =  Ig  10  +  Ig  (1-A). 

k)[Mng  Ig  (1 — ^)  into  a  series  and  reducing  at  once  to  common  log. 

Ig  8  =  1 +»[-(ft)-J(A)'-J(A)'- ■  ■  ■  ] 

rdenoting  the  well  known  modulus,  viz.;  M  =  .434924 . . . 

Int  we  mar  employ  any  other  power  of  2  if  such  suit^  our  purpose,  for 
iDoe  the  10th.     Thus,  Ig  2  =  ^  Ig  1024,  but 
[- Ig  (1024)=  Ig  [1000(1+^1^)]  =3+J/[.024-J(.024)»+J(024)'-^. 
I  To  show  the  working  of  this  method  I  will  compute  Ig  2  irom  this  series 
t»  12  places  of  decimals, 
r  The  eeries  in  parentheses  gives : 

+  .024  000  000  000         —  .000  288  000  000 
.000  004  608  000  .000  000  082  944 

.000  000  001   592  .000  OOP  000  000  031 

+  .024  004  609  592  .000  288  082  944 

—  .000  288  082  944 
.023  716  626  648 
I  is  the  result  of  adding  the  five  first  terms  of  the  series,  for  we  see 
t  the  6th  and  following  terms  have  no  influence  upon  the  12th  decimal. 


This  last  number  most  be  multiplied  by  said  modulus  M.  We  fiud  theiefon^ 

.023  716  526  648 
.423  294  481  903 

.009  486  610  669  2 

711  495  799  2 

94  866  106  4 

4  743  305  2 

2  134  486  8 

94  866  0 

9  486  4 

1  896  8 

23  7 

20J 

.010  299  956  650  4 
Now  adding  the  number  3  and  dividing  hj  10  we  have 

log  2  =  .301029995665, 
true  to  12  decimal  places. 

To  compute  log.  3  we  maj  also  proceed  in  various  ways.  If  convenient 
we  may  now  make  use  of  log  2  already  ascertained.  Thus  we  may  say 
4  X  3>  =  108,  so  that  log  108  =  2  Ig  2  +  3  Ig  3.    But 

log  108  =  log  [lOO(H-Tihr)]  =  2 + if  [Tlhr-i(T*Tr)*+*(dhr)'-  •  •  0 
which  gives  a  rapidly  converging  series.     Or  we  may  operate  thus : 

log  3  =  J  Ig  9  =  i  Ig  [10(1-tV)]  =  i+ilf[-Thr-i(TV)'-J(^)*-.-] 
^  series  compntable  with  but  very  little  labor. 

To  compute  log  7  we  may  operate  thus: 

log98  =  21g7  +  lg2 

log  98  =  log [100(1— yj^)]  =2+lf[— .02— i(.02)«-K-02)»— ...]. 

It  will  of  course  generally  be  advantageous  to  choose  suoh  power  or  pro* 
duct  that  its  value  is  near  10^  100,  1000  &c. 

Now  let  it  be  required  to  calculate  the  log.  of  some  prime  number  betw'n 
10  and  100,  say  of  57.    Taking  67  x  18  =  1026, 

log  1026  ==  2  log  3  +  Ig  2  +  log  67 

log  1026  =  log  [1000(1  +jih)']  =  3+if  [TMir-i(TMir)*+KT«Ty-0 
a  rapidly  converging  series. 

It  is  quite  as  easy  to  calculate  the  log.  of  the  larger  prime  numbers.  JA 
log  2503  be  required.     Multiplying  by  4  we  have  10012. 

log  10012  =  2  Ig  2  +  log  2503 

log  10012  =  log  [10000(1  H-yji^)]  =  4+ Jf[.00012-K.00012)«+..]. 
This  series  converges  so  rapidly  that  three  terms  of  it  give  the  log  true  to 
12  places  of  decimals. 


BY  THE  EDITOR. 

That  any  meridian  plane  of  a  revolving  sphere  will  rotate,  with  respect 
.fixed  plane, around  a  oormal  asiB,  whicK  pierces  the  sphere  at  any  point 

Ita  eurface,  with  a  UDiform  angular  velocity  equal  to  the  angular  velocity 

the  revolving  epfaere  multiplied  by  the  sine  of  the  latitude  of  the  point  at 
ich  the  normal  axis  pierces  the  surface  of  the  sphere,  i»  a  geometrical  truth 
ich  is  wholly  independent  of  any  consideration  of  force  whatever.  (For 
MiionBtration  of  this  proposition  eee  American  Journal  of  Scienct:  for 

B2,  Vol.  Xlli,  p.  212.) 

s  a  consequence  of  the  inertia  of  matter,  a  mass  in  motion,  conatrained 
move  about  a  center,  by  a  constant  force  directed  to  that  center,  will  de- 
p  a  centrifugal  force  which  will  be  directly  proportional  to  the  square 
the  velocity  and  inversely  proportional  to  the  radius  of  the  circle, 
if  we  put  li  for  the  earth's  eqnatorial  radius  and  V  for  its  equatorial  ve- 
ly  per  hour  (sidereal  time),  we  have  for  its  equatorial  centrifugal  force 

a  289'  24  ^  ' 

f  a  velocity  r  be  impressed  upon  a  l>ody,  at  any  point  P  in  latitude  i  of 
.earth's  surface,  the  body  will,  under  the  impulse  of  the  impressed  force 
t  tbe  earth's  gravitating  force,  move  in  a  fiscd  plane  passing  through  the 
ter  of  the  earth  and  therefore  intersecting  its  surface  in  a  great  circle  of 
ich  the  point  P  will  be  the  extremity  of  a  diameter. 
4ow,  in  accordance  with  the  above  proposition,  a  meridian  plane  will,  in 
jqueace  of  the  earth's  rotation,  revolve,  with  respect  to  the  fixed  plane 
m^  P,  about  a  normal  axis  at  P,  witli  a  uniform  angular  velocity. 
lence,  instead  of  supposing  the  moving  body  to  remain  in  the  fixed  plane, 
ire  suppose  it  to  be  deflected  from  its  path  by  the  rotation  of  a  meridian 
Be  around  the  normal  at  P,  it  will  be,  at  every  point  of  its  path,  forced 
bove  with  a  uniform  velocity  at  right  angles  to  a  tangent  at  that  point, 
e  will  be  compelled  to  describe  a  circle,  and  will,  by  the  al<ove  prop- 
ion,  return  to  P  in  the  time  occupied  by  the  meridian  plane  in  making 
rotation  about  the  normal  at  P,  viz.,  24  hours  divided  by  ain  i;  there- 
I  the  circumference  of  the  circle  in  which  the  body  is  forced  to  move  is 
r-i-ain  i,  and  its  radios  is  24v'4-2irstn  ^,  and  because  the  deflecting  or 
ripelal  force /acting  on  the  body  is  to  the  earth's  equatorial  centrifagal 
a  directly  as  the  squares  of  their  velocities  and  inversely  as  their  radii ; 


I 
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or/iT^g^  ::        g^        :    pp;  whence 

/•  _  T^y  24t?  sin  ^  ^2^ 

•^  "■  27ri2  •  ^  ^ 

Equation  (2)  repreBents  the  total  deflecting  force  at  P  which  resultB  fifom 
the  rotation  of  the  tangent  plane  around  the  normal,  and  is  entirely  inde- 
pendent of  the  direction  in  which  the  body  moveSi  provided  the  oentrifngal 
force  of  the  moving  body  corresponds  with  that  of  the  earth's  sur&oe  at  the 
point  P;  but  this  is  only  the  case  when  the  initial  motion  of  the  body  ii 
in  the  meridian  of  P. 

Let  /9  denote  the  angle  between  the  meridian  plane  and  the  initial  direc- 
tion in  which  the  body  moves,  estimated  from  the  south  toward  the  west^ 
then  is  the  centrifugal  force  of  the  earth's  surface  at  P  to  the  centrifugal 
force  in  the  same  orbit  due  the  velocity  v  as  F'  cos^jl  is  to  v^  sin'  )9,  or 

ybS' «>»^  •  ^  ••   ^^  cos«;i :  v^  sin^i 
from  which  we  find 

F=  irhff^^'^P'^cosi  _  Thg^t^^sin^iS 
F^cos^;  ~       F^cosi     ' 

Besolving  F  into  horizontal  and  vertical  components  at  P,  we  find  for 
its  horizontal  component  ^ 

jTf  —  Thy(2^)'^»iP^™'i^  _  24t;  sin'  ^     ^g  24t?  sin  X  .«x 

4;riJ»cos;i  ~  2t:Eco^X  27rR  ^^ 

Adding  equations  (2)  and  (3)  we  get  for  the  total  deflecting  force  at  P 
f4-F'—  /i  .  24v8iD^   ^^g2AvAuX  ,.. 

If  we  suppose  the  point  P  to  be  in  latitude  87^  45'  and  t;  to  represents 
westward  velocity  of  40  miles  per  hour,  the  body,  though  moving  at  the 
rate  of  40  miles  per  hour  relative  to  the  earth's  surface,  will  be  in  a  state  of 
absolute  rest,  and  will  therefore  develop  no  centrifugal  force  about  the  earth's 
axis,  and  consequently  it  will  tend  to  a  state  of  equilibrium  by  moving  to- 
ward the  pole,  or  to  the  right,  with  a  force  repesented  by  the  earth's  ceDtri- 
fugal  force  at  that  latitude  resolved  in  the  direction  of  the  tangent  plane,  i^e, 
with  a  force  =  y|^  cos  ^  sin  X\  this  result  is  obtained  independently  of  any 
consideration  of  the  rotation  of  the  meridian  about  a  normal  axis  at  P,  and 
from  which  there  results  precisely  the  same  deflecting  force  at  that  pointy  as 


—147— 

wn  by  equation  f2).  Hence  equation  (4)  is  true  when  r=  Vcoed,  and  is 
erefore  true  for  all  valaeu  of  p  and  (i. 

If  the  moving  body  be  a  pendulum  suspended  at  P  in  latitude  i,  its  oen- 
fugal  lorce  about  the  earth's  axis  will  correspond  with  that  of  the  point 
,  and  V  in  equation  (3)  will  become  zero,  so  that  in  whatever  direction  s 
ndulum  may  be  vibrated,  its  deflecting  force  will  be  completely  repift- 
Ited  by/  in  equation  (2);  for  the  centrifugal  force  produced  by  the  motion 
the  pendulum  about  its  point  of  suspension  is  always  in  the  plane  of  that 
)tion  and  therefore  has  no  tendency  to  deflect  the  pendulum  out  of  that 
uie;  but  the  velocity  v'  witb  which  the  pendulum  passes  the  point  P,  if 
!erred  to  the  earth's  axis  as  its  center  of  motion,  may  be  substituted  lor  v 

equation  (2)  and  heuce  /  in  equation  (2)  represents  the  whole  of  th«  de- 
Dting  force,  or  reaction,  which  a  penduiuni  vibrating  with  a  maximum 
locity  r'  would  exert  on  the  rotating  meridian  through  P. 
As  Lhe  term  F',  equation  (3),  results  from  the  diSereoce  between  the  cea- 
fugal  force  of  the  moving  body  and  that  of  the  point  P,  about  the  earth's 
is,  If  the  moving  body  be  a  projectile  this  term  will  vanish,  but  in  its  stead 
1  shall  then  have  the  term 


=  ^i^J.^^  V  id^?j 


^'27:R 


that,  at  the  end  of  any  time  t,  the  deflecting  force  will  be 
■^  ~  I  "*"      8in,l      I  2n 


27iit 


(6) 


(6) 


Because  the  second  term  in  the  parentheses  in  equation  (4)  vanishes  when 
l^  =  0  and  the  corresponding  term  in  equation  (6)  vanishes  when  cos^ 
0,  it  follows  that,  for  a  projectile,  the  deflecting  force  is  a  maximum  when 
e  direction  of  the  motion  is  in  the  plane  of  the  meridian,  while  for  a  body 
iving  on  the  earth's  surface,  as  a  locomotive  on  a  straight  track,  the  de- 
sting  force  is  a  maximum  when  the  track  is  at  right  angles  with  the  meri- 
m  through  the  origin  of  the  motion. 

Id  a  paper  on  this  subject  published  in  Van  Nostrand's  Engineering 
igtaine  for  June,  1883,  p.  468,  Mr.  Randolph  says  truly  that,  "While  the 
th  was  in  a  sufficiently  fluid  state  Its  materials  adjusted  themselves  into 
form  of  an  oblate  spheroid  .  .  .  which  is  exactly  that  necessary  to  coun- 
ict  the  tendency  of  a  detached  mass  to  move  on  such  surface  by  virtue  of 
centrifugal  force" ;  but  be  fails  to  note  tliat  the  centrifugal  force  we  have 
leal  with  is  not  Kcosil,  to  which  the  earth's  6gure  is  adapted,  but  K'cosV 
r'sin*^,  the  substitution  of  which  introduces  the  term  F'  as  above. 
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A  URORAL  AND  MA  GNETIC  PERIODS. 


[Bepubliahed  from  the  Scientific  American  of  November  12, 1870.] 

Mes8B8.  Editors  : — In  the  Scientific  American  of  Oct.  22,  jou  quote 
from  Prof.  Langley  the  statementy  that  the  magnetic  needle  moves  reBponsive 
to  the  great  changes  that  transpire  in  the  sun ;  and  that  our  winter  sky  is  lit 
up  by  auroras  more  frequently  when  the  solar  action  is  most  violent.  The 
ftcty  he  says,  is  certain,  though  the  cause  is  still  wholly  unknown  to  sdenoe. 

We  have  Prof.  Langley  for  authority,  therefore,  that  the /oc^  is  established, 
that  auroras  depend  upon,  or  are  in  some  way  influenced  by,  physical  dis- 
turbances in  the  sun,  and  that  the  magnetic  needle  is  also,  directly  or  indi- 
rectly, influenced  by  the  same  cause.  But  how  this  influence  is  produced, 
he  says,  is  wholly  unknown  to  science.  I  may  be  permitted  therefore  to  at- 
tempt a  possible  explanation,  or  answer  to  the  question,  how  do  physical 
changes  in  the  sun  produce  auroras,  and  influence  the  magnetic  needle  on  the 
earth? 

Light  and  heat  are  sensations  believed  to  be  produced  by  vibrations  of  a 
material  substance,  the  luminiferous  ether;  and  from  the  known  phenomena 
of  light  it  is  inferred  that  the  ether  possesses  elasticity  and  inertia  but  not 
gravity.  AVe  may  assume  therefore  the  omnipresence  of  an  inert,  elastic  and 
non-gravitating  fluid,  which  will  necessarily  be  less  dense  within  and  imme- 
diately around  revolving  bodies  than  at  a  distance  from  them;  for,  being 
inert,  it  will,  from  centrifugal  force,  recede  from  the  center  of  rotation  ;  there 
will  therefore  be  a  continual  tendency  to  the  formation  of  an  ethereal  vacu- 
um along  the  axis  of  rotation,  so  that  equilibrium  along  the  axis  of  rotation 
can  only  be  maintained  by  an  in-flowing  current  of  ether  from  the  polar  re- 
gions of  the  revolving  body.  We  have,  therefore,  within  and  about  revolving 
bodies,  not  only  the  phenomena  of  light  and  heat  from  ethereal  vibratory 
motion,  but  also  ethereal  motion  of  translation ;  and  this  motion  of  transla- 
lation  will  always  l>e  outward  about  the  equator  and  middle  latitudes  and 
inward  about  the  poles.  As  the  earth  has  a  tolerably  rapid  motion  on  its 
axis,  we  might,  a  priori,  be  led  to  expect  some  tangible  indication  of  such 
ethereal  motion  of  translation.  Have  we  any  such  indication  ?  I  answer, 
we  have  in  the  phenomena  of  magnetism  and  the  auroras. 

In  order  that  ethereal  motion  of  translation  may  produce  the  phenomena 
of  magnetism  we  assume  that,  though  the  vibratory  motion  of  the  ether  is 
reflected  or  absorbed  by  all  opaque  bodies,  yet  in  its  motion  of  translation  it 
passes  freely  through  most  bodies,  but  the  molecules  of  a  few  bodies,  such  as 


B  irapervioiifl  v 

in  one  direction  and  yet  will  allow  its  fm  transit  In  a  direction  at  right  an- 
gles with  the  iuiptrviouB  axis.  Let  such  a  body  be  freely  suspended,  and, 
u  B  vane  indicates  the  direction  of  a  current  of  air,  it  will  indicate  the  di- 
rcctioD  of  an  ethereal  current  by  its  impervious  axis  assuming  a  position  at 
right  angles  with  the  direction  of  such  current.  We  have  here,  therefore,  it 
poeeible  physical  cause  aufScient  to  produce  the  observed  phenomena  of  mag- 


Ab  obetructions  to  a  current  of  air  will  cause  vibrations  sufficient  to  pro- 
dace  sound,  so  obstructions  to  a  current  of  ether  should  produce  light;  and 
as  ve  have,  at  all  times,  an  in-flowiug  current  of  ether  in  polar  regions,  the 
interference,  which  it  encounters  in  its  passage  through  the  atmosphere, 
ahould,  and  probably  does,  produce  the  polar  lights,  or  auroras. 

Let  it  be  granted  that  we  have  assigned  the  true  cause  of  magnetism  and 
the  polar  lights,  should  we  expect  these  phenomena  to  indicate  great  phys- 
ical disturbance  in  the  sun?     In  attempting  to  answer  this  question  I  will 
asnurae  that  the  ether,  though  imponderable,  is  the  ultimate  state  or  condi- 
tion of  ponderable  matter,  and  that  ponderability,  or  gravity,  is  a  result  of 
ita elastic  pressure  and  vibratory  motion,  and  that  it  is  continually  lieing  ab- 
sorbed, or  converted  into  ponderable  matter  by  the  sun.    Hence,  in  the  great 
chemical  changes  which  transpire  in  the  sun  and  which  are  manifested  by 
uense  cyclones  that  are  visible,  even  to  the  naked  eye,  at  the  ditanoe 
f  9S,000,000  miles,  I  conclude  that  a  vast  amount  of  ether  is  absorbed  by 
e  BUD,  the  result  of  which  must  be  a  motion  of  translation  of  the  ether  in 
ne  surrounding  space  toward  the  RUn ;  and  as  the  elastic  force  of  the  ether 
p  supposed  to  be  in  equilibrium  with  its  centrifugal  forL«  while  the  sun  is 
1  its  normal  condition,  this  increasetl  current  toward  the  sun  will  diminiah 
S  elastic  force  about  the  earth,  and  the  centrifugal  force  will  fbratime,and 
intil  the  equilibrium  is  restored,  increase  the   tendency  (o  a  vacuum  along 
e  axb  and,  consequently,  increase  the  polar  currents,  and  wc  should  have 
the  phenomena  of  auroras  and  increased  magnetic  force. 

J.  E.  Hendrickb. 


Proponiioii.  By  R,  J.  Abcock.— The  resultant  in  any  given  directioD 
f  the  mutual  attraction  between  a  unit  mass  concentrated  at  a  given  point 
Bid  a  volume  of  density  S, 

^bere  x  =  distance  from,  and  S  =  solid  angle  subtended  at  the  given  point 
',  a  plane  Becton  of  the  volume  perpendicular  to  the  given  direction. 
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DirWINO  LAND. 


BT  PEl)P.  L.  G.  BABBOUB,  BICHlfOND,  KBKTDCKT. 

Thb  following  method  is  BO  obvions  that  it  must  be  in  aome  of  the  text 
books,  though  1  have  not  met  with  it.  The  need  of  it  has  arisen  in  actual 
practice. 

The  ai-ea  CDEF  lacks  (say)  20  acr«s  of  the  reqaitvd  amount  Find  the 
bearing  and  distance  of  FC.  Since  CL  and  FM  are  boundary  lines,  their 
bearings  and  distances  are  known.  We  desire  now  to  get  the  length  of  CK 
or  its  equal  FH,  perpendicular  to  CF,  so  that  BCFO  shall  be  20  acres 
and  BO  parallel  to  Cif.  Aagh  BCK=BCF —90°, 
and  OFH=  CFG— 90". 

Let  CK=FH=x;  tan  BCK=t;  tan  OFH^t; 
.■.BK=tx,  tfir=i'jT,  area  Bai:=Jafl,  area  GP-| 
H=  iA',  area  BCFO  =  CFXCK+i{t+t')^- 

Let  CF  =  d;  area  BCFO  =  /;.■.  ((+l')j!"+2(ii  | 
=  2j^,  whence 

_  -ii+|/[2/(i+f)+Jl 
' i+T 

CB  and  FG  may  diverge,  as  in  tbe  figure,  or  convet^,  as  CJ  aod  FJ,  or 
be  parallel.  If  they  converge,  the  algebraic  sum  oft  +  ^  will  be  n^ative, 
and  we  Bhalt  have 

_  d-v-l-2^(t+l')+fn 

t+e       '    ■ 

If  CB  and  FG  are  parallel,  t~{-t'  ^0,  and  x  ib  indetenniDate.  But  io 
this  case  the  added  area  is  a  parallel<^ram,  =  CFx  CK=/t ;  from  which 
CK  is  at  once  knowo. 

In  the  2nd  equation,  there  is  a  limit  to  the  value  of  >f ;  for  if  2^(f  +  f) 
>  eP  the  radical  becOmea  imaginary.  The  maximum  possible  value  of  yf 
ifl  d'-=-2((-|-i')-    Then  X  =  d-^((+i'). 

Example.— Let  d  =  50  chains  BCK  =  6°  ;  GFn=  G'' ;  /  =  20  acrea 
=  200  square  chains;  then  is 

_  _50+,/[400(.08749+.10610)+  2500]  _  ,  «?  wJ» 

^ ~^'    .08749-K10610  ""  ~ 

Again,  let  the  bonndary  Mnee  converge,  t  =  .08749,  t'  =  .10510,  d  =  50 
and  jt  =  200  square  chains,  as  before;  then 

50— v'[— 400(.O8749+.10510)+25OO]        . -„  .. 

" .08749+.10510 *-**^  "^"• 

Whence  we  find  £0  =  50.76468 ;  iJ=49.2354;  CB  =  x-i-^BCK. 
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DEMONSTRATION  OF  A  PROPOSITION. 


BT  P.  F.  HANOE,  &LAUOS,  80N0RA,  MEXICO. 

Propontion.  The  area  of  any  triangle  b  etjoal  to  the  radius  of  the  cir- 
liiiscribiiig  circle  multiplieil  by  h&lf  tiie  periiucter  of  the  triangle  formed 
y  joining  the  feet  of  the  per|teDdiciilars  drawn  from  the  angles  of  the  given 
iangle  to  the  opposite  sides. 

Let  ABC  be  the  giveo  triangle,  O  the  centre  of  the  circumscribed  circle, 

i  cftll  its  radius  R.     Also,  let  A'B'C  be  the  triangle  formed  by  Joining 

B  feet  of  the  perpendiculars. 

,  Join  AO,  BO  and  CO;  prolong  CO  to  meet  the  circumference  in  P,  and 

y  AO  to  meet  a  pcrpetidicular  from  B  in  G.    Draw  BH&nd  BG  res[«c- 

pvdy  perpendicular  to  CP  and  AG;  draw  CSalso  perpendicular  to^ti'  at 

Bpoiot  S,  and  join  BP,  HB',  A'S,  B'G,  HA',  GC,  and  CS. 

I  We  have  angle  BPC^  BAC,  and  right  angle  PBC=  AA'C,  therefore 

fe^=ACA'.     Now  aa  angles  BHC.  BA'C,  and  £S'Care  all  right  an- 

I,  it  folloMS  that  the  points  B,  H,  A',  B',  ami  C  are  all  i 

nf^raice  of  a  circle  whose  diameter  is  BC, 

lently  the  area  BH  and  A'B'  are  equal ; 

.  ihejr  chords  are  also  equal;  hence  BH  ^ 

I'S'.    By  the  same  course  of  reasoning  it  may 

'  be  shown'  that  BG  =  B'C  and  CS  ^  A'C, 

Now  the  area  of  triangle  ABC  is  evidently 

lal  to  the  sum  of  the  areas  of  the  Iriangjes 

hoc,  BOA  and  ^OC;  but  we  know  (bat  the 

aoftrian.  BOC  =  IBH.CO  ^  \A'B'.R.\ 

"     ■'      BOA^\BG.AO=\B'C'.R, 

"     "       AOC=  hC^.AO  ^  Ia'C'.R. 

"     "      ABC 


ihe  seniicir- 


Heiicc  by  i 

q.  K.  it. 


V  get 


i{A-Ji'+B'C-{-A-C')R. 
ScB.  I.     Denoting  the  sides  of  the  triangle  ABCby  a,  6,  c,  and  those  of 
e  pedal  triangle  by  a',  b',  c';  their  respective  areas  by  A' and  K'  and  the 
ins  of  the  inscribed  circle  by  r,  we  have,  by  the  above  demonstration, 
K=  \{a'-\-b'-\-o')R;  but  we  know  that  K=  i(a+A+o}r; 
.    {a'-\-b'-\-o')R    _   (g-f  ft+cV  ,     .    o'_+6'_+£'    _    r 
2  2  '  '■  "a"+i+c     ~  W 

8CH.  II.     Denoting  the  radius  of  the  circle  inscribed  in  the  pedal  trian- 
•  by  r'  we  have  as  above  K=  i(a'-f-&'+o')fi  and  £"'=  i(a'+6'+o>'; 


432.     By  R.  J.   AdeocL—Shov/  that  the  quidrant  of  the  ellipse  wjoals 

where  a  =  eemi  transverse  axis,  6  semi  conjugate,  e*  ^1  —  (6'  -^  a'), 
tan'tf  =  e"-^(l  — e'). 

fiOLUTION  BY  THE  PR0P08KK. 

While  one  foot  of  the  isosceles  trian- 
gle CBD,  CB=BD  =  ^{a-i-b),  moves 
along  the  axis  CD  of  x,  the  other  foot 
remaining  fixed  at  the  origio  C,  any  p't 
6  in  the  gide  BD  describes  an  ellipse  of 
which  the  semi  axes  are  a  and  b,  CB= 
i(o+6},  DO  =  b. 

Let  the  ansle  CBD  =  '2,6,  then,  in  the  eij 
X  =  ^(a-f6)ooetf  +  i(a— 6;f09fl  ^ 
)/(rfx»-|-rfy)  =  i/(o'8in'fl+6'«)s'*) 
=  6  l  +  gsin-ffU 


;  c 


r 


1+ 


on  ny  +  tV  —  ei'6", 
cos  tf,  y  ^  A  sin  S. 

=  <•■— 6'. 


26' 


_inj!c'\'     t/lA6c^«\'_ 
3\2.4  6W    ■*"6l2.4.6  4«  '        ' 
which  is  the  length  of  the  quadmnt  &Aer  supplying  the  factor  a  iii  t 
ond  member. 

[We  may  prove  that  the  locus  of  G  is  an  ellipse  as  follows : — From  J 
aimilar  triangles  ABC,  ABI>  and  EGD  we  have 

,  r      DExBG 

„.       DMXCB 


DG  :  DE  ::  BO  :  AE; 
DG:  DE  ::  CB  :  CAs 


DO 


Fatting  X,  y  for  coordinates  of  G  and  substituting  the  given  valoi 
DG,  CB  and  BG  we  get 

x=CA  +  AE=  i(''+Hi/(t'-y'i  +  y— tV(f-»') 


whence  b'^x^-^a'^i 


,  which  xa  the  equation  of  an  ellipse. — ^•31 
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THE  MVLTlSECTIOy  OF  ANGLES. 


BY  OEO.  H,  JOHN8CIN,  B,  8.,  CORNELL  DNIVEBSITY. 

The  problem  of  the  multisecUon  of  angles  is  afforded  a  general  solntioD 

Y  a  {ilane  curve  called  the  Chnrdel.     This  curve  was  discovered  about  three 

MFB  Bgo  by  J.  Biiren  Miller,  B,  S,,  of  Rutgers  College,  and  a  geometrical 

n  of  the  curve  was  published  iu  Van  Nostrand's  Engineering  Mag- 

nne   for  March.  1880.      Mr.  Miller  defines  the  Chordel  to  be  a  plane 

ve,  generated   by  one  of  the   [loints  of  intersection  of  a  series  of  right 

>  which  Bhall  iutersect  in  Auch  a  manner  that  each  Hoe  will  contain  two 

a  of  intersection  at  a  given  distauce  a|iart,  the  lines  moviog  so  that  they 

I  constantly  be  in  the  same  plane,  their  points  of  intersection  equally 

nt  from  a  fixed  point  in  the  plane,  and  one  of  their  points  of  intersec- 

II  constantly  remaiiitng  ou  a  fixed  line  in  the  plane.     From  this  deGnit'n 

lb  evident  that  the  curve  may  be  constructed  mechanically  as  follows: 

I  Take  a  ruler  of  any  convenient  length  which  is  divided  by  hinges  into  n 

^nal  parts.    At  every  joint,  and  at  the  extremities  of  the  ruler,  attach  cords 

nof  equal  length.     Pass  the  cords  around  a  pin  or  any  fixed  point.     In  the 

|!taun«  plane  draw  any  line  for  a  directrix,  and  let  a  pencil  point  be  attached 

y  the  niler  at  one  extremity  or  at  any  joint.     Then  move  the  ruler  in  the 

|i1aiie  so  that  the  other  extremity  of  the  ruler  will  constantly  touch  the  di- 

BCtrix  and  the  cords  be  taut.     Every  joint  will  describe  a  Chordel,     The 

listauce  between  two  joints  is  called  an  element  of  the  curve;  the  fixed  p't 

b  called  the  fosus. 

I  From  the  foregoing  definition  it  is  evident  that  Prof.  Nicholson's  "Poly- 
Te"  described  in  the  March  Anali^t,  and  Dr.  Hillhouee's  curve  given  in 
>  November  Akalybt,  are  only  cases  of  the  Chordel ;  that  is,  they  are 
Sbordels  of  two  elements. 

J  Akotucr  Solution  of  Prob.  434.    By  Prof.  E.  B.  Seitz. — "Find 
■anmber,  tlie  mantissa  of  the  logarithm  of  which  equals  the  number." 

t  By  reference  to  a  Ubie  of  logarithms,  we  find  that  log  .1371  =1.137037, 
I  log. 1.372=1.137354;  therefore  let  log (.1371+1)  =  T.1371+X.    But 

p(.l371+x)  =  log.l371  +  log(l-f.^|^^)  =  T.137037+.434294.-j^j 
I  tbe  powers  of  x  above  the  first  being  very  small  are  omitted.    Therefore 
T.137037+.434294x^J^  =  T.1371+X, 
rhence  x  =  .((00029.     Therefore  the  required  number  is  .137129. 


Solutions  of  problemi  in  No.  4  have  been  received  as  folIowB: 

From  Prof.  A.  B.  Evans,  444;  W.  E.  Heal,  444;  Henry  Heaton,  444; 

Prof.  A.  Hall,  444;  William  Hoover,  441;  E.  H.  Moore,  Jr.,  441.  444; 

P.  Richardson,  442;  Prof.  O.  Root,  Jr.,  444;  Prof,  E.  B.  SeiU,  444;  Tho- 
8  Spencer,  441. 

441.  By  Wm.  Hoover,  A.  M.,  Dayton,  Ohio. — "A  cone  revolves  aroand 
its  axis  witli  a  known  angular  velooitj.  The  altitude  begins  to  diminub 
and  the  vertical  angle  to  increase,  the  volume  being  constant.  Show  that 
the  angular  velocity  is  proportional  to  the  altitude." 

SOLUTION  BY  THE  PROPOSER. 

Let  at,  tu,  be  the  known  and  required  angular  velocitiea,  r,  r^  the  o 
]>ODding  radii  of  base,  h,  A,  the  altitudes,  k,  it,  the  radii  of  gyratUHi,  ■ 
the  conataot  mass. 

The  moment  of  the  momentum  being  constant, 
imi»w  =  Jmii'wj ; 


442.  By  Prof.  CaBei/.—"ABN  is  a  given  circle,  Z),  f  and  0  a 
points  in  the  same  plane.  It  in  required  to  descrilw  n  circle  passing  through 
J>  and  F  and  intersecting  the  given  circle  in  the  points  G,  If,  so  that  the 
faoBOgle  GOHm&Y  be  of  a  given  magnitude." 

BOLUnON  BY  p.  RICHABDSON,  BROOKLTN,  N.  T. 

Lot  C  be  the  center  of  the  given  circle  ABN;  D,  F  and  0  the  given 
poiots.     Bisect  DF  in  31;  with  radius  31D  and  center  M  describe  a  circle- 
Join  CM  and  draw  the  radical  axis,  LK,  \ 
of  the  cin-les  .^BiVand  DF.     Produce 
f  to  meet  the  radicai  axis  LK  in  K,  then  I 
£is  a  given  point;  join  KO,  it  is  a  given  I 
line.     Draw  SIT,  parallel  to  OK  and  at  a 
;given  distance  from  it,  intersecting  the  giv- 
en circle  in  IT.     Join  JiH  and  produce  it  I 
to  meet  the  circle  ABN  in  G.     Now 
^and  C  are  given  points,  hence  the  sides  | 
Dftbe  triangle  OHG  are  given  !u  niagni- 
tade.      With  cenler  P  describe  a  circle 
llirottgh  DFII  and  lei  KH  produced  meet 
liw  circle  in  G', .    It  now  remains  to  show  | 
G  and  G,  are  coincident  points. 
BeCHUsa  A'  is  a  point  in  the  radical  axis  LK,  hence  DKx  hK  =  HKy. 
Eif;  but  I)F  is  the  radical  axis  of  circles  DF  and  DFH,  hence  we  have 
DKxFK  =  HKX  G'K ;  therefore  G  and  G'  are  the  same  point 

CnH.     !f  a  tangent  KR  be  drawn  to  circle  ABN  i}i&  circle  through  D, 
Jf  and  R  will  lie  tangent  to  ABN. 


443.     £y  0.  IT.  Merrill. — "In  cutting  the  maximum  rectangular  paral- 
telopi|i«don   IroEu  a  fruatum  of  a  cone,  five  pieces  are  cnt  off.     Find  the 


«1=- 
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No  solution  received. 

[Putting  a  for  the  side  of  a  square  inscribed  in  the  lower  base,  6  for  the 
side  of  a  square  inscribed  in  the  upper  base,  h  for  the  height  of  the  frustom, 
and  X  for  the  height  of  the  maximum  paralielopipedon,  we  find  for  the  vol- 
ume Vu  correponding  to  the  height  x, 

j^   aWx  —  2aAcaj*  +  <^af 

^i p ^ 

where  c  =  a — 6.     Differentiating  for  a  maximum  and  solving  for  x  we  find 

ah 

The  height  of  the  maximum  parallelepipedon  will  therefore  be  x^  and 
the  area  of  its  horizontal  faces  will  be  ^\  and  therefore  its  volume,  F^, 
=  ^^Xi-  This  subtracted  from  the  volume  of  the  frustum  V"  whose  h'ht 
is  Xi  will  give  the  volume,  2^2+2  Fg,  of  the  four  slabs  cut  off  by  the  four 
vertical  planes  which  coincide  with  the  four  vertical  sides  of  the  maximum 
parallelopipedon.  If  the  vertical  sections  arc  made  simultaneously,  the  vol- 
ume cut  off  will  consist  of  eight  pieces,  four  of  which  will  be  respectively  eq'l 
to  F3,  and  the  other  four  pieces,  4F4,  will  also  be  similar  and  equal,  each 
to  each ;  their  vertices  will  be  points,  their  altitude  x^,  and  the  sum  of  the 
areas  of  their  bases  may  be  expressed  in  values  of  a,  6.  h  and  n  and  is  there- 
fore a  known  quantity;  call  this  sum  m,  then  V^  =  j^mx^^  and  2F2  = 
2  F3-I- JnuFj.     The  volumes  of  the  pieces  cut  off  will  therefore  be  : — 

1.  A  frustum  F',  whose  height  is  A  —  x^  and  the  radii  of  whose  bases 
are  r  and  §/2,  r  and  R  being  the  radii  of  the  bases  of  the  given  frustum. 

2  and  3.  Two  equal  slabs,  each  =  Fj  =  J(  V" —  F^ —  imx^)+  ^mx^ ; 
where  F^'  is  a  frustum  whose  height  is  x^  and  radii  of  bases  R  and  J/2. 

4  and  5.     Two  equal  slabs,  each  =  F3  =  J(  V" —  V^  —  JwiXi ). 

If  b  is  equal  to,  or  greater  than,  §a,  F'  =  0,  and  V'\  in  the  values  of 
2,  3,  4  and  5,  becomes  F,  the  volume  of  the  given  frustum.] 


444.     Selected  by  Prof,  H.  T.  Eddy. — "Given  the  five  equations, 

Eliminate  ar^y^  ^s^s^  ^°^  show  that 
(Routh's  Dynamics,  4th  Edition,  Article  38.)" 


.  V 
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SOLUTION  BT  PBOF.  ASAPH.  HALL. 

Problem  444  is  a  simple  piece  of  elimination.     The  values  of  x^  and  y^ 
from  the  two  last  equations  give 

Vi*  +  ya'  +  ViV^  =  i^f 
The  two  equations  give 

ya  =  -  Ivi*  ±  ♦^{|«'  -  ivi*)- 

Substituting  these  values  of  X]^  yj  in  the  third  equation  and  reducing  we 
have 

SOLUTION  BY  PROF.  A8HEB  B.  EVANS. 

Put  Jjj  =  nx^  and  y^  =  my^ ;  then,  from  equations  fourth  and  fifth, 

a?3  =  —  (n+l)a?i,        yg  =  —{m+l)y^. 

By  aid  of  these  values  of  a;,  y^  x^  y^  we  may  reduce  equation  third  to 

a?iyi(2  +  2mn+m+n)  =  0. 

Place  the  factor  (2+2mn+m+n)  equal  to  zero,  then 

n4-  2 
2n+  1' 

These  values  enable  us  to  reduce  equations  first  and  second  to  the  forms 

2a:i»{l  +  n  +  n«)  =  5^, 

2y,»(l  -\-n  +  n^)  =  a»(2»  +  1)». 
.-.  2a«ar,»{l+n+n')  =  Sa^, 

2/9'yi*(H-»+n')  =  aV(2»+l)'. 
By  addition 

2(a«a!,*+/5«yi*)(H-n+n»)  =  4aV(l+n+n»). 
.•.a2x,»  +  /9«yi*  =  2oV. 

SOLUTION  BY  HENRY  HEATON,  ATLANTIC,  IOWA. 

From  equations  (1),  (2),  (4)  and  (5),  we  see  that  Zi,  a?],  x^  are  the  roots 
of  a  cubic  equation  in  which  the  coefficient  of  «*  is  zero,  and  that  of  x  is 
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— f/9' ;  and  that  y^t  ^2'  Vz  ^^^  ^^®  TootB  of  another  in  which  the  ooeffident 
of  y*  is  zero  and  that  of  y  is  —  ^^.    Hence  if 

Xi  =  i/2.^cos^, 

*2  =  i/2.j9co8  (<p4  i^\ 

x^  =  l/2.p  cos  (f+^Tc); 

yj  =  i/2,a  cos  tf, 

1/2  =  i/2.acos(tf+t^), 
yj  =  ]/2.aco8(tf+|;r). 

Equation  (3)  of  the  problem  then  becomes 

2a^[cos  tf  co8p+cofl(tf+3;r)  co8(^+§;r)+co8(tf+f;r)cos(^+^;r)]  =0. 
But  twice  the  product  of  the  cosines  of  two  arcs  is  equal  to  the  cosine  of 
the  sum  of  the  two  arcs  plus  the  cosine  of  their  difference.     Hence 
3cos{0-'f)+Qos{0+f)  +cos(d+p+f;r)+cos(tf+f?+§;r)  =  0. 
But  co8(tf +^)  +  cos(&+p+37r)+cos(tf+p+f;r)  =  0  whatever  the  val- 
ues of  0  and  p  ;  .  • .  cos  {0—f)  =  0,  and  0 — p  =  ^n.    Hence 

cos^tf  +  cos'^  =  1. 

But  cos  tf  =  —^4^-  and  cos  ^  ==  — J-=.     Therefore 

2a^  ^  2^2 
.  • .  a'ar^^  +  ^2yi«  =  2a^fi^. 
Since  I?— ^  =  Jt,  cos'(&+§;r)+cos'(y?+§7r)  =  1.     Hence 

a^  +  ^9^y./  =  2a^p\ 
and  in  a  similar  manner  it  may  be  shown  that 


CORRESPONDENCE. 


Editor  Analyst : 

I  was  somewhat  surprised  that  you  should  think  that  your  readers  would 
not  take  much  interest  in  what  I  regard  the  most  curious  mathematical  dis- 
coveries ever  made,  and  which  have  enabled  me  to  calculate  the  logarithms 
of  all  the  prime  numbers  under  100  000  true  to  40  decimal  placeS|  and  all 
under  30()0  true  to  64  places;  and  all  the  Napierian  logarithms  under  1300 
true  to  76  places.  Also  to  make  four  sets  of  tables  by  either  of  which  I  can 
find  the  logarithm  of  any  number  whatever,  true  to  65  decimal  places  and 
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the  Napierian  logarithms  true  to  76  places.  And  I  have  determined  the 
modnlus  of  the  NapieHan,  and  also  of  Briggs'  system  of  logarithms  true  to 
more  than  100  places. 

I  wish  to  call  your  attention  to  the  logarithms  on  one  of  the  sheets  which 
I  send  enclosed,  in  which  you  will  see  that  the  several  numbers  and  their 
corresponding  logarithms  are  composed  of  the  same  figures,  the  index  of  the 
log.  representing  the  first  figure  of  the  number  and  the  following  figures  in 
each  exactly  corresponding. 

If  you  choose  to  publish  these  numbers  with  the  offer  of  $10  to  any  one 
who  will  add  10  more  figures  to  either  of  them  that  will  correspond  to  the 
Ic^rithm  of  the  same^  I  will  be  pleased  to  have  you  do  so;  and  as  soon  as 
I  have  tested  the  truth  of  the  additions  I  will  forward  the  money.  I  in- 
close two  or  three  papers  that  give  some  slight  clue  to  my  method  of  finding 
logarithms,  and  close  by  sending  you  the  logarithms  of  2  and  3  to  91  places 
each. 

Log.-  2  =  .30102999666398119521373889472449302^76818988146210 
85413104274611271081892744245094869272519. 

Log.  3  =  .47712125471966243729502790325511530920012886419069 
58648298656403052291527836611230429683556. 

D.  M.  Knapen. 
Castleton,  Vermont. 


Announcement. —  We  regret  to  have  to  inform  our  readers  that  we  have 
concluded  to  discontinue  the  publication  of  the  Analyst  on  the  completion 
of  Vol.  X.  This  determination  has  not  been  induced  by  any  lack  of  interest 
in  the  publication  manifested  by  our  subscribers  and  contributors,  most  of 
whom  have  generously  stood  by  us  and  assisted  us  during  the  whole  of  the 
ten  years  lifie  of  our  publication,  but  wholly  on  account  of  our  declining 
health.  In  taking  leave  of  our  contributors  and  subscribers,  we  do  not  pro- 
pose to  waste  words  in  any  attempt  to  apologize  for  the  many  defec^ts  in  our 
production,  but  will  only  say  that  we  are  fully  sensible  of,  and  regret,  their 
existenoei  but  did  the  best  we  could,  under  the  circumstances,  to  avoid  them. 

We  trust  that,  notwithstanding  its  defects,  the  Analyst  will  be  found 
to  contain  many  papers  of  much  interest  and  permanent  value,  which  have 
been  contributed  by  some  of  America's  ablest  mathematicians  and  astrono- 
mers. 
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No.  6  of  Vol.  X^  the  condading  number,  will  be  issaed  about  the  first  of 
November,  and  will  be  devoted  mainly  to  a  general  index  of  the  ten  Vol's 
published.  In  this  index,  besides  correcting  the  errors  and  supplying  the 
unintentional  omissions  in  the  published  indexes,  the  names  of  contributors 
of  questions  and  solutions  will  also  be  inserted. 

Any  subscriber,  for  any  Vol.  of  the  Analyst,  except  Vols.  I  and  II. 
who  may  have  failed  to  receive,  or  may  have  subsequently  lost,  any  No.  of 
such  Vol.,  and  who  may  desire  to  have  a  complete  file,  can  have  the  missing 
Nos.  supplied  without  charge  if  he  will  notify  us  in  time  to  mail  such  miss- 
ing Nos.  with  No.  6. 

We  have  a  few  (about  20)  complete  sets  of  the  Analyst  which  we  will 
send  to  any  address,  free  of  postage,  if  ordered  before  Jan.  1,  1884,  for  $15. 
per  set;  and  any  volume,  except  I  and  II,  will  be  sent  singly  for  |1.50. 

J.  E.  Hendbices. 


PUBLICATIONS  RECEIVED. 


Syatem  and  Tables  of  Life  Imuranee,    A  IVeatiae  developed  front  the  Experience  and  Reeordi 
of  Thirty  American  Life  Office*^  tinder  the  direction  of  a  Commitiee  of  Acttmries,    By  Levi 
.W.  Meech,  Aetwiry  in  Charge.    Royal  Octavo  of  551  pages,  publlBhed  at  $10  per  copy 
under  direction  of  the  Actuary  in  Charge,  Norwich,  Conn. 
'There  will,  we  are  sure,  be  but  one  feelibg  with  respect  to  the  manner  in  which  this  la- 
borious work  has  been  carried  through.    And  the  volume,  of  which,  even  after  so  extended 
a  consideration,  we  take  leave  with  reluctance,  will  ever  remain  an  imperishable  monumeDt 
to  the  originality,  the  thoroughness,  and  tlie  high  scientific  attainments  of  the  actuaries  to 
whose  charge  its  preparation  was  entrusted." — From  the  London  Insurance  Record. 


ERRATA. 


On  page  85,  last  line,  for  /(i* —  1),  read  >/(x»  4- 1). 
"      "    88,  line  10,  for  2aH-c,  read  2ax+c. 
"      "  136,     "      2,  from  bottom,  insert  d  after  X. 
"      "  140,    "    17,  for  maximum,  read  minimum. 
"      **  141,     "      7,  for  second  ^*  =  ",  read  X. 
"      "  142,    "      9,  from  bottom,  insert  AB'CD'  before  "cutting*', 
transpose  P  and  6'  in  Fig. 
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THE  ANALYST. 


DESCRIPTION  OF  A  NEW  ELLIPSOGRAPH. 


BY  THE  EDITOB, 

The  figure  at  page  152,  illoetrating  Mr.  Adcock's  Bolution  of  problem 
I,  Buggeste  a  method  of  constructiDg  ao  ellipsograph  which,  ao  far  as  we 
ow,  is  new,  and  which,  on  acsount  of  the  facility  with  which  it  can  be 
1  and  the  simplicity  of  its  construction,  seems  to  possess  some  advantage 
r  the  various  forms  of  the  instrument  we  have  examined. 
The  instrument  here  described  consists  of  six  parts: — 
[1).  A  horizontal  bar,  with  a  vertical  hole  through  its  center  and  a  groove 
Dg  the  middle  of  its  under  surface,  in  which  a  dovetail  pin,  in  the  loose 
1  of  a  cursor,  may  slide  freely  from  end  to  end. 
(2).  A  vertical  axis,  having  a  milled  head  suitable  for  rotating  with  the 
imb  and  fingers,  and  a  wrist  to  fit  the  vertical  hole  in  the  horizont&l  bar ; 
B  axis  must  extend  beyond  the  under  surface  of  the  bar  and  terminate  in 
ijuare  tenon ,  and  between  the  tenon  and  the  under  surface  of  the  bar  one 
f  tbe  axis  must  be  cut  away  so  that  the  loose  end  of  the  cursor  may  pass 
I  axis,  and  a  groove  must  be  cut  in  the  axis  extending  upward  from  the 
ier  surface  of  the  bar  so  that  when  the  loose  end  of  the  cursor  passts  the 
I  the  groove  in  the  axis  will  be  continuous  with  the  groove  in  the  bar; 
B  permitting  tbe  loose  end  of  tbe  cursor  to  pass  the  axis  without  interfer- 

1).  A  radius,  with  a  square  mortise  in  one  end  in  which  the  tenon  at  the 
Emity  of  tbe  axis  is  to  be  inserted,  and  a  round  hole  at  the  other  end  la 
lb  the  wrist  of  a  conncKiting  pio  may  revolve. 

4].  A  cursor,  with  a  square  mortise  in  one  end,  in  which  a  tenon  at  tbe 
ir  end  of  the  connecting  pin  is  to  be  inserted,  and  a  dovetail  pin  at  tbe 
■  end,  made  to  slide  smoothly  along  the  groove  in  the  bar. 


(5).  A  connecting  pin,  with  a  wrist  to  fit  the  round  hole  in  the  end  of 
the  radius  and  a  tenon  at  its  apper  end  made  to  fit  the  naortise  in  chi 
end  of  the  cursor,  and  having  a  square  head  extending  downward,  Iwlowthe 
radius,  and  perforated,  parallel  with  the  cursor,  to  permil  a  movable  hori- 
zontal pen  or  pencil  holder  to  slide  back  and  forth  parallel  with  the  cunar. 

(6).  A  pencil  holder,  constructed  so  as  to  slide  back  and  forth  through 
the  perforation  in  the  head  of  the  connecting   pin,  parallel  with  the  cunor. 

Besides  the  six  parts  above  described  there  should  be  a  tension  screw  m 
the  side  of  the  bar,  extending  into  a  shallow  groove  cut  around  the  axis,  ta 
retain  the  axis  in  position,  and  a  clamp  screw  in  the  head  of  the  coanecting 
pin  to  clamp  the  pencil  holder  when  the  describing  point  is  brought  into  the 
required  position ;  and  under  each  end  of  the  bar  ( 1 )  there  should  be  faat^'ued 
a  block,  or  support,  extending  downward  a  little  farther  than  the  head  of 
the  connecting  pin,  so  that  the  head  of  the  connecting  pin  may  move  over 
the  paper  without  friction. 

The  instrument  may  be  made  of  any  desired  dimensions,  provided  only 
that  the  length  of  the  radius,  from  the  center  of  the  axis  to  the  center  of  the 
connecting  pin  must  he  equal  to  the  length  of  the  cursor  from  the  center  of 
the  connecting  pin  to  the  center  of  the  dovetail  pin,  and  the  bar  (I)  must  be 
not  less  than  double  the  sum  of  the  lengths  of  the  radius  and  cursor. 

The  major  axes  of  ellipses,  described  by  the  same  instrument,  may  be  va- 
raried  by  making  several  sets  of  holes  for  the  conntcting  pin  through  the 
radius  and  cursor,  and  the  minor  axis  is  varied  by  moviug  the  pencil  holdei' 
in  the  head  of  the  connecting  pin. 

To  draw  a  given  ellipse;  insert  the  connecting  pin  through  correspond- 
ing holes  in  the  radius  and  cursor  so  that  the  length  of  each  shall  be  equal  to 
oneli)urth  thesumof  the  axes  of  the  given  ellipse;  place,  and  clamp,  the  peji- 
cil  holder  so  that  tbe  distance  of  the  describing  point  from  the  center  of  llic 
connecting  pin  sball  equal  one  fourth  the  difference  of  the  given  axes;  place 
the  bar  upon  the  paper  so  that  the  groove  ii^  over  tbe  desired  position  of  the 
major  axis  and  hold  it  in  position  with  one  hand,  then,  with  tbe  other  baud, 
turn  theaxis  I 
through  one 
complete  re- 
volut'n  and 
the  deecril)- 


A  be  the  giv- 
circle,  D,  F  and  0 
I  given  poiiita  and 

FHG  the  requireii 
sle  passiDg  through 
I  given  points  D,  Fl 
I  iaterecctiDg  the 
^B  circle  in  the  p'ts 
(?,B0  that  the  tri- 
fle GHO  roay  = 
iven  mi^iiitnde. 
AnalifsU. — If  a  cir- 
be  Jescrit)«l  pass- 

[  through  D,  F  and 
le  center  S,  of  the 
rcle,  their  com- 


glV.  CI  I 

mon  chord  will  be  a  ■ 

line  in  position  and  will  pass  through  the  poiut  K, .' ,  K'm  given  point. 

Join  OK,  it  Is  in  position;  draw  Gx,  Hy  perpendiculars  to  it.     Then  as 

tB  triangle  GHO  is  given  and  \?,^lOK{Gz—ny),  .• .  Gx—Hy  is  given. 
Draw  SN  perpendicular  to  GH,  join  SK  and  draw  NP  perpendicular 
!t,dfawi/i  and  S  IK  parallel  to  OK,  .-.SWis'ia  popition.  Draw  NM 
perpendicular  to  iS  IF  and  produce  it  to  meet  KS  produced  in  V;  then  is  NL 
=  J{  Gx — Hy)  and  is  .  • .  given,  and  the  triangles  NLS,  NSM  are  similar, 
.-.HN:  NS  ::  NL  :  SM,  and  HN* :  NS'  ::  NL* :  8MK 
[.Make  SKxSR^SH*,  .*.  as  S^and  SHtire  given  lines, Sfl  is  a  given 
B  and  fi  is  a  given  point.  Now  SKxSP  =  SN\  and  SKxSR  =  SW; 
tfiJTx PR  =  HN',  and  HN*  :  NS* ::  SKx  PR  :  SKXSP::  PR  :  SP. 
B  NL*  :  SM* ::PR  :  SP,  and  as  FA',  S W are  in  position,  .  ■ .  the  Z 
f  is  a  given  / ,  and  /  SM  V  a  right  angle ;  .  ■ .  the  triangle  VMS  has 
fits  angles  given,  and  therefore  the  ratio  of  iSJf  to  iSFlg  given,  and  as 
"  :  SI"*  so  make  NL* :  PE*.  As  NL  ia  a  given  line, .  ■ .  PE  is  given, 
IB  it  ia  perpendicular  to  SK, . ' .  the  line  Ep,  parallel  to  SK,  is  in  poai- 
Now  NL*  :  SM*::PE* :  SV*,  hence  PR:  PSr.PE*:  8V*.  Upon 
I  describe  the  semicircle  SZR,  it  is  given  in  poaition;  produce  EP  to 
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meet  it  in  Z,  then  PR  :  PS::PZ' :  PS\  hence  PZ*:  P8*::  PE* :  SI", 
PZ'-.PE'uPS'-.SV*;  .-.  PZ:  P£::PS:  57,  and  by  composition  m 
h&vePZ:Zf:::PS:PV,.'.PZ^:ZE'  ;:  PS' :  PV*;  but  the  triangle 
VNP  has  all  ita  angI(>B  given,  being  similar  to  the  triangle  VMS,  heoa 
VP'  =  mxPN\  .-.PZ*:  ZE'y.PS'  :  mXPN\  or  PZ*  :  ZP  :;  PS" 
:  mxPSxPK  ::  PS  :  mxPK  ;:  PSxPR  :  m  X -Pii  X  PA',  but PT* 
=  PSxPR,  .-.ZE'  =  mxPRxPK.  Draw  %  Ap  perpendieulweto 
iS£r  and  meeting  E^  in  ^  and  p,  •' .  the  pointe  ^  and  q  are  given,  aad  nX 
pExEq^  ZE*,  .-.pE  X  qE :  EZ*  in  a  given  ratio  of  1  :  m;  hence  the 
locus  of  the  point  Z  is  a  hyperbola  mn  in  poeition,  and  the  eemicirele  if  in 
position, . ' .  the  point  /  is  fixed  and  the  perpendicular  ZPE  is  in  position, 
snd  Eo  is  the  semicircle  SNK;  .  ■ .  th«  point  N  ie  fixed  and  the  lice  KN'a 
in  position, .  ■ ,  the  points  H,  G  are  fixed  and  the  circle  DFGH  is  given  in 
position. 

The  synthesis  of  this  problem  is  not  long,  and  will  be  easily  seen  fron 
the  analysis. 


nfroa     i| 


Note  on  Problem  443. — Prof.  Seifz  has  called  our  attention  to  the 
that  problem  443  is  identical  with  problem  183,  his  solution  of  which  wis 
published  at  pages  27  and  28  of  Vol.  V. 

As  the  problem  had  accidentally  been  placeii  with  the  unpublished  prok- 
lems,  after  its  insertion  in  Vol.  V,  the  fact  of  its  haviog  been  published  w» 
not  rememliered  when  it  was  inserted  in  Vol.  X,  nor  when  the  method  of 
solution,  published  at  p.  156,  was  sketched. 

Prof.  Seitz  has  also  pointed  out  that  the  equation  V^  =  -^mxi,  at  jwge 
166,  is  not  exact,  because,  when  the  equation  is  exact,  the  edges  of  the  piece 
V^  are  straight  lines,  whereas,  in  this  case,  they  are  arcs  of  a  hyperboli. 
This  objection  is  valid,  and  the  equation  should  have  been  written, 

V,  =  J^VWifa, 

where  f{x)  is  the  value  of  m  at  tbe  altitude  x  above  the  lower  base  of  th^ 
frustum.  But  as  this  method  possesses  no  advantage  over  that  pursued  by 
Prof.  Seitz,  the  reader  is  referred  to  the  solution  of  problem  1 84  at  pp.  27- 
28  of  Vol,  V  for  a  solution  of  the  problem  in  detail. 


Since  the  above  was  put  in  type  we  have  received  from  Professor  J.  M. 
Greenwood,  of  Kansas  City,  Mo.,  the  lollowing  letter  announcing  the  deau 
of  Professor  Seitz,  which  we  take  the  liberty  to  publish,  as  a  brief  tribute 
to  his  virtue  and  ability,  by  one  who  knew  him  personally. 
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Kaneas  City,  Mo.,  Oct.  11,  1883. 
Dear  Sir:— 

The  brilliant  mathematician,  Enoch  B.  3eitx,  died  at  Kirksville,  Mo.,  on 
the  8th  inst.,  of  Typhoid  Fever,  after  a  protracted  iltneea  of  five  weeks.  He 
went  to  the  "Normal"  on  the  day  the  session  opened,  but  was  unable  to  take 
charge  of  bis  class  the  next  day. 

His  death  causes  unusual  regret  among  the  thousands  of  atudentD,  teach- 
ers, and  citizeua  of  this  state,  who  admired  him  not  only  on  account  of  his 
trauecendent  powers  as  a  matbematician,  but  as  a  model  of  excellence  in  bis 
daily  life. 

He  was  about  -34,  I  think,  though  I  speak  from  memory  only, —  The 
>  rising  star  set  ere  it  reached  the  meridian. 

J,  M.  Greenwood. 

We  have  never  had  the  pleasure  of  meeting  Mr.  Seitz  and  our  earliest 
knowledge  of  him  dates  with  the  commencement  of  the  Analyst,  since 
which  the  pages  of  the  Analyst  bear  witness  to  his  constant  and  valuable 
correspondence,  from  which  we  have  long  regarded  him  as  possessed  of  ex- 
traordinary mathfmatical  ability  and  precision  of  thought.     And  though 

e  have  been  favored  with  the  correspondence  of  many  able  mathematiciann, 
we  believe  that,  in  acuteness  of  perception,  and  in  conciseness  and  elegance 
of  style,  Mr.  Seitz  would  rank  with  the  ablest.  We  had  auticipaled  valua- 
ble results  from  his  labors,  and  believe  that,  had  his  life  been  spared,  his 
industry  and  ability  would  have  materially  assisted  in  enlarging  the  bounda- 
ries of  exact  science. 

The  readers  of  the  Analyst  are  indebted  to  Mr.  Seitz  not  only  for  the 
many  elegant  solutions  by  him  that  have  been  published,  but  also  for  the 
"Index  to  Contributors  of  Solutions  of  Problems",  which  was  furnished  by 
him,  voluntarily  and  unsolicited,  and  must  have  been  about  the  last  work 
that  he  was  permitted  to  do,  as  it  bears  date  Sept.  5. 
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As  announced  in  tlio  Sept.  Analybt,  this  No.  will  terminate  tlie  publi- 
cation, under  its  present  management.  We  had  hoped  to  lie  able,  in  tiitt 
ifisue,  to  answer  the  many  inquirii'S  that  have  bo<'n  made  as  to  itn  probable 
continuance,  by  a  definile  announcement  of  a  publication  to  tnke  its  plnt», 
under  favorable  aufpicea  and  an  able  mannf;ement,  as  scverftl  gentlemen  of 
•cknowledgcd  ability,  and  well  and  favorably  known  by  all  matlipmattciatu 
and  astronomerii,  both  in  this  country  and  in  Europe,  have  expressed  a  wil- 
lingness to  assume  the  lalmrnnd  responBibility  of  continuing  the  publication; 
but,  as  the  arrangements  for  its  continuance  appear  to  be  alill  incompltw, 
we  have  not  been  authorized  to  make  a  definite  announcement.  We  feel 
confident,  however,  from  the  correspondence  wo  have  had  on  the  subject, 
that  the  work  will  not  be  abandonetl  but  will  be  placed  on  a  permanent  ba- 
bIr,  under  a  management  that  will  innure  its  usefulneHs  and  success.  And 
we  earnestly  solicit,  for  the  uew  publication,  the  active  assistance  and  patron- 
age of  all  our  readers. 

In  conclusion,  we  deaire  to  tender  our  sincerest  thanks  lo'our  patronsand 
contributors  for  their  continued  support  during  the  ten  years  life  of  the 
Analyst,  and  es[>eoially  for  their  kind  words  and  man ifestA lions  of  intcr- 
«t  in  our  personal  welfare. 

EDiToa 
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I  o/Ortmetiy.    By  Alfbed  H.  Welch.  A.  M.    207  pages  8vo.    Chicago:  S.  C. 
Griggs  and  Company.     1883. 
I  We  have  many  good  text  books  on  Geometry,  but  il  wniiM  be  ditScult  to  find  one  contain' 
f  all  the  meritorious  features  of  this  book.    The  ■uthor'a  styl«  in  clear,  concise,  and  logical, 
lercises  and  Biiggestions  that  are  inlersperKd  thruiigh  the  work  will  be  found  of 
e  to  the  student.     Betides,  the  publixben  have  greatly  enhanced  the  value  of  the 
b  by  a  typography  and  diagrams  that  cuiild  nut  be  eicelled. 

;     An  apotition  i^  Ihe  Amtrican  prarJiM  of  Warming  Buildingi  by  SleOm.    By 
Robert  Bridos.     lOS  pages  ISmo.     Nev  York:     D.  Van  Noetrand.     16S3.     (No.  68, 
Van  NoBtrand's  Science  Series.) 
I  Okmteaj  JVoiicnu ,-   With  brUf  itatanmt  of  Uie  Pnneipla  involved.     By  jAlfES  C.  FoTB,  A 
M.,  Ph.  D.    141  pages  18mo.    New  York:    D.  Van  Nostrand.    1883.    (No.  69,  Van 
Noetrand's  Science  Bcriea.) 
I  BctuUs  of  some  erperiraenta  taadc  lo  drlermiiK  tht  varialiont  in  lettgth  of  terlain  ban  ai  the  tem- 
■peratuTeofmeUingiee;  byK.  8.  Woodwabd,  E.  Whkelbb,  A.  E.  Fuht  and  W.  VolOT 
(From  the  American  Journal  of  Science,  Vol.  XXV,  June,  1883.] 
Souvtau  filaU  da  !Uottiiemnt4i  EUiptiqua,  par  ScotJARS  SanO.    Turin  :     1879. 

In  B  letter  dated  at  Edinburgh,  Scotlanil,  Augunt  17, 1883,  Professor  Sang  write* :  "In  No. 
3  of  the  Amaltst,  there  ia  a  paper  on  Kepler's  Problem.     I  take  the  liberty  of  sending  you 
I   *  copy  of  a  solution  which,  by  help  of  the  appropriate  tables,  gives  the  true  from  the  'mean, 
wtK  tbe  mean  from  the  true  aaonialy  with  one  ur  two  minutes  labour.  *  *  *" 

micui  PapeT»  prcparalfoT  the  ute  of  tht  American  EphemerU  and  Naalteiii  Almtmae. 
Vol.  I,  part  VI.    Wiwbington ;    1H82. 
■  JVofrwi'mnf  Pitperi  of  the  Signal  Servier ; 

So.  VUl.     Port  I.     The  Moliom  of  Fluid»  and  Salidi  en  the  EarlH'a  Surfatx,  by  Prt^enor 

WuJ.ujii  Febrbl.    Beprintcd,  with  Noted  by  Frank  Waldo.     Washington :  1882. 

I   No.  XII.     Poptdar  Eseayt  on  the  Movementt  of  the  Atmonphere.     By  Pbofebsor  WilIiUX 

Washington:  1882. 
I  No.  IX.     Ckartt  nnd  Ibilet,  thnwing  Oeographical  Uittribaiion  of  Rainfall  tn  the  UnUed 

Slata.     By  H.  U.  C.  DvirwuoDr.     Washington;  1883, 
I   No.  XI.     Mdcorologiad  and  Phyiicol  ObtmiatioM  on  tht  Eait  Oiatt  of  Anterica,  by  ObbaV 
Taft  Sberhad.     Washington:  1S83. 


I  On  page  63,  line  11,  for"  By  PmCM.  L-Conislock",  read  Selected  by  ProflM.L.Comstock. 
**  136,  lines  14  and  30,  "(6)"  and  "( 14)  should  each  be  one  line  higher  on  the  page, 
"  152,  last  line,  for  </  read  y'. 

representing  reepoctiveiy  y  =  a'  sod  y  t=  e*  . 
"  157,    "      8  and  9,  for  ^iij  and  — Ji/J,  read  — it,  and  — Jy,. 
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